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Abstract

This paper addresses the problem of a Bayesian policy maker learning which group of subjects
should be treated, when there is sequential sampling of the subjects. This is modelled as a continuum-
armed bandit problem with imperfect control of the arm that is may be pulled. The arms are correlated
by the structure of the potential treatment sets. We show that the for every discount factor the policy
maker correctly learns the true treatment set. Journal of Economic Literature Classification Numbers: C11,
C44, D83
Keywords: Experimentation, Bandit Problems, Treatment Choice, Treatment Response.

PRELIMINARY AND INCOMPLETE : DO NOT CITE

1. INTRODUCTION

In this paper I introduce a model of a policy maker who learns about how to allocate policy treat-
ments to the members of a heterogeneous population. This is a continuum-armed bandit model that has
correlated arms and imperfect control. The policy maker faces the usual trade-off between exploration
and exploitation that is found in experimentation problems. However, unusually for bandit models, we
will show that for any discount factor the policy maker correctly learns the set of subjects (arms) that
benefit from the policy. It is the continuum of subjects and the imperfect control that gives this result on
learning, and the result fails to hold when the set of arms is discrete (Banks and Sundaram)|(1992)) or if the
control is perfect (Callander| (2011))). One useful implication of the result is that even if the participation
in the policy is voluntary and the subjects themselves determine their treatment, the policy maker will
eventually acquire enough subjects willing to be treated by a policy to learn the true “treatment” set.

The choice of a policy intervention is often thought of as a static optimisation: There is a trial where a
representative sample is taken from a heterogenous population. The subjects in the sample are allocated
to treatments and the outcome of the treatment is observed. (This allocation usually has an element of
randomisation, although there may be constraints on experimenters’ abilities to do thisEb Once the trial
is completed and the policy is chosen, the characteristics of the subjects in the general population who
will receive the treatment is completely determined. This set of subjects is called here the treatment set.

The learning about the optimal treatment set is essentially a one-off event and the policy maker does
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not consider what might be later learned from implementing the policy in the population as a whole. It
is likely that the policy chosen in this way is suboptimal and it is later learned that subjects are being
treated to the policy who should not be. It is also likely that there are subjects who are excluded from
the treatment set who ought to be included, but it is less likely that it is learned who these subjects are.
A consequence of this failure to learn is that much of the focus of the theoretical work on this issue
and the related topic of pattern recognition (for example, Manskil (2004), Kitagawa and Tetenov| (2016),
Devroye, Gyorfi, and Lugosi| (1996)) has been on reducing the need for ex-post adjustment by imposing
the criterion of regret minimisation in the initial policy choiceE]

Nevertheless, it appears desirable to have a theory of how the initial treatment set should be adjusted
in the light of the new information that comes from implementing the policy. And a theory of how
this possibility of later adjustment should affect the initial sampling These are inherently dynamic
issues. Here we address these issues by introducing a model of a Bayesian policy maker who sequentially
samples subjects from the population and updates their beliefs about who should be treated to the policy
in the light of all available information on the effects of the policy.

The important distinction between the static and dynamic model of policy choice is that the allocation
of heterogeneous subjects to treatments is not random (as it was in the static model). The Bayesian policy
maker uses her current beliefs about the optimal treatment set and the characteristics of the currently
sampled subject to determine whether it is worth applying the policy intervention. Over time these be-
liefs evolve and so will the policy maker’s willingness to experiment with the treatment on some subjects.
In models with discrete arms, it is possible that this willingness to experiment gets permanently curtailed
if a sequence of bad outcomes occurs for an arm. As a result, the Bayesian experimenter gets stuck at a
sub-optimal policy with positive probability. We will show that in the model with a continuum of arms
and imperfect control the policy maker will always conduct enough sampling in the limit to find the true
treatment set.

The intuition for why learning occurs is ultimately quite simple. The subject who gets sampled each
period is not determined by the policy maker (there is imperfect control of the arm that gets pulled).
Hence, there is a chance that the sampled subject is not in the class of subjects that the policy maker
is confident ought to be treated, but is nevertheless sufficiently close to this set for the policy maker to
think it is likely that this subject would benefit from treatment. As a result, the policy maker continues
to learn about the subjects who are on the margins of the subjects who are certain to be treated and the
exploration phase of the learning does not end. If the set of marginal subjects does not shrink too rapidly
as time passes, then the policy maker will continue to explore the subject space, by a non-trivial amount,
for suitable candidates. Ultimately, finding all suitable candidates for treatment. (The intuition given
here is incomplete, because there is no explanation of why the margins for exploration do not collapse to

zero; this will follow below.)
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It is clear from the above story that the imperfect control plays an important role in this result, because
it obliges the policy maker to try marginal subjects and not just continue to use subjects known to benefit
from treatment. Furthermore, the existence of these marginal subjects depends on the continuity of the
subject-space and the correlation of the arms. Without a continuous set of subjects (arms), it is quite
possible that a positive-probability sequence of bad news leads the set of marginal subjects to vanish
entirely. Indeed we will give an example with discrete arms (but imperfect control) where the result on
learning fails. Thus, it is the combination of the two properties, imperfect control and a continuous set of
arms, that generates our result.

We now address the missing step in the above intuition. For the set of marginal subjects to become
negligible, it is necessary that the policy maker’s posterior probability of a successful treatment declines
very rapidly as the sampled subject moves outside the treatment set. This rapid decline in the posteriors
can only occur if the policy maker has acquired lots of negative information about the outcome of the
policy in this region. In models with discrete arms, only a finite decline is necessary and a finite amount
of negative information is sufficient for this. However, with a continuum of arms it is necessary that there
is an unbounded amount of negative information, for the margin set to shrink to zero. This unbounded
amount of negative information is a probability zero event in the case where treatment is optimal. Thus
margins do not shrink rapidly when there is still suitable candidates for treatment. And, in contrast to
the discrete-arms case, the learning at the margin does not end.

The literature on bandit models with a continuum of arms can be divided into those models where
the decision taker gets to choose the the arm that gets pulled each period and the those where there
is imperfect control of the arm being pulled. In the first category there are many papers in economics
(notably McClennan! (1984), /Aghion, Bolton, Harris, and Jullien| (1991) and (Callander| (2011)) as well as
a multitude of papers in other ﬁeldsﬁ These exhibit the phases of experimentation and exploitation
common to bandit problems that are affected by the large number of potential arms. In such models the
desire to explore new arms from the multitude available eventually weakens and the Bayesian learning
stops before the state is fully known. (Except in|Aghion, Bolton, Harris, and Jullien| (1991) where arms
are analytic functions of the state and arbitrarily small amounts of exploration can be very informative.)

The literature on bandit problems with a continuum of arms and incomplete control, was begun by
Woodroofe (1979) and developed by, among others, (Goldenshluger and Zeevi (2009), Perchet and Rigol-
let (2013). Their terminology is different. That which we have called a bandit with imperfect control is
termed a “bandit with concomitant variables” or a “contextual bandit”. In all cases, the idea is that in
each period the policy maker observes a random variable, that is correlated with the outcome of the arms
and can decide, after seeing the random variable, whether to pull the arm to learn about the relationship
between the random variable and the outcome. Much of this literature focusses on the regret minimisa-
tion objective and the rate at which this regret vanishes as the size of the sample increases. This literature
has also tended to focus on treatment effects that are continuous, so a small change in the observable

results in a small change in the outcome in every state. This makes the arms that are being pulled by
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the experimenter very highly correlated. In such a setting, learning the treatment set is often possible by
observing the outcomes for a very limited set of arms/covariates. For example, in [Woodroofe| (1979), if
the policy maker knew the treatment outcome of one particular subject with certainty, then she would
also know exactly which subjects lay in the treatment set. As the arms that are being pulled are highly
correlated, the need to explore the space of subjects for possible candidates for treatment is quite weak.
In this paper we look at the opposite case where the arms are only minimally correlated and the need for
exploration is stronger. Here knowing that a particular subject is in the treatment set places a bound on
the possible values of the treatment set, but is otherwise uninformative. To be precise, the treatment sets
we consider will be arbitrary, finite, convex, polytopes and the response to treatment is discontinuous on
the boundary of the polytope. All subjects in the treatment set have the same (random) outcome from
treatment and all subjects outside the treatment set also have the same (inferior) outcome from treatment.
Thus, the policy maker’s objective is to learn a polytope of subjects, rather than a continuous functional
relationship between subject and treatment outcome. The learning in the bandit problem studied here
depends a lot on the structure of the set of all polytopes and hence also relates to the ideas in the literature
on Vapnik-Chervonenkis dimension Devroye, Gyortfi, and Lugosi| (1996), |Al-Najjar{ (2009).

There is also a literature on the strategic issues that arise when policy trials are undertaken, for ex-
ample Di Tillio, Ottaviani, and Serensen| (2015). This looks at the problems the policy maker faces when
she tries to get accurate information from a trial conducted by an organisation or individual with distinct
objectives. We have nothing to say about this, as the policy maker does not delegate the trial process.
We do have something to say about the game played between the policy maker and the subjects who
participate in the trial, however. It is clear that there is a conflict in objectives between the policy maker
and the subjects even if the policy maker is entirely benign. For example, a policy maker might want to
treat a subject that does not benefit from a treatment to gain information about other subjects’ response
to treatment. As a result subjects may not agree to be treated even if this policy maker is would like to
impose it, Chan and Hamilton| (2006) give a dynamic example of this. The results in this paper apply
to policy makers who have a zero discount factor. Such a policy maker does not value the information
generated from experimentation and thus has identical preferences to the current sampled subject. Thus
we are able to show that even if the policy maker shared all information with the current subject and
also delegated the treatment decision to the subject, then the subjects themselves would learn the true
treatment set.

