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Abstract

We generalize the classical Crémer-McLean mechanism to allow
i’s participation fee to depend not only on the valuations reported
by —i at the auction stage, but also on the choice of the participation
fee by —i at the first stage. Such construction allows to exploit the
convex hull property of beliefs whenever it appears in beliefs about
beliefs rather than in beliefs about preferences. As the mechanism ex-
tracts each agent’s entire hierarchy of beliefs, it reveals what is com-
mon knowledge among them. Hence for any given finite or count-
able collection of type spaces {7*};cx each T* verifying the convex
hull property within itself, the designer can propose a union of GCM
mechanisms and extract the surplus across type spaces, regardless of
absence of knowledge by the designer which type space agents share
(and without relying on the shoot-the-liar mechanism). We discuss
when the technique of using a union of individual mechanisms is ex-
tendible to more general cases.
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1 Introduction

In this paper, we first constructs an extension of the classical Crémer-McLean
mechanism that allows to exploit the convex hull property of beliefs when-
ever this property appears at higher orders rather than at the first order —
as it is required for the original construction of Crémer and McLean (1988)
to work. Next, we show that because the mechanism induces agents to bet
essentially on what is common knowledge among them, it is immune to
the uncertainty of the designer about what is actually common knowledge
among agents. Particularly, the designer can just use a union of the general-
ized Crémer-McLean mechanisms where elements of the union are optimal
mechanisms each corresponding to a separate type space of agents that the
designer perceives as possible. Hence, a union of “local” mechanisms can
be assembled in one “global” mechanism to extract surplus at a collection
of type spaces considered as possible by the designer.

In a quasi-linear environment, provided agents’ beliefs about others’
payoff parameters verify a certain condition, it is possible to implement any
efficient decision rule via the lottery mechanism constructed in Crémer and
McLean (1988). The classical Crémer-McLean mechanism (CCM) could be
interpreted as a Vickery-Clarke-Groves (VCG) mechanism augmented by
a menu of participation fees that each agent is obliged to choose if wants
to access the VCG mechanism (this interpretation is given, e.g., in McAfee
and Reny (1992)). Each participation fee in this menu is a pre-commitment
to the payment which depends on the reports of —i during the stage of the
VCG mechanism.

The condition on agents” beliefs that allows the mechanism to imple-
ment the first-best outcome is the so-called convex-hull property. It requires
that beliefs of no type t; can be represented as a convex combination of be-
liefs of any other types t! # t;. When agent i’s type space verifies this
property two things become possible. First, there exists a menu of partic-
ipation fee schedules such that each type t; of each agent i has a unique
preferred element in this menu that minimizes his expected payment to
the designer.! Second, the convex hull property implies invertibility of the

IWhen agents’ beliefs verify a slightly stronger requirement of linear independence, the



mapping from types to beliefs, each element of the menu can be bundled
with an extra constant equal to the expected payoff by type t; from the VCG
mechanism.

Hence, the key element of the classical CM mechanisms is the property
of agents’ beliefs about others” information revealed during the VCG game.
The behaviour during the VCG game reveals, however, only other agents’
payoff characteristics and hence when i evaluates which participation fee is
the best (the cheapest), only i’s first-order beliefs, i.e. beliefs about others’
payoffs are involved. This implies, that only if the first order beliefs verify
the convex hull property the CCM can bring the surplus extraction result.

In type spaces where agents’ information contain more signals than just
their own payoff parameters, beliefs have a richer structure. In particular,
agents’ beliefs may fail to verify the convex hull property at the first order
but verify it at higher orders, at the level of beliefs about beliefs. In this
case, the classical CM mechanism would not provide a satisfactory answer
on the possibility to extract agents’ surplus.

That is why, as the first step in this paper we enrich the CM mecha-
nism to allow to extract agents’ surplus even if the convex-hull property
appears at higher-order beliefs. The main idea of the mechanism is to ex-
tend the set of random variables that the participation fee is conditioned
upon. In particular, each agent’s participation fee is let to depend not only
on the information revealed by others at the second stage, but also on the
choices of participation fees made by others at the first stage (which at the
moment of choice of his own participation fee agent i does not observe).
The participation fee payment given this choice is defined as a sum of lot-
teries conditional on beliefs retrieved from the choices of participation fee
schedules.