This paper will be organised in the following way. In Section 2] we describe the policy maker’s prob-
lem and also sketch an example that will re-emerge at various stages. Then, in Section 3| we show how
the policy maker’s optimisation can be described by an HJB recursion. This generates some insight into
the nature of the policy maker’s decision taking. In Section |4/ the main result is proven, this begins by
presenting some results on learning and then divides the result into two parts, first showing that no sub-
ject outside the treatment set will be treated in the limit and then showing that all subjects inside the
treatment set will be treated. In Section [5|we prove a general property of these models, which we will

call limiting myopia.



1.1. An Example with Discrete Space of Subjects

Before embarking on the model we provide a simple example of how the result obtained here will fail
if the subject space is discrete. The example will have the imperfect control of the arms that get pulled.
There is a physician who must decide how to treat her patients. The patients have two types, x = 1 or
x = 2, the simplest discrete space one could imagine. In every period one patient arrives at the physician
to be treated; they are sampled from the set X = {1,2} independently and uniformly. The physician
believes that either all patients will benefit from treatment, or only patients with x = 1 benefit from
the treatment, that is, the treatment set is either {1,2} or {1}. She attaches the prior 1 > 71 > 0 to the
hypothesis that all patients benefit from treatment. The discussion below shows that the physician will
fail to learn that the treatment set is {1,2} and stop offering treatment to the x = 2 patients with positive
probability.

The patients who are in the treatment set have a good outcome (1 = +1) with probability 1 — v and a
bad outcome (1 = —1) with probability v < 1/2. The patients that are outside the treatment set always
have a bad outcome (1 = —1), if they are treated. If the physician decides not to treat any patient, then
the outcome is a default u = 0. Both the patient and the physician can observe these outcomes and the
physician’s utility is simply the sum of the patients’ utilities in each period.

This is a simple model of good-news learning, where observing a good outcome for a patient with
x = 2 reveals that it is optimal for the physician to treat all patients. But if the treatment set is truly
{1}, then only half the patients benefit from treatment so there is a potential cost to treating the x = 2’s.
The problem the physician faces is to decide how many bad outcomes from x = 2 patients to tolerate
before giving up and only treating the x = 1 patients. Notice that if the physician could decide which
arm of the bandit problem to pull (which patient to sample each period), then she would always choose
x = 1 patients. She would choose never to learn anything about the x = 2 patients, because she knows a
maximal payoff can be received from treating the x = 1’s. When she has imperfect control she is forced
to consider treating the x = 2’s. If she is sufficiently pessimistic about success with an x = 2, she will still
prefer no treatment and waiting for the next x = 1 to arrive to the expected negative outcome of treating
the x = 2 patient today.

It is a positive probability event that the physician chooses to stop treating patients with x = 2 even
though the treatment set is genuinely {1,2}. First, we calculate some utility benchmarks. If the physician
sees a good outcome for an x = 2 patient, she will get the maximum expected utility of 1 — 2y = (1 —
¥)(+1) 4+ y(—1) per period. If she decides to only treat those she is certain are in the treatment set, that
is x = 1 patients, then half the patients that arrive at her office with have the default outcome and her
expected utility will be 3 — 7 per period. Now consider a physician with the prior 7 < 1 and facing
a patient with x = 2. One possible policy for the physician to adopt is to treat this patient and, if the
treatment is unsuccessful, to never treat an x = 2 patient again. But, if the outcome is successful then all

future patients will be treated. Thus this policy has the expected payoff
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where § < 1 is the physician’s discount factor. Simply refusing to treat the x = 2 patient and henceforth
only treating patients with x = 1 gives the physician the discounted expected utility ¢ (% — 7). Comparing
these two payoffs we can see that refusing to treat the x = 2 patient is optimal if
< 1-0
(1=7)2-6(1—7)—6/2)

This condition on the physician’s beliefs ensure that no further experimentation with x = 2 patients is

optimal. If the prior of the physician is above this level, it will be revised down each time an x = 2 patient
is unsuccessfully treated. For each prior (below unity) there is a finite number of times this can happen
before this threshold is breached. Thus, there is strictly positive probability of ceasing to treat the x = 2

patients even though it is optimal to do so.

2. MODEL

The model we describe below has a heterogeneous population of subjects that is sampled sequentially
by a policy maker. In each period the policy maker observes a characteristic of the sampled subject and
then chooses whether or not to treat them. The outcome of the treatment (if it has been applied) is
observed and the period ends. However, only a subset of the population will get a good outcome from
the treatment and this “treatment set” is unknown to the policy maker. The policy maker’s long-term aim
is treat those in the treatment set but not to treat those outside it. Thus, the decision to treat this period’s
subject has a direct utility benefit/cost as well as longer term informational benefit for the policy maker.

Before play begins a treatment set § C X will be determined. Time is discrete and denoted t = 0,1, ..
. In each period t one subject with characteristics x; € & is independently sampled from the set of

possible characteristics, X, where
X :={xeR": x| <M}, M>1.

The subjects are sampled according to the measure v, which is the uniform (Borel) measure on X E]

On observing this period’s sampled subject, x;, the policy maker has two possible actions D; = 0
or D; = 1. The action D; = 0 is a default non-treatment action and generates the utility y; = 0. The
action D; = 1 is a decision to treat the subject, which generates a random outcome. The possible utilities
after treatment are y; € {—1, +1} and these occur with probabilities that depend on whether x; is in the

treatment set 6 or not:

I R

Pr(yt = 1|Xt S 9) = TB’ Pl'(yt — 1|xt ¢9) — J,
~ 1— _ 1+

Pr(y = —1ln € 8) = 5 F, Pryr = 1l ¢ )= 105,

where 0 < B < 1. Thus choosing to treat a subject (D; = 1) when they are in the treatment set (x; € 6)
generates a positive expected utility, B, but treating a subject when they are not in the treatment set

(xt & 0) generates an expected utility, —p, that is negative. Recall that untreated subjects always have
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utility zero, so it is optimal to treat subjects in § but not treat those outside it. The parameter 8 determines
the informativeness of the policy outcomes and as § approaches zero treating a single individual reveals
more about the location of 4]

At the end of each period, the policy maker observes the decision that has been taken and the outcome
of the policy. Hence, at the start of period ¢, a history for the policy maker consists of a sequence of
subjects who have arrived for treatment, (xg,x1,...,x;_1) € X!, a sequence of past treatment decisions,
and a sequence of past utility outcomes (yo,¥y1,...,¥-1) € {—1,0,1}t We write this history as h; €
Xt x{-1,0,1} := H;. A treatment policy ¢ for the policy maker, then, consists of a sequence of functions

{01}72, that map the history h; € H; and the current sampled subject x; € X to a treatment decision:
o He x X — A({0,1}), t=0,1,...;

where Hj is taken as an arbitrary singleton set. This definition of a policy allows for randomisation
in the treatment decision, but it will be made clear below that there is always an optimal deterministic
policy. We treat the policy maker’s objective as those of a benevolent social planner, so her objective is to
maximise the sum of utilities of the agents that arrive each period. Given a sequence of utility outcomes
{yt}72 for the population, she receives a utility that is a normalised discounted sum of these values:
(1—6) Y520y, where 0 < 8§ < 1.

The treatment sets, denoted by § C X, are restricted to lie in a class © of possible treatment sets and
this class will be determined by a finite-dimensional parameterization. First we will use the parameters
(A,7) € 8" 1 x [0,1] to determine a half-space Hy,, C R", whereﬂ

Hy, :={x e R": ATx < 7}.

So, A is the normal to a hyperplane and v > 0 is its distance from the origin and H,, is the halfspace
containing the origin bounded by the hyperplane ATx = +. The treatment set § will be determined by the
intersection of K such halfspaces. The parametric representation of the treatment set is a list of parameters
that describe the normals and distances of K planes: 6 := {(7,, Ax)}K . The treatment set itself is the
resulting intersection of the K halfspaces

K
0:= () Hyqy CRY,  forsome 0= {(vAx) 4 € ([0,1] x s" 1K,
k=1

One interpretation of this description of the set 8 is that a subject who will benefit from being treated
must simultaneously satisfy a number of different eligibility criteria. These eligibility criteria, ATx < 7,

are linear (but unknown) functions of the subject’s Characteristicsﬂ The class © is a collection of possible

®More general outcome distributions are possible provided the supports are finite and the distributions are distinct this simple

parametric pair of distributions is not necessary for the result.
"Here it is not necessary to record directly the treatment decisions as these are encoded in the utility outcomes, although in more

general models this is not the case.

85"~1 s the n — 1-sphere {x € R" : ||x|| = 1}.

9This model of a random convex set is also called the intersection of linear eligibility scores. The use of support functions to
describe random sets is well established practice, see for example Molchanov|(2005), and can be used to embed the convex sets into
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treatment sets and the set @ is a collection of possible parameter values where:

K
Q= {9 CR":0= ﬂ HAk'yk/{(W’k/)\k)}IIle € G)} ’
k=1

@ := ([0,1] x " HK,

This construction defines a one-to-one map, f, from the finite-dimensional parameter space ® to the

convex polytopes in IR", that we will denote by f where

K
£6) = £ ({(n A0 ) = N Hage

k=1

All beliefs that the policy maker has about the treatment set will be described here by beliefs on the
parameter set © rather than directly on ©. The prior beliefs of the policy maker on the parameters 6 € ©,
will be denoted by a Borel probability measure y A(@)FEI This measure defines a probability measure
on O indirectly by defining a probability measure on its parametric representation ®. However, this
indirect representation i and the function f does generate a random set in & in the sense of Molchanov
(2005) ]

The uniform sampling density v, the treatment set f(#) and the sequence of of policies ¢ := {0}{2,
determine a probability measure on the set of histories He. When combined with the policy maker’s
prior u € A(®), this determines a probability measure IP on the states of the world ® x He. We take an

expectation with respect to this measure to calculate the policy maker’s expected payoff from the policy:

Epo ((1—5) Zyt>, 1€ NO).
t=0
Her objective is to find a policy, o, that maximises this value. Hence we define the value function, U :
A(®) — [-1,1],as
U(p) :=sup Eye ((1 —6) Z(Styt> .
g t=0

This completes a bald description of the model. We end with an example of this structure.