The first result we obtain is that the generalized Crémer-McLean mech-
anism can extract agents’ full surplus if and only if each agent’s belief hi-
erarchy verifies the convex hull property either at some order k or across
orders (relative to agents’ payoff parameters). The definition of the convex
hull property within order k is rather straightforward — belief of level k of

menu of fees reduces to a unique element, i.e. agents do not make any choice among lotter-
ies but are imposed a lottery.



no payoff type 67 about beliefs of order k — 1 of other agents can be rep-
resented as a convex combination of beliefs of some other payoff types in
;. The convex-hull property across orders is defined in terms of beliefs of
some level k of payoff type 69 about the elements of the product space of
beliefs of lower orders.

When the convex hull property holds either at some order of beliefs or
across orders, the mechanism of betting on others” bets makes each agent
reveal his entire hierarchy of beliefs truthfully in a Bayesian Nash Equilib-
rium of the surplus extraction game.

A by-product of the GCM mechanism is that it can help to deal with
a certain type of designer’s uncertainty about agents’ beliefs hierarchies.
Specifically, the designer may be uncertain which out of finitely or count-
ably many type spaces is the right one. From the perspective of the de-
signer, each type space in the collection has a non-zero probability to be
the actual type space, yet he does not know it exactly. We show that pro-
vided that each type space in the collection verifies the convex hull prop-
erty (within or across orders of beliefs, then a union of individual GCM
mechanisms extract the full surplus on the entire collection.

Hence, in the second part of this paper we go in the direction of the
robust mechanism design. The question of detail-free implementation has
been studied extensively in the literature, following the pioneering work of
Bergemann and Morris (2005). Most of the subsequent literature has been
investigating implementability of social choice functions/correspondences
without imposing any restriction on the underlying space of beliefs. This
program is on another extreme of the classical approach where agents are
assumed to share a common prior over the single-dimensional space of
payoff parameters. In such settings all differences in beliefs are driven
uniquely by the difference in payoff signals. Furthermore, the prior and
hence the space of interim beliefs are commonly known not only among
agents but also by the designer.

In this paper we follow the program which is in-between of the two ex-
treme cases. Namely, we assume that agents’ type space is relatively small,
and not equal to the entire universal type space. Yet the designer doesn’t
know which type space, out of countably many possible type spaces, agents



share. Thus, in principle, there is a scope for agents to fool the designer
collectively by pretending, whenever it is individually rational for each
agent, to be from a completely different type space.” However, as we show,
the generalized Crémer-McLean mechanism controls for such incentives —
agents can be offered to choose a participation fee from a union of general-
ized Crémer-McLean mechanisms — for each agent it is optimal to choose
the participation fee designer for his type from his actual type space.

2 Setup

2.1 Type Spaces

We assume that there is a finite set of agents indexed by i = 1,..,1I. Each
agent i’s private information is encoded in his type t; € T;, where T; is the
set of all possible types that agent i can have. Each agent’s type t; includes
information about his payoff type, as given by function

0;: T, > O, (1)
and so 0;(t;) is agent i’s payoff type when his type is t;. A type of agent i
also includes a decritpoion of his beliefs about the types of the other agents,

as given by function
ti: T, — A(Ti) (2)

where A(X) stands for a space of probability distributions on X and so
7ti(t;) corresponds to agent i’s belief type when his type is t;. Thus, 7;(¢;)[E]
is the probability that type t; of agent i assigns to other agents’ types t_;
being an elementof E C T_;.

Note that such general representation allows for many further specifica-
tions, e.g. each belief mapping 7;(.) can be derived according to the Bayes
rule from a common prior over T. Or each agent’s type space T; is just a
product space of a set of payoff types and payoff-irrelevant (but strategi-
cally relevant) signals, i.e. T; = ©; x S;. We will refer to any collection

2Note, we do not consider pre-meditated collusive deviations.



T = {T;, #:(.), 0;() Yier 3)

as agents’ interim type space. While

T = {Ti, vi}ier (4)

denotes the corresponding ex ante representation of agents’ type space,
such for each i 7% is the regular conditional distribution derived from prior
v;. If agents share a common prior, v; = vj forany i,j € I.

Either representation, i.e., Tint or Tee, provides a full description of the
smallest set of the states of nature that are commonly known.’

As usual, we can unfold any 7" into the ®-based universal type space
of belief hierarchies. That is, given his prior v;, priors of other agents v_;
and the information contained in t; each agent i derives beliefs about other
agents’ payoffs, about their beliefs about everyone else’s payoff, etc. up to
infinity. Each order of beliefs is a space of probability measures on its own:
HY .= O,

1
H} := H? x A;(H°))
H? := H} x Aj(HY))
= 0] x A;(0%)) x AA_(©))

Hf = H 1 < A(HS )

A generic element of the belief hierarchy space is h®° € H® = H} x H? x
.. X Hf x ... with

K = (b}, h2, 13, .., HK, ) (5)

3By its very definition, the agent’s type space is the smallest set of states of nature (as
given by beliefs and payoffs) that is common knowledge among agents.



In addition, instead of dealing with beliefs about the product space of
payoffs and beliefs, we will consider the marginalized hierarchies of beliefs*:

7'[? = 0; with 6; € I
= marge_h} with 7t} € T1}

= margnlﬂ_hi2 with 77 € T1?

k= margnz:_lh;"l with ¥ € IT¥

Hence, a generic element of the space of hierarchies of marginal beliefs
is 1 € IT} x IT? x ... x [TF x ..., with

71'?0 = (TCOI 7T1'1/ 7T1'21 71'?,..., T[lk’) (6)

To any type t; € T;, given the type space 7™ = {T;,0;(.), ;(.) }ics there
corresponds a belief hierarchy h° = h°(t;), that is
hi(t) = () (£), hi (), 3 (8:), -, BE (8, )

and its marginalized version 71{° = 71°(t;) with

Vice versa, any explicit representation of belief hierarchies can be im-
plicitly represented as a triple of elements like 7 (cf. Mertens and Zamir
(1985) and Brandenburger and Dekel (1993)). °

4Such restricted version is sufficient for settings where each player behaviour depends
only on their expectations about other players average payoff, others” expectation about
everyone else’s average payoff, etc. See e.g. Morris and Shin (2002). Crémer-McLean is one
of such settings.

5For a detailed discussion see Bergemann and Morris (2005) and Heifetz and Samet
(1998))



2.2 The Classical Crémer-McLean Mechanism

To set the stage for the analysis that follows, in this subsection we briefly
overview the main details of the classical, first-order Crémer-McLean mech-
anism (following its interpretation given in McAfee and Reny (1992)). We
also provide an example of a rich type space where the first- and second-
order beliefs fail to verify the convex-hull property, while all the remaining
higher-order beliefs do verify it. Yet, as the classical CM mechanism is
based on the first-order beliefs, it would fail to extract the surplus in this
environment.

Following McAfee and Reny (1992) one can consider the following ver-
sion of the classical Crémer-McLean mechanism, which is strategically equiv-
alent to the direct mechanism of Crémer and McLean (1988). The game
is two-stage, at the second stage agents play a VCG mechanism, while at
the first stage each agent has to choose from a menu of participation fees
{t, }t,eT, where

T, = sy, + 7x,(0-)) @)

and where x;, : ®_; — R corresponds to a “lottery”, i.e. it returns a real
number for every announcement by —i at the second stage and this number
is the participation fee that the agent is committed to pay to the designer ex
post.

The main pitch of the mechanism is that if (and only if) agent i’s beliefs
verify the convex-hull property, namely for any ¢; € T; it holds

(0 | ;) & co{mi(0-i | t]) bper,

the mechanism designer can construct a collection of functions {xy,(.) }ter,
such that

Y x (0—) (60— | ) =0
and
Y xp(6-)m(0-i [ £) <0
for t; # t
The remaining elements s;, and <y in (7) are defined as follows. The con-

stant s;, is equal to the surplus from the participation in the VCG mecha-
nism as expected by type t;. The multiplier <y is an arbitrary but sufficiently
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high number, whose role is to make any incentive to select 7(.) designed for
some other #/ # t; to be unattractive due to the rise in expected losses from
the accompanying misselection of xy (.). As the expected surplus from the
participating in the VCG mechanism is finite, while vy can be arbitrary high,
Bayesian incentive compatibility of the mechanism follows.

We now provide an example of an abstract type space with 2 agents
where the convex hull property fails at the first-order beliefs (i.e. beliefs
given by 7t} (t;) about 6_;) and also at the second-order (beliefs given by
77 (;)) because in both cases, the BDP property fails. Yet, at the third-order,
agents’ beliefs verify the convex-hull, and a fortiori, the BDP property.