2.1. Example

Our lead example of this model will be one-dimensional. This is very similar to an example studied
by |Aghion, Bolton, Harris, and Jullien| (1991) in the context of perfect control (where the policy maker
chooses which subject to sample. And an example of (Ghosh and Ramamoorthi| (2003, p. 22), where it
is used to study the properties Bayesian learning without optimization. Here the population character-

istic is uniformly distributed on the set X = [—1,+1]. Thus {x;};° is a sequence of i.i.d. uniformly

19We use A(Z) to denote the set of Borel probability measures on the set Z.
1 To verify this it is necessary to check that for every closed set F C X the set {6 : f(6) N F # @} is Borel measurable (see
Molchanov] (2005)).



distributed random variables. The parameter 6 that determines the treatment set is also uniformly dis-
tributed on the interval [0, 1], so u is the uniform distribution on [0, 1]. The treatment set itself will be a
one-sided interval § = [—1,6]. Thus we have the function f : 6 — [—1,6].

The payoffs will also be particularly simple in the example as we assume there is perfect information
about the outcome of treatment. That is we will take B = 1, so treating a subject in the treatment set is
always beneficial and treating a subject outside that set is always harmful. Further, outcomes of treatment
are particularly informative and observing (x;,y;) = (x;, +1) implies that § > x; with probability one.

Whilst observing (x¢,y;) = (x, —1) implies that § < x;.

Ayt
yr=1

et}

We will re-visit this example to illustrate the concepts developed below.

3. THE POLICY MAKER’S OPTIMISATION PROBLEM

This section deals with the necessary preliminaries. It begins by describing some simple properties
of the policy maker’s value function U(u). Then, we write down the HJB equation that characterises
U(u), which will allow us to describe the optimal policy and provide some intuition for the nature of this
optimization. At the end of this section the example is revisited and we provide a concrete demonstration
of these features.

The result in this section also explain why it is not possible to have a more general model of the
treatment sets. Here we have treatment set that is determined by 0, a parameter sampled from a compact
and finite-dimensional set of parameters ©. The priors on this set will be in A(®) and are the state-space
for the policy maker’s optimization problem. A more general treatment set, one that is not determined by
a finite parameter space, will result in an enlarged state-space. This new state space does not necessarily
satisfy the conditions required (by the results used below) for the existence of an HJB equation. Thus the
approach taken here is the most general model of a treatment set that is consistent with the existence of
well-defined stationary solutions to the policy maker’s optimization.

We begin by restating some well-know facts about the value functions for experimentation problems
like this. First, there is a boundary condition. If there is no uncertainty about 6, then the optimal policy is
to treat the subject x; if and only if x; € f(6). This occurs in each period with probability v(f()) and gives
the expected utility B. Thus the value function must satisfy the boundary condition U (1) = Bv(f(0)),



where 1y is the Dirac measure on 6.

The second fact is that the function U is convex and non-negative on A(®). Non-negativity is trivial as
the default treatment gives a zero utility. The convexity follows from the fact that U is the upper envelope
of linear functions of o, see for example |DeGroot| (1970, p. 125). For example, if before implementing the
optimal policy for y, the policy maker observed a signal that told her the true state was either y’ or u”,
(where p = wp’' + (1 —w)p”; p', 0" € A(O); and 0 < w < 1). Then, her maximal utility could not

decrease if she observed the information, that is,
U(p) = U(wp' + (1 —w)p") < wl(') + (1 —w)U(u").

In Lemma 1| we show that the policy maker’s value function, U(), is a continuous solution to an
HJB equation. And, hence, that there is a stationary and deterministic optimal treatment policy. The HJB
equation also provides a simple interpretation of the nature of the optimal policy. The state-space for
this problem is A(®), so this is a non-standard HJB equation and we employ results of Easley and Kiefer
(1988) and Maitral(1968) to establish these claims. The statement of this result contains some notation that
will now be formally defined. First there is 77, (x) which denotes the probability the subject x is believed

to be in the treatment set given prior yu:
1) mu(x) = p(ly) where L:={0:x€ f(0) }.

(The condition x € f(6) can obviously be written more explicitly as a set of linear inequalities involving
x and (Ag, vx).) This is also known as the containment functional in the literature on random sets. The
second piece of terminology is
1 1
P}t(x) = 5(1 + ,B)ﬂy(x) + E(l -B)(1— ”y(x))r

which denotes the probability that the outcome of treatment is 41 when subject x is treated. This, ob-
viously, depends on the probability that x is in the treatment set and the probability of the outcome +1.
Finally, u*, u~ € A(®) will denote the posteriors when treatment outcomes +1 and —1 (respectively) are
observed for subject x. (These are conditional on the current x and denote the next period’s state.) Let G

be any Borel measurable subset of ©, then from Bayes’ rule we have:

(2) V+(G) ::Pr(e c G\x y= 1) — (1 + ;B)V(G N IJC) +( ()1 — ,B)]/l(G \ IX) .
’ 20, (x ’

(G = _ oy A=puGN L) + A+ pp(G\ Iy

3) u (G):=Pr(l e Glx,y=-1) = 201 — o () .

Now we are able to state the HJB equation. The proof of this relation borrows heavily on [Easley
and Kiefer| (1988) and Maitra| (1968). It is, however, slightly different. The final HJB is an analogous
condition to those found by [Woodroofe| (1979), (Goldenshluger and Zeevi| (2009) and other papers on

bandit problems with exogenous variables.

LEMMA 1: The function U : A(®) — [0, 1] is the unique continuous solution to

) rU(p) = /X [B(27t(x) — 1) + pu()U (1) + (1 — pu(x))U (7)) — U ()] dv

10



where r = (1 —8) /6 and where [z]T := max{0, z}. The stationary optimal policy in state u is to treat all subjects
x satisfying
rB27u(x) = 1) +pu (DU (17) + (1= pu()U (47) = U(p) = 0,

we will denote this policy as o*.

The proof of this lemma is relegated to the appendix, but now we will provide some intuition for
the relationship (). Observe that () is written in terms of the growth of the value function rather than
its level. The expression still reflects the usual trade off in experimentation between the value of extra
information and the short-run costs of acquiring that information weighted by the discount factor. Here,
however, they are captured by the size of the increase in the value function rather than its level and so
some explanation is required. The size of the increase in value is the expectation of a non-negative part
of

®) Hy (x) = rB(2my(x) = 1) + pu (YU (1) + (1 = ppu(x))U(p ™) — U ().

The expression H,(x) can be divided into two effects:

The first, 7B(27, (x) — 1), describes the increase in expected utility obtained from treating subject x at
state yi. This can be negative if the subject is more likely to be outside the treatment set (77, (x) < %) given
the current beliefs. Or positive, if the subject is likely to be in the treatment set (7, (x) > %). Thus, as
the sampled x varies over X’ the expectation of this first term is the expected increase in utility from the
policy of treating the current sampled subject.

The second part of the above, p,, (x)U(u") 4+ (1 — py(x))U(p~) — U(p), is the expected increase in
value as a result of the information gained by treating the subject x in state y. Or, equivalently, the
value of the information obtained from the experiment of treating x in state y. Recall that p,(x) is the
probability that treating subject x generates the outcome y = 1 and u™ is the posterior that results from
y =1 S0 pu(x)U(p") + (1 — pu(x))U(p") is the expectation of next period’s value when subject x is
treated. The difference between this and U(y) is the change in value as a result of the information gained
from the treatment decision. This second part of the expected growth in value is non-negative. We have
(from the martingale property of posteriors) that o, (x)u™ + (1 — p,(x))~ = p and also recall that U is

a convex function. Thus,

pu(OU () + (1= pu(xX)U (1) = U (pu(x)p™ + (1= pu(x))p™) = U(p).

The convexity of the value function is equivalent to there being a non-negative value to additional infor-
mation.

The integrand Hj,(x), describing the increase in the value experienced when playing out the optimal
policy, is the sum of two parts one non-negative (the value of additional information from experimenta-
tion) and the other ambiguous (representing the short-run costs and benefits of acquiring this information
by treating the sampled subject).

>0

Hy(x) = rﬁ@”ﬂ(x) -1) +P;t(x)u(ﬂ+) + (1 - p”(x))ll(yf) - U(V)
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Whenever the sum of these two terms is positive, or H,(x) > 0. Then, treating subject x has a combined
short-term cost/benefit and experimentation value that is greater than the current value function. It is,
therefore, optimal to treat the subjects x that satisfy H,(x) > 0 in state y, because such a decision results
in the value function growing. Whenever the sum of these two terms is negative, or Hy(x) < 0. Then,
treating subject x has a combined short-term cost and experimentation value that is less than the current
value function. It is, therefore, optimal not to treat these subjects and the value function does not grow in
these states. These optimal choices (of treating x’s if and only if H,(x) is positive) are described by the
[H,(x)]" function that appears inside the integral @)

Because of the positive value of information, a sufficient condition for it to be optimal to treat subject
x at state y is that there are no expected costs to this action. Thus if r8(27,(x) — 1) > 0, or 7, (x) > 3, it
is optimal to treat x independently of this decision’s informational effects. Of course, when (277, (x) —
1) < 0t still may be optimal to treat x because of the weight the agent places on the future informational

gains. Nevertheless, a sufficient condition for treating a subject is 77, (x) > % and we will call this the
myopic policyPE]

DEFINITION 1: The policy, 0°, of treating subject x in state y if and only if 1, (x) > % will be called the
myopic policy.