EXAMPLE: There are two agents, fully symmetric. Each agent has 4
typesin T; = {6,602} x {s!,s?}, where 6; with 6} < 67 is a payoff parameter,
while s; with s; # s; is a payoff-irrelevant but yet informative signal. The
belief mapping is given in the following matrix:

| th=(0"s!) £2=(01,") £=(6%s") t=(6%+)

7'(1'(. ’ 91,51) 1/3 1/3 1/6 1/6
(. | 61,52) 1/10 1/10 3/10 5/10
(.| 62,51) || (2/3) —€ € (1/3) —€ €

7'[,‘(. ’ 92,52) 1/6 1/3 1/3 1/6

Table 1: Belief mapping 7t; : T; — A(T-;)

This abstract type space maps into the following marginalized first- and
second-order beliefs, as defined in (6):

In table 2 one can see that the 1st order beliefs of types 1 and 3 are
indistinguishable (in particular in any mechanism dependent only on first-
order beliefs they cannot be separated from each other). The BDP property
fails at the 1st order beliefs in this type space, as 0(t;) # 6(t3). As there

9



[EAGEANAGES | Al 8) ml) k(e

i’ i’ J7]
ml(t) 2/3 1/3 2 (t) 1/2 1/3  1/6
nll(tlz) 1/5 4/5 nlz(tlz) 4/10 1/10 5/10
i} (£3) 2/3 1/3 () || 1-2e € €
n}(tf) 1/2 1/2 n?(tf) 1/2 1/3 1/6
Table 2: 1st-order beliefs Table 3: 2nd-order beliefs

only 3 distinct belief types of each i at the first order, we can define an
equivalence class relative to original types, namely define 7!, with 7! :=
7l = ol
1= "3
Table 3 shows that at the 2nd order, e.g. beliefs of . and #} about 1st
order beliefs of j are again the same and so BDP fails again (as 6(t1) #

0(t4)). Again we can define a corresponding equivalence class 7% := 717 =
&

How about the 3rd order beliefs? As the next table shows, they happen
to verify both the convex hull property and the BDP:

B BB )
"] ) i

() 1/2 1/3 1/6
(t2) | 6/10 1/10 3/10
3 (£3) 2/3 e (1/3)—e
70 (£1) 1/3 1/3 1/3

Table 4: 3rd order beliefs

In this type space, if the designer was to use the classical Crémer-McLean
mechanism, he would not be able to distinguish from the choices of lotter-
ies that are designed for types t; and t3 whether the given choice has been
made by an agent with 6; or with 6,. Consequently, the designer cannot
fine-tune in an incentive compatible and individually rational way the cor-
responding s,g,) of the participation fee.

We also note that the non-marginalized 2nd order beliefs, as given by
(5), i.e. beliefs about the joint realization of payoffs and 1st-orders of beliefs,
verify both the CC and the BDP properties:

10



types | 61,71 6,7 6,m) 6,7 6 m) 6o

Rt | 1/3  1/3 0 1/6 0 1/6
h2(t2) | 1/10  1/10 0 3/10 0 5/10
h2(£2) || (2/3)-e € 0 (@1/3)-e 0 €

h2(th) || 1/6  1/3 0 1/3 0 1/6

Table 5: Beliefs of agent i about ©; x A;(©;)

3 Results

3.1 The Generalized Crémer-McLean Mechanism

We start with some definitions.

Definition The set of agent i’s belief hierarchies verifies the convex hull property
within order k if for no t; € T; the following holds

() € co{m" (#])}yer,

In the following, we will refer to this property as “the within-order CC
property”.® In the example from the previous subsection the CC property
is failing for k = 1 and k = 2, while it holds for k = 3.

Definition The set of agent i’s belief hierarchies verifies the convex hull property
across orders up to k, if for no t; € T; the following holds

1 (t:) € co{h* () }per,
with t} # t;.

Similarly, we will refer to this property occasionally as “the across-
orders CC property”. In the example, this property appears for k = 2.

Now everything is ready to present the generalized version of the Crémer-
McLean mechanism:

6CC stands for ”“convex combination”.
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Stage 1: Each agent i € I is proposed a menu of participation fees
{7i(t;) }t,er, with:

Ti(ti) = st + vo,X1.(0—7) + vexf (T-;)

with s, € R_, Yo, Yt € R, x}i(()_i) : ®_1’ — R, xfi(T_i) : L_; —» R with ®_1’
equal to the set of reported valuations by —i at the VCG mechanism of the
second stage and L; corresponds to the set of lotteries chosen by —i at the
tirst stage.

Stage 2: Agents play a (generalized) VCG mechanism, defined by vec-
tor of payments

p=(p1(t), ., p1(t))

and allocation

q=(q1(t), ... q1(t)).

The triple A(T) = (7(.),p(.),q(.)) defines the generalized Crémer-
McLean mechanism for a given type space 7.

There is one observation to be made. The main allocation mechanism
does not have to be the VCG or any other dominant strategy mechanism.
It can be an arbitrary mechanism which distinguishes players not only ac-
cording to their payoff parameters (as it happens in the VCG), but also ac-
cording to their high order beliefs and so the information revealed by each
j during the main mechanism is ﬁf = (0;, 71}, 3, .., nf) for some order / and

J
not just 6_;. In this case the participation fee of i changes to

Ti(ti) = st, + %fof,- (7)) + yext (T-7)

i.e the first is the bet on reports in the main mechanism while the second is
the bet on the information revealed through the choices of bets by others.

Proposition 3.1 The full surplus extraction game with a menu of generalized
participation fees admits a Bayesian-Nash Equilibrium with the full surplus ex-
traction if and only if for each agent i the set of hierarchies of beliefs verifies either
the within-order CC property or the across-orders CC property.

12



For the proof we need two, rather straightforward, lemmas outlined
just below. As a preparation to meet those lemma, observe that given the
regular conditional distribution function 7(.) : Z — A(X) we can divide Z
into two subsets, Z%! and Z"* defined as follows:

78 ={zeZ:n(.|z) gco{n(.12)}, 2 #2 2 € Z}
and
zint.— 7\ 7z .= {ze€ Z:n(. |z) €co{m(.|2)}, 2 #2z, 2 € 78},

That is, given the belief function 7(.), we divide Z in two sets. First, a set
of “exterior elements under 7(.)”, denoted as Z%, where for no z € Z&*
the conditional measure of X given z € Z&* can be represented as a convex
combination of conditional measures given some other elements z’ € Z.
Second, the complementary set Z" = Z \ Z&* where conditional measure
of X given z € Z"* is a convex combination of conditional measures from
the set {7t(. | z/)} with z/ € Z&.

Lemma 3.2 Forany z € Z3" there exists a profile of functions { f,(.) } ,¢ zext suich
that for any m > 0

Y L) m(x]z)=m

xeX

and

Z fa(x)m(x]z) <0

xeX
forz' # zwithz' € Z.

The proof is the consequence of the Farkas lemma, this lemma has been
used in the original Crémer-McLean (1988) construction for m = 0.

The second lemma is more subtle and its result is crucial for what fol-
lows. It classifies the set of functions that allow to separate elements in Z*
from any other element of Z, be it Z or Z¢* .

Lemma 3.3 Forany 2 € ZJ* there exists a profile of functions {xz(.) } s zin such
that

Y fe(x)m(x]2) <0

xeX

13



and

Z fa(x)m(x]2) < Z fa(x)mt(x | 2)

xeX xeX

forany z' € Z with 2z’ # 2.

In words this means that for types having beliefs in a convex hull of
beliefs of other types, there exists nonetheless a profile of lottery functions
such that the choice of one of those functions by type t;, for which it was de-
signed, guarantees to this type the best of available payoffs from the menu
of lotteries. This result is due to guaranteed existence of a proper scoring
rule for finite probability measures (and it is omitted, see, e.g. Gneiting and
Raftery (2007) and Selten (1998)).

We now ready for the proof of Proposition 3.1.

Proof We start with the sufficiency of the within-order CC property.

"TF” (WITHIN ORDER CC)
We need to show that there exist a profile of fee schedules {7;(t;) }cr:

Ti(t) = s, + Yot (0—1) + 7axp (Ay)

inducing each type to pick up his 7;(#;). The key observation is that a given
choice of 7;(.) reveals the entire hierarchy of marginalized beliefs of i about
©. This implies that the designer can define the payment be equal to the
following scheme, based on the inferred higher-order beliefs

T (t) = sy, + 1 (0-5) + yoxp (77L) + oo+ yxp (m5T) (8)

—1

(with K is finite because types are finite).

We start with the sufficiency of the within-order CC property. Suppose
w.l.o.g this property appears at order k' < K and for all orders k with k < k’
either CC fails but BDP holds or both fail.

We proceed by induction. Following the hypothesis suppose the CC
property fails at the 1st order (but BDP holds) for some t;, i.e. consider #; in
T;. Suppose also for the moment that the lottery payment depends only on
retrieved 1st order beliefs.