From the discussion above it is trivial that the optimal policy treats more subjects than the myopic

policy.
3.1. Example[2.1| Continued

Recall that the population is uniformly distributed on the set ¥ = [—1, +1] and the treatment set is an
interval 8 = [—1, 6] where 6 is uniformly distributed on [0, 1]. As there is perfect monitoring, the state of
the policy maker’s beliefs about 6 are described by an interval [a, b]. Where a is the largest non-negative
x value that has been seen to generate y = 1 and b is the smallest x value that has been see to generate
y = —1. (In the case where no y = —1 has been observed b = 1 and in the case where no y = 1 has been
observed non-negative x then a = 0.) Given the data (a, b) the posterior on 6 is uniformly distributed on
the interval [a,b]. Hence we can write the probability that a given observation x is in the treatment set,

7, (x) as depending only on the pair (a, b) in the following way.

1 x<a,
Tap(x) :=Pr(0 > x|0 € (a,b)) = { &=*  x € (a,b),
0 x > b.

(This definition only applies when b > 4, when b = a we define v to be the a left-continuous step

function.)

12 Although in other fields this is called a greedy policy.
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nﬂb(x)

We can treat the pair (a,b) as a state variable for this problem and can write the HJB equation (@) in the

following form

1 11
rUab) = [ (@ 1) + Ulx, b + Ula,x)(1 = ) = Ula, b)) d,
-1
(where we define U(a,b) = U(b,b) if a > b). The first term is the expectation of the payoff when a subject
x is sampled. The terms U(x, b) and U(a, x) are the new value functions when the outcomes +1 and —1
from treating subject x occur. Thus good news at x moves the interval containing 6 upwards from [a, b]
to [x, b] and bad news downwards to [a, x]. The subjects x < a are known to be in the treatment set and

will always be treated and subjects with x > b will not be treated. Thus the above can be simplified to
b
FU(a,b) :% [ 1 = 1) + Ul by () + U(a,x) (1 ) — Ula, )] dx
a
1
(6) + E (ﬂ + 1)1’.

It is possible to make some further simplifications to this function (including a reduction in the dimension

of the problem), which are stated in the following Lemma

LEMMA 2: The solution to (6) satisfies

1 2 b—a
e = 3a+0) + ;e (21,
where C is the unique solution to
Uz 1 v +
C(v)—i—?:E/ [0—2u+ C(v—u) + C(u) — C(0)] " du.
0

The proof of this lemma is given in the Appendix. It is possible to use numerical methods to describe

U, but an analytic solution to this is beyond this author.

4. LEARNING THE TREATMENT SET

In this section we describe the properties of the priors and the learning that we will repeatedly use in
the proof of the main result. Then we will state and prove our main result, that for all discount factors
the policy maker correctly learns the treatment set. This will be divided into two parts that addresses two

possible ways the policy maker might err. The first, Theorem [1} shows that for all discount factors the
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policy maker does not treat subjects outside the true treatment set indefinitely. The second, Theorem [2}
shows that the policy maker does eventually treat all subjects that are inside the true treatment set (again
for all discount factors). So, there is neither over-treatment nor under-treatment in the limit.

To be a little more precise, recall T(u!) := {x : T (x) > 3} was defined as the set of subjects
treated by the myopic policy when the prior is u!. As the myopic policy is played out, this results in
random sequence of sets {T°(u!)}%, of subjects who (potentially) will be treated at each date. For such
a sequence

L := limsup T°(u")

t—o0
is the (random) set of subjects who are expected to be treated infinitely often by the myopic policyE] The
results in this section shows that £ is arbitrarily close to the true treatment set, 8, with probability one.
If this is true for the myopic policy it must also be true for policy makers with positive discount factors,

because, by the results in Section 5} all policies converge to the myopic policy.

4.1. Properties of Bayesian Learning

In this section some well-known properties of Bayesian learning are applied to the policy maker’s
beliefs that a particular subject is in the treatment set. These properties are essential for the results that
follow. In , 7, (x) was used to denote the prior belief that the subject x is in the treatment set. We want
to consider how this prior gets updated, so let 7t'(x) denote this updated probability at time ¢, that is
et (x) := Pr(x € 0]hy).

Bayes’ rule determines how, 7t!(x), the beliefs about subject x being in the treatment set evolve as
observations accrue. Suppose that in period ¢ the subject x; was sampled and there was the outcome y;,

then

o (x) =Pr(x € 6| xt,y1, 1)
_t(x) Pr(ys | x € 6,x;)
Pr(yt | Xt, ht)
:nt(x)Pr(yt | xt € 0)Pr(x¢ € 0)x € 0,hy) +Pr(y: | x¢ & 0) Pr(xy & 0|x € 0,hy)
Pr(]/t | xtlht)

When no treatment occurred this reduces to 7w'*1(x) = 7!(x) and beliefs are not revised as no new
information has arrived. However when subject x; is treated, how beliefs about subject x are revised
depends upon the nature of the class of treatment sets ©. To be precise, what x being in the treatment
set implies about the probability that subject x; is in the treatment set. For example, if x; is an extreme
observation it may be that x; is in the treatment set only if x is in the treatment set. Thus getting positive
news about x; will also be positive news about x and so 7tf(x) will be revised a lot. Conversely, if x is
extreme in one dimension and x; more central in the same dimension, then it could be highly likely that

Xt is in the treatment set independently of subject x being in the set. In which case, good news about

131f {F}%, is a sequence of measurable sets, then limsup, ., F; := N, Ut>s Fr and includes all those points that appear in

infinitely many F’s.
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subject x; may not be very informative about the possibility of x being in the treatment set and there is
little revision of 7tf(x) as a result. What matters very much in the belief revision is how the sets in the
class of potential treatment sets ® overlap or nest each other. Here we have adopted a particularly simple
class, (convex polytopes), which makes the resultant belief revision easy to handle. For more complex
classes of sets (of higher VC dimension see for example |Devroye, Gyorfi, and Lugosi (1996), |Al-Najjar
(2009)) the above relation still applies, but its interpretation is less simple. It is, furthermore, not clear
how the other results here, such as the HJB relation, generalise to more complex classes ©.

Now a lemma is stated that describes two key properties of Bayesian updating that are repeatedly
used in our results, these are a well-known and are stated here just because these properties are funda-

mental in the proof below. (The proof of this lemma is given in the appendix for completeness. )

LEMMA 3: If it (x) := Pr(x € 8 | ht), then for all x € X 7t*(x) converges P almost surely. Furthermore,

1— t+1 5 1— 7t t+1 B
0 (G | retn) = F (s | * o) =

If xt was sampled and treated at time t, then
®) ]nfﬂ(x) - nt(x)’ > 287t (x) |t (xi|x) — 7t (1)) -
Here the notation 7t* (x;|x) := Pr(x; € 8 | x € 8, hy) is used.

The conditions imply (from Jensen’s Inequality) that posteriors are sub- or super-martingales:
E(m'*(x)|x € 0,h) > mt(x) and E(m' Tl (x)|x € 8,h;) < 7!(x). Thus on average the belief that x
lies in the treatment set increase when it is true that x € 8 and decrease when it is true that x ¢ 6. So,
the probability attached to the true state of the world is revised upwards under Bayesian learning. We,
however, will use another property of the equalities (7). This says that the Bayesian revision of beliefs
will not allow an individual to be certain that x € § when in fact x ¢ 0, except on a zero probability set of
histories. To see why @ implies this, suppose that the random variable 7w/*!(x) — 1 on a set of positive
measure in the RHS equality. This would say that the individual is becoming convinced that the x is in
the treatment set when in fact it is not. As 77/*1(x) — 1 on a set of positive measure, the unconditional
expectation of 7t/ (x)/ (1 — 7'*1(x)) would become unbounded. This would violate the fact that the
unconditional expectation of this martingale sequence has to equal the (finite) 7°(x) /(1 — 71°(x)). Thus
it is impossible for 77/+1(x) — 1 on a set of positive probability when x ¢ 8. We will show that events
like this will happen with positive probability if the learning about the treatment set goes permanently
wrong.

The second part of the lemma, (8), is often called the merging property of beliefs. As the random

variable 71! (x) converges almost surely, (8) says that
2B7tt (x) |7 (x¢|x) — 7' (x)| — 0.

Thus, if there continues to be x;’s that are treated, at least one of the two terms in this expression must

converge to zero. That is, the policy maker ultimately believes subject x is not in the treatment set
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(rt'(x) — 0). Or, the data, x;, that the policy maker continues to observe has the property that know-

ing x € 6 is uninformative about the likelihood that x; € 6;

7t (x¢]x) — 7! (x;)| — 0. Possibly, both of
these outcomes can occur. To see how this works in practice suppose that x is an extreme observation
relative to x;, and that knowing x € § implies x; € . In this case 7t/ (x|x) = 1 so the above says that
all the observations made satisfy 7f(x;) — 1, or 7f(x) — 0. Hence, the policy maker only continues to
sample observations that are believed to be in the treatment set with certainty or extreme observations
are believed to be outside the treatment set. If, for example, the policy maker continued to experiment

with x;’s which are not certain to be in the treatment set, then it would have to be that 7tf(x) — 0.