14



By Lemma 3.3 there exists a profile of functions {x} (6_;) } such that

Y x4 (6-)mi(6-i | ;) <0 ©)

and
Yo xp(0-)mi(0-i | F:) <) x;,(0-1)mi(6-i | )
forallt) € T/ with t} # f;.

That is, for each f; € T; first-order beliefs 7 (f;) there exists a unique
lottery x%l_ (6_;) with the highest expected value, even if this value is nega-
tive.

Suppose now that also BDP fails at 1st order (hence CC fails as well).
For an equivalence class of types f} defined as

F={ttfeT :n'(|t)=nr'(]|¥)

such that
(0-i | B) & co{m(0-i | ]}

with #/ # F we can construct a menu of functions with

Zx}i(e,i)m(f),i | El) =0

and
Zx};(e—i)ﬂi(g—i | ) <0
for F; # t] where f; is an equivalence class of (first order) types.

Otherwise, if 7w(6_; | f;) € co{m(6_; | t}}, i.e. for a set of types failing
BDP and defined by equivalence class #; we have also failure of the CC
property, i.e. 71(f;) can be represented as a convex combination of first-
order beliefs of some #; we construct the lottery x; (.) for f; as in Lemma
3.3.

Finally, for first-order types that are BDP and verify the CC property,
we construct the menu of lotteries {x;,(.)} as in Lemma 3.2.

Choosing a lottery among {x;.(6_;) } 111 according to the truthful strat-
egy is a Bayesian Nash equilibrium, so revealed beliefs about 0_; would
correspond to the actual distribution of first-order beliefs (recall that for

15



the moment we do not consider choices at the higher orders). Now, con-
sider the second order beliefs. Anticipating that —i are truthfully revealing
their first order beliefs, agent i, when choosing among {x_>(7_;)}, picks
X,2(.) that minimizes the expected payment given his second order beliefs,
i.e. beliefs about #f following the same logic as we outlined above for his
choice of the lotteries on 6_; given i’s first-order beliefs.

By hypothesis, at order k the CC property (and so BDP) holds for a type
t; (note that different ¢; can have different orders at which the CC property
appears). Following Lemma 3.2 we construct a menu of lotteries {x, (#-1)}
such that

Yox (A [ ) =m >0

with m to be specified shortly and
D (B (E5 [ 1) <0

for t # t;.
So in this way we can construct a sequence of menu of lotteries

{x}l, (G*i)}t}eT}/ {X'tzZ (L) }t?eT}r “ {x{f(tlfz‘_l)}tfaf

such that each consecutive sequence is a menu of lotteries on choices for
the previous order of lotteries. For order k where both BDP and CC holds
design x’t‘i (.) with the expected value m > 0 enough to compensate negative
payments at others orders.

As for each order K, for each type the truthful selection minimizes the

. ! I .« . .
expectation over xf (.), the sum of “minimal” components minimizes the

0 -1 k)

fee as well. Hence, as for each t; there is a unique vector (71°, 7", ..., 775, ..

and so there is a unique lottery, it means that we can identify the choice of
iterative lottery as in (8) with the initial “fixed point” lottery:

Ti(t) = st + v0,x1,(0-1) + Yoxf (1)
With an appropriate choice of all 7, e.g., 79, = y1and v = 72 = .. =

VK-
Finally, let s;, = EUVCC(6;, 7t} (.)).
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"IF” (ACROSS ORDERS CC) Now suppose the CC property holds across
orders, for each type t; there exists an order k’(t;) such that, while either CC
or BDP fails for all orders k < k’(t;) separately, considered as a belief over
the product space of lower order types h¥(.) € TF verifies the CC property,
i.e. it cannot be represented as a convex combination of hf-‘ (t') of some other

types.

”"ONLY IF” PART If CC fails both within each order and also across or-
ders, the full surplus extraction result is impossible due to the argument

similar to the only if part of the proof of Theorem 2 in Crémer and McLean
(1988). M

Next we expand the message space of agents to obtain truthful report-
ing as the unique dominance-solvable Bayesian Nash Equilibrium of the
lottery game. Denote as I1¥(7;) the set of k-level marginal beliefs of player
i that arise in type space 7;. The result confines itself to the case where the
CC property arises within some order k, whether such result is available
when only the across-order CC property holds is an open question.

Proposition 3.4 Let M; = [Tx_, TT5(T;) and assume that during the VCG stage
each agent reports his payoff type truthfully, then provided that for each i the
within order CC property holds for some k; < K, the surplus extraction game has
a unique Bayesian Nash equilibrium where each agent reports his type truthfully.