4.2.  Subjects Outside the Treatment Set

We will now prove the first result: that subjects outside the true treatment set will not receive treat-
ment in the limit as t — oo, whatever the discount factor. The proof of the first result will be by con-
tradiction. Suppose that £ := limsup, ., T°(u’) contains subjects outside a neighbourhood of § with
positive probability. Pick such a subject, say x’, then as this subject continues to be in the treatment set
the posterior 7tf(x’) converges to something above % This is not enough—we want to find a a subject
outside the treatment set with 7t'(x) converging to unity for a contradiction. As 7t!(x") does not go to
zero, from (8), it then must be that | 7! (x;|x") — 7' (x)| — 0, for all x;’s that continue to be sampled. (That
is, the subjects that continue to be treated are believed to be in the treatment set with a probability that
is unaffected by knowing x’ is in the treatment set.) Now consider a subject x” that is on the line joining
the origin to x’. This subject is more likely to be in the treatment set than x’, thus the subject x” will def-
initely continue to be sampled if x’ is sampled. Furthermore, if x’ € 0 the construction of the treatment
set implies that x” € §; that is 7' (x”|x") = 1. Given this, the only way |7 (x¢[x") — 7! (x;)| — 0 can hold
is if 7' (x"") — 1. Hence, if subject x’ is in the treatment set then all points joining x’ to the origin must
have 7! (x”") — 1. Thus we have achieved our aim of find a subject who is actually outside the treatment
set (x” sufficiently close to x’) that is believed to be in the treatment set with certainty. As @) shows a
Bayesian cannot believe a falsity with certainty except on a set of measure zero. It is this that will give us
a contradiction.

When the dimension of the subject set is bigger than unity (n > 1), the set of subjects on the line to
the origin is a zero-measure set. Thus the argument above will fail, because subjects, like x’ ', on this ray
may never be sampled. To avoid this problem (and some other zero-probability event issues) we make
an assumption that there is a positive measure set of subjects that are always in the treatment set. This

enlarges the line joining x’ to the origin into an n-dimensional set.
ASSUMPTION 1: There exists ¢ > 0, such that u({0 : ® C 0}) =1, where ® := {x € X : ||x|| < ¢}

Also, to avoid conditioning on zero probability events it is necessary to condition on a positive-
measure neighbourhood of a given treatment set 6. Let 77 > 0 sufficiently small be given and let B, (x)

denote the closed ball centred at x radius 11@ We will define 6, as an enlargement or upper bound on

UB,(x):={x e X:||x—x| <7y}
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0 as the closed set that results from enlarging 0 by #: 6, := U, By(x). And, we will define 6_, as a
shrinking or a lower bound on 6: 6_, := {x € X : B, (x) C 0}. (Clearly, if § is not of dimension # this set
is empty and we will exclude this zero probability event in our results below.) Finally, we define a subset
of the parameter space B(6*,7) C © to be the neighbourhood of the parameter 6 that ensures that for all
¢’ the set f(6') is bounded below by 6_, and above by ,,.

B(e,y) = (¢ €©:8,  f18) iy }.
We are now able to state and prove the first result.

THEOREM 1: Let 7 > 0 and 0* € © be given. Assume that the prior y is absolutely continuous with respect

to Lebesque measure and satisfies Assumption (I} then

) PO (E ca;

0 € B(6%,7) ) =1,
where P¥ is the probability measure on states induced by the myopic policy c°.

Proof. Let x > 0 and small be given. We begin by defining the set of subjects that are strictly inside the
treatment set at the state p: TO(p) := {x : 7, (x) > % + x}. And showing that

(10) PO (EK c e

0 € B(6",7) ) =1

where £ := limsup, ., TO(u"). Suppose the claim (@) is false and there exists 6%, # and ¢,v > 0 such
that

() P (LeC

0 c B(G*,n)) <l-e

It will be useful to have a positive-measure set of subjects who are more likely to be in the treatment
set than any given subject x. To that end for any x € X, let ®, denote the convex hull of the point x and

the neighbourhood of the origin that is known to be in the treatment set ®:
@, :={x eR": ¥ =wx+ (1 -w)% forsome ¥ € ®,w € [0,1] }.

If x € 0§, then ®, C 0 by the convexity of §. The probability that x is in the treatment set is, therefore,
a lower bound on the probability that an element of @, is in the treatment set: 7'(x) < 7!(x) for all
x! € ®,. Thus if x € TO(u!), then &, C T2 (p").

Figure 1 : The Cone @,
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Step 1: As a first step in the proof, we show that implies there exists ¢ > 0andanx € X'\ éj; such
that
PO (x€ Lc| 0€B(6%,y))>¢.

Observe that if x ¢ 9,’; 1y, then it is at least distance v/2 from é;; 2 and the truncated cone ®, must
intersect the boundary of é; 4y On a set of at least length pvM~! (recall ¢ is the radius of the ball ®).
This implies that we can pick a finite set of points, {x1,x?,...,x"}, on the boundary of 5,7+V /2, such that
every member of the class {®y : x ¢ 9~,7+U} has a non-empty intersection with this set. Thus, (by )
one of these points on the boundary of 0, ;> (call it ¥) must have probability of at least ¢/w of being in
T2(u'). Because, whenever limsup,_,., T2 (4') ¢ 6,4 it must contain a point x ¢ 6,1, and also contain
®, which has a non-zero intersection one of the points {x!,x?,...,x%}. Hence we have found ¥ ¢ X \ §
and ¢ such that

PP (x € L] 6€BO,y))>c¢.

Step 2: We will now show thatif ¥ € Ly, then mt(x) — 1 for every x in the interior of ®5z. Hence, there
exists a point £ arbitrarily close to ¥ (and outside ) such that 7t'(£) — 1 with probability at least ¢'. Take

and choose x = £, then as 7! (¥) converges almost surely we have that
(12) lxtETO(Ht)Tft(f) |7 (x¢| %) — ' (x)| = 0, P almost surely.

As ¥ € L, with probability ¢ when 8 € B(8*,7), it is true that limsup, 7t/(%) > 1 + x with at least
probability ¢ when 0 € B(6*7). And, as 7t'(X) converges almost surely, we can also say with that
lim; 7! (%) > § + x with at least probability ¢ when 6 € B(6%, 7).
From (12) it follows that
(% + 1) L ero(u) |7t (x¢|%) — ' (x¢)| = 0,  IP? almost surely.
on a set of states with at least probability ¢’ conditional on 8 € B(6*,7). Applying Egoroff’s Theorem (see
Royden! (1988) p.72) we can find a subset of these states with probability 0 < ¢’ < ¢ and a 7 such that
7tt(%) > 1 forall t > 7. The construction of ®5 ensures that 7! (x) > 7t!(%) > 1 forall x € ®3. So on this
positive-probability set of states for all t > T every x; € ®x will be treated if it is sampled. Hence, there

exists a set of states with at least probability ¢ conditional on 6 € B(6*,7) and a 7, such that
Liyeroquy |70 (0el8) = ' (x)| =0, P%as;

and @z C TO(u!) forall t > 1.

As the set @y has strictly positive measure, it is without loss of generality to assume that on this set
of states there are infinitely many x;’s sampled from the set ®z. However, 7tf(x;|%) = 1 for all x; € ®s.
Hence the above implies there exists a set of states with at least probability ¢ conditional on 6 € B(6*, 1)
and a T, such that

l{xteéggTO(yf)} |1 - ﬂt(xt)| — 0, PO a. s. Vt>T.

This implies that 7 (x) — 1 for all x in the interior of ®¢ on this positive probability set of states, because

for any x° in the interior of @y there will exist a sequence of x;’s sampled from Py satisfying x° € ®,+ and
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so 7! (x°) > 7! (x') — 1. To complete this step, choose a point £ in the interior of ®5 but not in f;. Such
a point exists as 9;; is closed. This point will satisfy 7t/(£) — 1 with probability at least ¢ conditional on
6 € B(0*,1).
Step 3: The final step in the proof is to recall (/) for x = £
E < il ( 92)

1— nt+1(32)

(%)

kY gf(e)/ht) = 1_77_[,5(32)

Taking an unconditional expectation this gives

7'(”1(3?)
E(lnw%m

m°(2)

2410)) = ol

Note that £ ¢ f(0) for all 6 € B(6*,77) and so we have show that on this positive measure set there

is strictly positive probability that the LHS expectation is of a random variable that becomes arbitrarily
large; w'*1(%) — 1; on a positive probability set. This is a contradiction, as the RHS is finite.
Thus our initial assertion is false and L, C é,’; with probability one for all 6 € B(6*,7) for all

x> 0. As T2 () and é; are closed sets and 7t (x) is continuous in x this result also holds fork = 0. [

4.3. Subjects Inside the Treatment Set

Now the second part of the result is proved, that is, all subjects in the treatment set eventually get
treated by the policy maker. This is considerably more difficult to do than the previous case, but the
overall strategy of proof is the same. We will ultimately derive a contradiction by finding a subject that is
actually inside the treatment set but is believed to be outside the set with probability one. The intuition
will be reminiscent of reputation arguments.

Suppose that there is a subject, say x/, in the treatment set who is not in £ with positive probability.
Then we would like to argue that 7t/ (x") — 0, but all we know is that it converges to something less than
%. Again we will consider the subjects, x”/, that are sampled on the line joining x’ to the origin. The policy
maker will be certain that some of these subjects are in the treatment set, so gathering further data on
these subjects is not particularly informative about x’. However, as 7t/(x’) < 1/2 and 7! is continuous,
some of the subjects sampled on the line segment will be on the margins of the set of subjects to be
sampled and satisfy 1 — & > 7t/(x””) > 1/2. These subjects are not known to be in the treatment set and
so their outcomes do generate a lot of information about x’. In particular, for these subjects 7t/ (x"|x") —
7t (x"") > ¢&. Hence, it is impossible for x’ to be in the treatment set and to be uninformative about x”.
Thus observing these marginal x”’s continues to be informative about x’ being in the treatment set and
ultimately (by (8) ) drives 7f(x’) to zero. Thus the policy maker must continue to observe significant
negative information about x’, there is not point at which this stops. The continuity here ensures that
there continues to be informative signals about x” and as is x" not be treated in the limit it has to converge

to zero.
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THEOREM 2: Let 7 > 0 and 0* € © be given. Assume that the prior y is absolutely continuous with respect

to Lebesgue measure and satisfies Assumption (1} then

(13) ]I’O(L‘,Qéi,?‘ GGB(G*,U)) =1,

where P¥ is the probability measure on states of the world induced the prior y and the myopic policy.
Proof. Suppose the claim is false and there exists 6*, 7 and ¢, v > 0 such that

(14) P (L20

) 66B(9*,17)> <l-e

It will be useful in this proof to have a positive measure set of subjects that are less likely to be in the

treatment set than any given subject x. To that end consider the cone of points
Cri={xX eR":x' = (1 +w)x — w¥, forsome ¥ € ®,w € R, }.

This is a cone with the apex x that extends away from the set ®. It is the continuation of the cone @,

considered in the proof of Theorem

Figure 2 : The Cones Cy and &,

The set has the property that if x ¢ 8, then no element of Cy is in . To see this observe that if x € 8, then
there exists a hyperplane defining  that x is on the wrong side of. That is, there exists (A, k) such that
Afx > 7. Now pick x’ € Cy. This means there exists # € ® and w > 0 so that ¥’ = (1 + w)x — w%, (by
the definition of Cy). If we perform the calculation to test whether the point x’ in the treatment set, we

find it is not, that is, A,{x’ > Yo
My =14+ w)Mx— oM E >y +wly— A2 > n

(The equality in this calculation follows from a substitution for %. The first inequality holds as A]x > 7,
and w > 0. The second inequality holds as £ is in the treatment set (because it is in ®) and so satisfies
Az <)

The fact that x ¢ § implies Cy N & = @. Hence, if the prior u satisfies Assumption [1, the probability
that x is believed to be in the treatment set is greater than the probability that any point in Cy is in the
treatment set

tu(x) >y (x'), Vx' € Cy.
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*
-
that is not in £ with positive probability. That is, there exists ¢ > 0, { > 0, an ¥ € é’iﬂ and a ball

B;(%) C X such tha

Step 1: We now show that the assertion l) implies there exists a neighbourhood of a subject in 8

(15) PO (B (x)NL=0Q| 6€B(6,n))>¢.

Consider two points £ and % both on the boundary of the set éf( , satisfying || ¥ — %|| < x, where

n+v/2)
k < ¢v/(2M). There exists w > 0 such that the point (1 + w)% is on the boundary of the larger set gi,].
Trivially this point is in the cone of Cg, thatis, (1 + w)% € C;z. We will show that (1 + w)% is also in the

cone Cz with apex %. For (1 + w)% € Cy there must exist w’ and ¥ € ® so that
1+w)t=(14+uo)x—w'x

Choose w’ = w. Making this choice, then adding and subtracting £ into the above gives

1+ w)t=(1+w)t+(1+w) (i—a?)—lj_uwa? .

As any X satisfying ||¥|| < ¢ can be chosen, the equality is true (and the final parentheses equal zero) for
some X provided

w w
e @ e @
% =% < T ¥l < g <@

As % is on the boundary of éf( ) and (1 + w)% is on the boundary of éf( n+v) the triangle inequality

n+v/2
implies || — (1 + w)%|| > v/2, or w > v/(2M). Hence we have that w¢ > wv/(2M) > x which is what
we needed to establish.

Now cover the boundary of é’i( with a finite number of x /2 closed neighbourhoods numbered

v/2
w=1,2,...,W. For each of these neqi;h/b())urhoods, denoted Ky, there exists one point x, on the boundary
of 9i,7 that is strictly in the cone Cy for all x € Ky, (by the proof above). Hence, if any point x € Ky, satisfies
mu(x) < 1/2then 7, (xy) < 1/2. By we know with probability at least ¢ at least one point in Ky, (for
some w) is not in £. Thus with probability at least ¢/W := ¢ one of the points xy := % is not in L. As
Xu € 0% (

N* . .
+v/2) C 9_,7 this establishes

P’ (xgL|6cBO,y))>¢.

Now choose ¢ > 0 sufficiently small so that the ball B;(%) is in the cone Cy for all x € Ky, which is
possible by the strict inclusion and the closed neighbourhoods used. This choice and the above property
then satisfies (I5).

Step 2: We now show that not only can we draw a ball around the subject ¥ that lies outside £ with
positive probability, but there is a hyperplane through * that also lies outside £ with positive probability.
That is, there exists a ¢’ > 0, A € S"~! and 4 such that: ATx = ¥ and

IPO<7LTx§'7, Vxec L GEB(G*,U)) > ¢’

BRecall B;(x) := {x € X : [|# — x| < {}.
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First, we will now show that the interior of the set L is convex. Suppose, x’, x” are in the interior of L.
Consider x¥ = wx’ + (1 — w)x” for w € (0,1). By linearity if ATx’ < 7 and ATx” < 4 then ATx¥ < 4.

Hence,
(16) Pr(x¥ €8) >1—Pr(x' ¢0)—Pr(x" ¢9).

Or in our usual terminology 7! (x¥) > 7t*(x") + 7! (x”) — 1. Step 2 in the proof of Theorem I|shows that
if * € £, then 7t'(x) — 1 on the interior of @, thus 7! (x’), 7! (x”) — 1 and from this bound 7/ (x%) — 1
(and x“ € L), which is what we set out to prove.

Choose a set A := {A1,..., Ay} C 8", so that for any A € 8" ! there exists Ay € A such that
A — Al < {/4M. Suppose that A € S"~! defines a hyperplane separating a convex set X C X from
the ball B;(X) C X, that is there exists 7 so that, AT¥ < 7 < ATy forall ¥ € X and ally € B;(x). We
will show that there exists A, € A such that AEJZ < /\sz for all ¥ € X. To see this first observe that as ¥
is the centre of the ball radius { and A is a unit vector, it follows AT% — ¢ > AT# for all ¥ € X. But this is

equivalent to
(17) Mi>Alg+7-AT-AD(x -5 vieX
Choose Ay so that |A — A¢|| < {/4M. Then,

AT —AD)(x—%) < 2 ||z — %] < %

Hence for this choice of Ay the inequality implies AZJE > /\{.‘f for all ¥ € X, which is what we wanted
to show.
As the interior of £ is convex, when it is disjoint from the convex set B;(%) there exists a separating

hyperplane between these two sets. That is, there exists A € S"~! and < so that
AT]/ > 7> ATx, Vy € B;(x), Vx € L.

(L is connected, so this may hold with equality on the boundary of £.) But this implies Al > Alx (for
all x € £) for some Ay € A, by the argument in the previous paragraph. As the set A is finite there must
exist Ay € A such that

/
P (Afx<AlsvxeL|oeBory) ) > % =

By choosing A = A and 7 = A] % we have proved our claim.

Step 3: We will now show that the set of subjects with 7f(x) € [1/2,1 — ¢] does not shrink to zero,
when only subjects satisfying 7t/(x;) > 1 — ¢ are treated. To do this we will derive an explicit expres-
sion for 7t!(x) and then show that the ratio of the posteriors 7tf(x)/7t!(x") is bounded by a term that is
independent of t, when 7! (x), ! (x') € [1/2,1 —¢].

We begin by deriving an explicit expression for 7t'(x). At time t the history h; is a list of pairs
(xs,Y5);s =0,1,...,t — 1. Let 4; be the empirical measure that describes the subjects x; (s < t) for whom

ys =1,and by is the empirical measure for subjects with ys = —1. That is, for any measurable A C &:

ar(A) :=8{ (xs,y5) ;s < t,xs € A,ys =1},
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bi(A) :=4{ (x5, ys) :s < txs € Ays =—1}.
Then the probability that the data at time t was generated by the treatment set 8 is

1+p a:(0) 1-8 by (6) 1+ b (X)—by(6) 1-8 ap(X)—a; ()
=) &) =) (Y

_ PN - g (14 p) OO
B 201 (X) +b(X) (1 — ,8>

— Ktpft(g),

where p := (1+8)/(1—B) > 1,&(0) = d(f) — b;(f) and K; is a term that is independent of . Recall
that y is the prior on the parameter space ©® and that when the parameters are ¢ the resultant treatment

setis § = f(6), hence we can write the unconditional probability of the outcomes h; as

Pr(hy) — K / a(fO) gy = K / (0 gy,
r(ht) E )P p=Ke oot dp

where c;(0) := &(f(0)). As rt!(x) is the probability x € f(#) conditional on the data we can, therefore

write

c+(0)
(18) it (x) = W
where O, := {0 :x € f(0)}.