Proof The proof of existence of a truthful equilibrium follows exactly the
same steps as in Proposition 3.1.

For uniqueness, assume to the contrary that there exists a profile of de-
ception strategies « = (a1(.), .., as(.)) with a; : T; — T; such that choosing
(79 (a1 (t1)), .., T (a1 (t1))) with T (a;(t;)) # Ti(t;) for at least one agent i is
also a BNE of the lottery game. As we will argue, if the message space
of each i is rich enough as to allow for an arbitrary combination of beliefs
across different orders and if each agent reports truthfully at the VCG stage,
there exists agent i and type t; for whom it is profitable to deviate from de-
ception strategy «(t;). Furthermore, this deviation triggers deviations by
further types of —i towards the truthful reporting.

Ti(ai(ti)) = ai(sy) + 71?%1‘,.(@.) (a—i(6-7)) + ’szi,(ti) (woi(7ely)) + ot ’kal;i(ti) (i ((51))
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asa_;(6_;) = 6_;, ie. a_;(.) is an identity map by the hypothesis, choos-
ing 7 (a;(t;)) with xi‘(tv) (a_;(0_;)) is dominated by choosing T/ (a;(t;)) with
x} (6_;) instead (and keeping the tail part the same).

Now we will argue that

T (ai(t)) = ilsy,) + 7135, (0-) + WZXi(ti) (i (L) 4t ’ka';i(t,,) (i (755 1)

cannot be an equilibrium either. Indeed given that for each i and ¢; it is
individually rational to choose the lottery over 0; designed for his true type,

it is obvious that for any i rather than sticking to 7/ («;(t;)), it is a best reply
1

to choose 7/ (a;(t;)) with x7 (7! ;) instead of xii(ti)(tx,i(nl )), as this leads

—1
to a smaller participation fee in expectation.

Such reasoning can be continued up to level K of beliefs that differenti-
ate different types in the finite type space in question. For each type t;, the
only lottery that survives iterative elimination of weak best replies is the

lottery designed for ¢; itself. |

3.2 Designer Uncertainty

In this subsection we proceed to show that the designer can use a union of
the “local” GCM mechanisms despite of his “global” uncertainty about the
agents’ type space.

The result of Crémer and McLean (1988) has been criticized on the
grounds that it relies heavily on the assumption of perfect knowledge by
the designer of the environment and in particular, of agents” (first-order)
beliefs. In this subsection we are addressing this critique. Instead of as-
suming that the designer knows perfectly the set of agents mutual beliefs,
or, more generally, he knows the set of types that are common knowledge
among agents, we allow for possibility that the designer perceives as possi-
ble a collection of type spaces. Such form of designer uncertainty has been
used in Heifetz and Neeman (2006) to establish generic (measure-theoretic)
impossibility of full surplus extraction given a fixed family of priors. The
paper of Gizatulina and Hellwig (2013) uses their framework to show in-
stead that among all families of priors, the set of families where the results
of Heifetz and Neeman (2006) hold is itself non-generic (from the topolog-
ical point of view).
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We formalize the designer uncertainty as follows. At the interim stage,
while each agent knows his type in T; and furthermore the entire type space
T = {T;,6i(.), mi(.) }ic1, i.e., how each agent’s private information maps
into this agent’s beliefs, the designer only knows that the agents type space
is one out of a collection

{(TF,0°(), () brex-

By “designer knows” we mean that the designer puts probability one
on this set of type spaces (i.e. on this set of what could be common knowl-
edge among agents). We assume also that the beliefs of the designer are
correct, i.e. the actual agents’ type space T = {T;,6;(.), 7wi(.) }ies is in
{(TF,6%(.), 7*(.) }xex- We do not impose any further assumption on the be-
liefs of the designer except that he puts probability zero on all type spaces
outside of the profile {7*}ck. In particular we keep an agnostic perspec-
tive on subjective probability measures that the designer assigns to indi-
vidual models in {Tk }kek- As we show, in fact, actual beliefs of the de-
signer are irrelevant. Furthermore, we assume that for alli and all k, k' € K,
o = @F, i.e. type spaces do not differ in their payoffs.

While designing a menu of lotteries for each agent 7, the designer pos-
sesses an important piece of knowledge, namely, that agents commonly know
what the type space is. This follows from the definition of the interim type
space as being the smallest set of payoffs and beliefs that are commonly
known by agents. The goal of this section is to characterize when the de-
signer can exploit this information of agents about the relevant space of
beliefs through the union of GCM mechanisms. We are interested in the set-
ting where the designer can propose directly a union of GCM mechanisms, in-
stead of using a two-stage approach of the so-called “shoot-the-liar” mech-
anisms.