Now we will pick the two subjects x and x’ to show that the ratio 7 (x)/7!(x") is bounded. First,
consider the convex hull of the set of subjects with 7t!(x) > 1 — ¢, thatis, D := co{x : 8t(x) > 1— }.
Let (A,4) € 8" 1 x [0,1] be a supporting hyperplane for D, that is, ATx < 4 for all x € D and there
exists £ € D for which AT = 4. The half-line £ + vA (where v > 0) is in the normal cone of the set
D at . On this line we will choose three points. The first, x°, will be chosen sufficiently close to % for
7t (x%) > 1 — 3¢ (which is possible by continuity) and the fact that 7f(x) > 1 —2¢ for all x € D, (by
(16) and 7! (x%) > 7t(x") + 7!(x”") — 1). The second point x™ will be chosen so that the hyperplane
(A,9™) € §"71 x [0,1] through x™ (ATx™ = ™) lies above every hyperplane through x° that does not
intersect in X’ the supporting hyperplane (A,4). That is, if ATx" = 4 and H M NX C Hy\m N X, then
H; 4 N & C Hy, N X. The final point on the half-line, x1, will be chosen outside the halfspace Hj -

We use E to denote the event that 20 is in the treatment set, but the points on the plane Alx = Y™ are
not: formally E = {# : x° € §,ATx = 9™ Vx € §}. And we use 7! (E) to denote the prior probability of

this event. Now we consider the ratio

nt(xl) B f®xl pc,‘(G)d#
m(E) f@EPCt(G)dVI

where O := {0 : x™ € () C H?\W’”}‘ Suppose that after some time T only subjects, x;, satisfying
ATy < 4 are treated. The sets 6 € E all contain the half space H A9 and so for 6 € @ we can write ¢;(0) =
cr(0) + fi where f; = ¢&(H M) —ér(H M) is the data collected in the halfspace Hj,, and is independent
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of 6. Further define ®; C ®,:1 to be those treatment sets that contain x! and the halfspace Hj 4 thatis,
0, :={0: xl e f(G),HM C X C f(0)}. For 0 € @, we can also write c;(0) = cr(6) + fi, hence

rt(x) _ Jo, p1Vdp N Jor PO iy _ o Jer, pT@dy

) Jo 09Odp — fo, o7 O%dp pl o, o dp

Thus this ratio is bounded below by a value that is independent of ¢ and only depends on T. Thus it

cannot shrink to zero as t increases. Hence there will always be points in the interval 7t (x) € [1/2,1 — ¢]
does not shrink to zero, when only subjects satisfying 7t/ (x;) > 1 — ¢ are treated.

Step 4: By Step 2 there is a hyperplane ATx = 4 that is in the treatment set but not in £, with pos-
itive probability (conditional on @ € B(6*,7)). We will now show that there exists a point x* on this
hyperplane, such that 7t (xT) — 0 on these positive probability set of states of the world.

Every time a subject x; satisfying 7t/ (x;) € (1/2,1 — &) is sampled, all ¥ € Cy, have

|7t (xe] %) — ()| =1 — 7' (x4) > €.

The hyperplane ATx = 7 has a strictly positive intersection with the cone Cy, when x; is sampled on the
appropriate side on T°(u!). By Step 3 there is an infinite number of x;’s sampled in this way on every
positive probability event. Thus there exists a point x" on the hyperplane ATx = ¥ that is has infinitely
many x;’s sampled with
‘nt(xt\er) —nl(x)| =1 -7l (xf) > &
For such a point
IL{Xteq,mTowms(yf)}nt(er){,‘ —0, PY almost surely.

On a set of positive measure.

Step 5: We will now derive a contradiction to the claim . By Step 4 we have found xt € 9%, so
that 7t (x*) — 0 with probability at least & > 0 conditional on 6 € B(6*,7). But by

1 — 7ttt
E( S

1— rt(xf)

e f(G),ht> = G

Taking an unconditional expectation this gives

1 — iyt
F (S

1)

< €10) = S

Note that x* € f(6) for all & € B(6*,7) and so we have show that on this positive measure set there

is strictly positive probability that the LHS expectation is of a random variable that becomes arbitrarily
large; as 711 (x") — 0; on a positive probability set. This is a contradiction, as the RHS is finite.
Thus our initial assertion is false and 67; C L with probability one for all 6 € B(6*, 7). O

5. ASYMPTOTIC MYOPIA

In this section we describe a property of the optimal policy that we term asymptotic myopia. Infor-

mally, we mean by this that the behaviour of a policy maker who implements the optimal policy (for
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some discount factor) converges to the behaviour of a policy maker who to treats a subject if and only
if the the short run benefits of treatment outweigh the short run costs. Below we will give a result that
says the optimal policy approaches the myopic policy as time passes. Results similar to this have been
derived in other contexts (Woodroofe (1979) and |[Easley and Kiefer| (1988))) and this appears to be a very
robust property of Bayesian learning models. At the end of this section the example is used to show this
property in action. That is, we show that the myopic policy is a very good approximation to the optimal
policy when the discount factor tends to 1.

We will begin by giving some intuition for the result. Given a treatment set § and a choice of policy,
o, the posteriors in periods t = 0,1,... are a A(©)-valued stochastic process. We will use {fi;}{>, to
denote this stochastic process (where each ji' is a random variable with a realisation u'). The martingale
property of the priors implies that this sequence of random variables {fi;} converges almost surely to a
limit (by Easley and Kiefer| (1988)) . As this convergence occurs, the state in the next period (either y;",
H; ,or y; if no treatment occurred) is very unlikely to be much different from the state today. When this is
combined with the continuity of the value function, this means that the extra value that is acquired from
experimentation in the limit, converges to zero. So, the terms, p,, (x)U(u") + (1 — p, (x))U(p~) — U(n),
in the integrand (5)) tend almost surely to zero along every stationary policy including the optimal one.

Thus, the set of subjects x for which
Hy (x) = r(2my(x) — 1) + oy (U™ + (1~ pp(0)) U () — U(pe) > 0
becomes closer and closer to the set of subjects, x, for which
2my(x) —1>0.

This implies that over time the optimal policy approaches the myopic policy.

In fact we will show a slightly stronger result by showing that the optimal policy approaches the the
myopic policy with a uniformity property. The statement in Lemma [4 is required to be probabilistic,
however, because even after very many periods it is possible that the history of observations has been
sufficiently perverse that a substantial amount of learning has yet to occur.

To state and prove our result we will define two potential sets of subjects that will be treated for
each state . The first is the set who would be treated under the optimal policy which we denote T* (i),
the second is the set who would be treated by a policy maker implementing a policy that resembles the

myopic one but which has a threshold % — 11 for treatment which we denote T" ().

(19) T () = { x: Hy(x) 2 0) 1) = {70 = 5 0
To state the result some additional definitions are necessary. For a given initial value of 8, the policy
o*, prior y, and the uniform sampling measure v generate a probability measure over the space of infinite
histories of play He. We will denote this measure Py. We will also use {F;}{2, to denote the filtration
induced by the observations h; € H; at the start of each period (before the current subject is sampled).
Now we can state our result, it says that the probability that T* (') C T (") for all periods t > T can

be made arbitrarily large if 7 is chosen sulfficiently big.

25



LEMMA 4: For 0 € ©, 6 < 1and any n > 0 there exists T (dependent on these values) such that
Py (T*(u") cT"(p" )Vt > 1| Ft) >1—1.

Proof. Fix an initial value of 6, a prior y, and the policy c*. This generates a sequence of A(®)-valued
random variables {fi;}{* ,, where fip = 1, that are the random posteriors at the start of period t. Further-
more, if U is the function defined by (4) the [0, 1]-valued sequence of random variables {U(p;)}52 is a

submartingale, relative to the filtration {F;};° . This follows as for each x; sampled we will have one of:

U(pe) < o (x)U (i) + (1= o (xe) U (17 )
U(pt) = U(prs1).

As {U(put)}32 is a bounded submartingale it converges Py almost surely. This convergence implies that

(20) Eq (sup U (ps) — U(p)] | .7-]) — 0, Py almost surely.

s>t

To see this, define the random variable U* to be the almost sure limit of the sequence of random variables
{U(pe)} and let Z; := sup,., [U(ps) — U®|. As Z; is a non-increasing sequence of random variables
converging almost surely to zero, it follows that E(Z; | F}) is a bounded supermartingale, that must also,
then, converge to some limit (say Z*). But taking unconditional expectations we have E(E(Z; | H¢)) =
E(Z:) and E(Z;) — 0. It follows that E(Z; | Ht) — Z% = 0and as 2Z; > sup,; [U(ps) — U(pt)| the
claim follows.

Applying Egoroff’s Theorem to the almost sure convergence in (20), (see Royden|(1988) p.72) implies
that for any # > 0 and K > 0 there exists a T such that forall t > T

Py (SUPW(Hs) —Uu)| < K2

s>t

ft> 21—17.

If supg, [U(ps) — U(pt)| < T then |U(ps41) — U(ps)| < 7 foralls > t. Hence we have forall t > T

Py (sup |U(psy1) — U(ps)| < Ky ‘ ft) >1-n,

s>t

Now let us consider the condition Hy, (x) > 0. This can be written as

0 < B2y, (x) = 1) + pp, () [U () — U(pe)] + (1 — oy () [U () — U(pae)]
< B2y, (x) — 1) +max {[U(p,") — U(pe) |, [U(py ) — U(pe) |}

Thus if |U(p41) — U(pe)| < 17 then Hy,(x) > 0 implies
0 < B2t (x) — 1) + Ky,

Now choose K = rpB then we have Hy, (x) > 0 implies 71, (x) > 3 — 7.
Hence if sup,.; [U(ps+1) — U(ps)| < Ky, then T*(p*) C T" () for all s > t. The result now follows.
O
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In the context of the usual two-armed bandit model of Rothschild| (1974) for example, this fact is not
so interesting. It just says that when the experimenter is unlikely to learn any more they are happy with
the arm they are currently playing. However, in the context of this model where there are a continuum
of arms it is useful. This is because, it is always optimal to engage in a little experimentation of nearby
untried arms it gives a useful lower bounds on the amount of exploration that can occur. It is this that
was used in the theorems of the previous section. However, when agents are particularly patient their

utility is mainly influenced the limit

5.1.  Example[2.1| Continued

We have established that the optimal policy in our example satisfies the functional equation (6) which
was then simplified in Lemma 2| I have not be able to explicitly solve the recursion in Lemma 2| for the
value function for the optimal policy, although it may be possible to do this numerically.

In this section the payoff from two suboptimal stationary policies is calculated. These give lower
bounds on U(a,b). The two policies that can be evaluated are the myopic policy, ¢°, where a subject
is treated iff it is SR optimal to do so, and the permanent experimentation policy where all subjects are
treated. (We will denote this latter policy *.) This gives the two stationary policies with the treatment

sets:
1 o0
(21) To(y):{x:ny(x)>2}, T%(u) = {x: mu(x) > 0}.
The following Lemma gives the payoffs from these policies
LEMMA 5: The policy 0° has the value function

1 4r b—a
0 _ 2 - =
U(a,b)—2(1+b)+3r(1 (1+b_a>log<l+ i )),
and the policy o has the value function
o 1 2r b—a
u (a,b)—2(1+b)+2r(1<1+b_a>log<1+ P ))
wherer = (1 —6)/6.

The proof of this lemma is given in the Appendix. What is surprising here is which of these two lower
bounds is tighter. In fact (when ¢ is close to unity) the better lower bound is given by the myopic policy
oV, So we behaving myopically is good for the policy maker—particularly if they are quite patient! To
make good on this claim we compare U°(0,1) and U*(0,1). If a = 0 and b = 1 are substituted into the

expressions in Lemma [f| we get:

uc,1) =1+2r[1—(1+2r)log(1+1/2r)],
Uu®(0,1) =1+ 3r[1 — (14 4r)log(1+1/4r)].

Taking a series expansion of these expressions in the neighbourhood of the origin, one gets:

U®(0,1) = 1+2r+42rlogr +rlog4+ O(r?),
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u°(0,1) = 1+ 3r + 3rlog(4r) + O(r?).

This shows that for J sufficiently close to unity (r sufficiently small) the value of following the myopic

policy is greater than the value from the policy c.
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A. APPENDIX
A.1. Proof of Lemma

Proof. Consider a policy maker who has observed the subject x and is deciding whether to treat them or
not. If 6 were known, then the expected payoff from treating subject x is B(21,¢¢(g) — 1). Thus, the flow
utility of the policy maker is the function

0 ifd =0,
B(2l,cpp) —1) ifd=1.

(Here d denotes the decision to treat (d = 1) or not (d = 0).) As f(8) is a closed set, the function u(.) is
upper semi continuous on X x ® x {0,1}. When the policy maker has the beliefs i, the expected payoff
from not treating the subject is zero and the expected payoff from treating them is (27, (x) — 1).

The prior p on the parameters 0 is subject to Bayesian updating when a treatment decision is taken.
The up-date is random (it depends on the outcome of treatment), so we define the map g1 : A(©) x X —
A(A(©®)) that describes the distribution over posteriors induced when treatment is chosen:

u(x,0,d) = {

(1, 7) = u"  with probability p, (x);

¥ = p~  with probability 1 — o, (x).

When no treatment is applied there is no updating, so define qo(y, x) to be the probability measure in
A(A(®)) that puts probability one on u. Together gg and q; define a map g : A(®) x X x {0,1} —
A(A(®)) that the prior y, observation x, and treatment decision and map them to a distribution over pos-
teriors. By |Easley and Kiefer| (1988) Theorem 2 p.1050 the map g is continuous (given the weak topology
on A(A(®))).

Initially, we treat A(®) x X as the state space in our optimisation, with a value function

U(p, x) := max Eyg (Z Styr | xo = x) .
=0

In this problem the utility function is bounded and upper semi continuous, the state space A(®) x X is
Polish, the state updating relation g is continuous, and the action space is discrete; the result of Maitra
(1968) p.216 applies. From this we can conclude: (1) there exists a stationary optimal policy, (2) the value
function U(p, x) is upper semi continuous on A(®) x X, and (3) it is the unique solution to the HJB
equation.

U(p, x) = max {SE,U(p,x), (1 —6)B(2rm, — 1) + SpuEU(u", x) + (1 — pu) E,U(p~,x) }

Where E, represents an expectation taken over the measure v on x and we have suppressed the argu-
ments of 77, and p, in our notation. We define U(u) = E,U(y, x), the above implies that U(y) is the
unique solution to

(A1) U(p) = Eo [max {oU (), (1 —6)B(2my — 1) + 60, U (") +6(1 — pp)U(p7) }] -

The function U(u) is the fixed point of an operator that maps continuous functions to continuous func-
tions, so it is continuous.
Subtracting 6U (y) from both sides and writing r = (1 — J) /6 we get

() = [ [rB@mu(x) = 1)+ pu(0)UGr) + (1= pu () U () = U()] o,

where [x]* := max{0, x}. This is the result claimed above. O
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A.2. Proof of Lemma

First make a substitution for 7, into @) Then, define W(a,b) = (b—a)[U(a,b) — 3(a+1)] and
substitute this for U(a, b). As a result of these transformations (6) becomes

W(a,b) :% /ub [r(b +a—2x)+ %(b —x)(x—a)+W(x,b) + W(a,x)— W(a,b)] ' dx.

Now we can turn this into a 1-dimensional problem. Letting y = x — 4 and changing the variable in the
integrand, gives

a . N
W(a,b) :;/Ob {r(b—a—Zy)—l—y(be)+W(u+y,b)+W(u,a+y)—W(a,b)} dy.

Observe that this implies W(a, b) only depends on b — a. Hence, it is possible to transform the recursion
using the substitution W(a,b) = r>D(b — a) + 3 (b — a)?. Getting a new recursion:

— 2 —a +
D(b—a)+(b2r2a):21r/0b [1(b—a—2y)+D(b—a—y)+D(y)—D(b—a)} dy.

Now perform a final change of variable so that (b —a)/r = v, y/r = u and D(b — a) = C(v), then this
equation reduces to

(A.2) C(v)—i—%z%/ov [0 —2u+C(v—u)+C(u) — C(v)]" du.

Reversing all the transformations used here we get the relationship between C(.) and W(.) claimed in the
Lemma.

A.3. Proof of Lemma

Proof. When no treatment occurs the equalities (7)) are trivially true. When treatment occurs at x;, then a
substitution from the monitoring technology gives:

1y = oty (LE B (xefx) + (1= B) (1 — 7' (x| x)) P
= T T () (= 1= ) e
t _ (1= B’ (xe|x) + (1 + B)(1 — 7' (x| x)) P
) = RO e+ (0 B () s
Hence the updated likelihood ratios are:
1=t 2pr (0 (1= w ) + (- 7 (0))(1 - ) -1
ﬂt“(x) 7ot () (14 B) 7t (x| ) + 7t () (1 = B) (1 — 7 (e %)) '
nt(x) _ =2 (x)(1 = 7' (x|x) + (1= 7' (x)) (1 + B) ifyr = —
ﬂt“( ) () A= )t (xfx) + et (2) (14 B) (1 — 7! (xex))
A simple weighted sum of these expectations (or their reciprocals) then gives
1— 7t (x) ~ ~1-nt(x) T (x) ~ E€))
E (ﬂt+1(x) X € G,xt,ht> = 77_#()() , E <1—7‘[t+1(x) X ¢9,xt,ht) = 71—7'(*(9()'

As these hold for all x; we can take an expectation over x; which gives the result that conditional on

! (x)

o) 18

x € f(0) the odds ratio 1;?(;()" Visa martingale and conditional on x ¢ f(6) the odds ratio
martingale.
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Now we suppose that subject x; is treated. Taking a difference We, also, have

. . 2p7! (x) (' (xe|x) — 7' (1)) o _
) ) = By + (1 B () =t
e 2B (7 () — () N
T = i) + (L A - ) o
As the denominator in the fractions above is less than unity this implies
it (x) — nt(x)’ > 287! (x) |7Tt(xt|x) — 7t (xr)| .-
This proves (§). O

A.4. Proof of Lemma

Proof. Under the myopic policy ¢¥ the recursion for the value function, U°(a, b), would satisfy
0 1 [2(b+a) 0 0 0 1
rUu(a,b) :E/g r(2my — 1) + UP (%, b) 1t (x) + UV (a, x) (1 — 7145) — U (a, b)dx + E(u +1)r.

If this is transformed using v = (b —a)/rand U*(a,b) = 1(1+b) +r2C(v)/ (b — a), into a single variable
problem in the manner described by Lemma [2| this becomes

C(v) + EDZ = ;/Ov/zv—Zu—i—C(v—u) + C(u) — C(v)du.

Differentiating with respect to v (and the boundary condition C(0) = 0 is applied) we can derive and
solve a differential equation for C.

(4+4v)C'(v) — C(v) = —3v
= C(v) =3v—3(4+v)log(l+ (v/4))

If is returned to the original form by using the transformation v = (b —a)/r and U%(a,b) = (1 +b) +
r?C(v)/ (b — a), we get

U'(a,b) = ;(1+b)+3r( (1+b4>log <1+ b4r”)>.

This is what was given in the Lemma.
Under the policy o the recursion for the value function, U®(a, b), would satisfy

ru*(a,b) :% /b r(2m, — 1) + U (x, b) 7t (x) + U (a,x) (1 — 714p) — UP(a,b)dx + %(a +1)r.

If this is transformed using v = (b —a)/r and U*(a,b) = (1 +b) +r>C(v)/ (b — a), into a single variable
problem in the manner described by Lemma [2] this becomes

C(v) + Evz = %/OUU—ZM—FC(U—M) + C(u) — C(v)du.

Differentiation with respect to v and the boundary condition C(0) = 0 allows us to derive and solve a
differential equation for C.

(24 v)C'(v) — C(v) = —2v, C(0) =0,
= C(v) =2v—2(v+2)log(1l+ (v/2)).
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If is returned to the original form by substituting v = (b—a)/rand U*(a,b) = 1(1+b) +12C(v)/(b—a),

we get
o 1 2r b—a

Which is what was claimed in the Lemma.
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