Definition A collection of type spaces {7*}rck is disjoint if for all i € I it
holds TF N T for k # k'.

Lemma 3.5 A collection of type spaces { T }rex is disjoint if and only if each T*
is the minimal common knowledge set.
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Proof For the proof of this result see Gizatulina and Hellwig (2013).

Definition A union of generalized Crémer-McLean mechanisms is a collec-
tion of tuples {(7"(.), p"(.), 4"(.)) }nen, or, equivalently, U,eNA(T™).

Definition A collection of {7"},cn verifies the convex hull property within
the models if for any agent i, any model n € N and any his type "

(.| 1) & co{m (.| 1)} (10)
for t7 € T" and " # ti-‘ withn € N.

Proposition 3.6 If the convex-hull property is verified for each model in a collec-
tion {T"},en the union of generalized Crémer-McLean mechanisms { A(T") } nen
extracts the full surplus regardless of the realised type space T and absence of any
knowledge by the designer thereof.

Proof We construct the proof relying on an inductive procedure on the sets
of higher-order beliefs. First, for any n,n’ € N it holds that p"(.) = p" (.)
and ¢"(.) = ¢"(.). This is because p(.) and g(.), being a part of the sec-
ond stage VCG mechanism, do not depend on reported beliefs but only on
reported elements in ® and we assumed that @ = @" for all n,n’ € N.
Thus, the union of mechanisms U,enA(7") reduces to

UnenA(T") = ({A"() }nen, (1), 4(.))

Fix a type space 7"* which would be the actual agents’ type space. By
hypothesis, the mechanism A(7"*) extracts the full surplus within the type
space 7", i.e. no type of no agents have incentives to pick a lottery A(/*)
designed for some /*.

Hence, to establish the proof, we have to check that when faced with
UneNnA(T") and expecting other agents to report truthfully, each agent i
does not have incentives to deviate by choosing a lottery designed for some
type t from a different type space 7", n # nx.

(to be inserted)
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EXAMPLE 2

We construct an example of a family of two type spaces where the union
of classical Crémer-McLean mechanisms fails to extract surplus, but the
union of extended, generalized CM mechanism achieves this objective.

Consider the following two type spaces, where there are two agents and
agents are fully symmetric (so we give directly posterior beliefs given the
observed 0, foreachi € I, 1 =1,2:

| o ¢ 0, | & o
e || 1/3 1/3  1/3 n2(0) || 1/5 1/5 3/5
ml(6y) || 7/45 19/90 19/30 n2(05) || 5/12 7/24 7/24
ey || 1/2  1/4  1/4 2(05) || 1/9  2/9  2/9

Table: beliefs of i in type space T* Table: beliefs of i in type space T?

Here, beliefs 7t} (6}) of type 67 from the type space T' are the convex
combination of beliefs of types 727 (6!) and 717(65). Obviously, offering to i
to choose from the menu of 5 functions does not help to extract his surplus.

There are in fact two problems with using the union of classical Crémer-
McLean mechanisms: convex hull property may fail to hold across type
spaces and so constructing instead a “grand” CCM mechanism would not
help. Even if the convex hull property holds across type spaces, because for
the type space which is a union of type spaces (accounting for the common
knowledge degree among agents) there are in general many more rows
than columns, it is impossible to construct a profile of lotteries, working for
all types (from all type spaces jointly), i.e. verifying incentive constraints
across type spaces.

4 Discussion and Extensions

4.1 Robustness to e-misspecification

Suppose the designer knows instead that agents’ type space is one from an
e-neighbourhood of some benchmark type space 7.
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4.2 Relationship between the CC property in the abstract type
spaces and belief hierarchies

(to be added)

5 Conclusions

The goal of this paper was to give some arguments for the robustness of
the Crémer-McLean mechanism to the absence of common knowledge be-
tween the designer and agents as it is one of the most common attack on the
CM mechanism. We have shown that failure to extract surplus from types
in the union of type spaces { 7"}k is due only to failure of the convex hull
condition within each T, if any. The absence of the common knowledge be-
tween the designer and agents alone is irrelevant for failure to extract the
surplus. Furthermore, what matters is failure of the CC condition within a
model, but not across the models.
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