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Abstract

We investigate why a political leader (manager) may be reluctant to abandon her
chosen project, when she is concerned both about social welfare and the electorate’s
(shareholders’) beliefs about her ability. The quality of the project is correlated with
her ability, and there is ex ante symmetric information. However, news regarding
the project arrives gradually over time and is privately observed by the leader, who
may choose whether and when to cancel the project, so that we have a dynamic
signalling model. We find that the inefficiency caused by career concerns varies with
the information structure. In the “good news” case, there exists an equilibrium that
implements the socially efficient decision rule, provided that career concerns are not
too large. With larger career concerns, the most efficient equilibrium is characterised
by increasing inefficiency over time - a project that should be abandoned early will
be done so efficiently, while projects on which there is more initial good news can
only be scrapped with increasing delays. No matter how important career concerns,
efficiency can be restored when the informational asymmetry between the leader
and the electorate is enhanced. In the “bad news” case, the socially efficient policy
cannot be implemented, as the leader, here too, has an incentive to delay scrapping
the project, no matter how small her career concerns. However inefficiencies are

bounded.
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1 Introduction

Many unsuccessful political projects arguably went on for longer than necessary, given the
information available at the time. In fact, often the governments proposing the policies
in question advocated them even more strongly in the face of evidence of their failure.
Following the violent 1990 poll tax riots in the UK, Thatcher continued referring to the
poll tax as the flagship of her government’s political manifesto. Mao’s government pushed
on with the Great Leap Forward in China despite growing evidence of famine in many
parts of the country.

Why are political leaders who undertake projects often reluctant to give them up, despite
evidence that the project is failing? One explanation given in the economics literature is
that of career concerns. Political leaders care not only about social welfare, but also about
reelection. If a policy’s success or failure can be informative about a political leader’s
competence, these two objectives may conflict. Even though the policy-maker may be
privately convinced of a policy’s worthlessness, she might resist effecting any change in
policy that could be interpreted as a sign that her government was not sure of its policy
choice in the first place, and might paradoxically press on with the worthless policy to
avoid looking incompetent.

I show that the validity of this argument is sensitive to the underlying information
structure.

I consider a policy-maker whose competence-level is uncertain and ex-ante unknown
both to herself and the electorate. The information is symmetric ex-ante as in the career
concerns model of Holmstrom, (1999). The policy-maker is endowed with a policy which
can be good or bad, and whose quality is uncertain and also unknown both to the policy-
maker and the electorate. However it is common knowledge that the quality of the project
and the competence level of the policy-maker are correlated: competent policy-makers are
more likely to be endowed with good policies.

Over time the policy-maker receives private, inconclusive information about the project
quality. Informational asymmetries arise gradually, inducing a dynamic signalling game. |
show that the decision-maker’s behaviour — and particularly whether it departs from the
socially optimal benchmark — is sensitive to the information structure. In particular, in the
good news case, reputational concerns, even when large, do not preclude social efficiency.

In my model, the project quality determines its social payoff. A bad project never yields
a payoff. A good project yields no payoff until it succeeds, at an exponentially distributed
random time, generating a social payoff with positive discounted present value g > 0. The
success of the project is a publicly observable event that proves the project to be good.
Until then, the project quality remains uncertain for the policy-maker and the electorate.
I will say that the policy-maker “experiments” if she keeps active a project that has not
yet succeeded.

Experimentation is socially costly. The status-quo policy yields a social payoff with
positive discounted present value s € (0, g). This can be thought of as the cost of “building”



the project (a bridge or a damn), or as the opportunity-cost of not having a functional
policy in place.

Time is continuous and the policy-maker chooses at each point in time whether to con-
tinue her new policy, or repeal it and revert to the status-quo policy. Repealing the new
policy is irreversible. The policy-maker can base her choice on private information which
she receives gradually over time. I model the arrival of private news as a standard Pois-
son process with state-dependent arrival rates, and distinguish two cases. In the “good
news” scenario, news events occur more frequently if the project is good, and can be in-
terpreted as “breakthroughs”. Conversely, in the “bad news” scenario, news events occur
more frequently if the project is bad, and can be interpreted as “breakdowns”.

Is it possible for a reputationally concerned policy-maker to implement the socially opti-
mal policy? The socially optimal policy is defined as the policy implemented by a policy-
maker who does not care about re-election. Such a policy-maker acts as a social planner
concerned only with maximising the expected social value of the project, and faces a two-
armed bandit problem. The socially optimal decision-rule is characterised by a threshold
belief and requires experimenting with the new project and reverting to the status-quo
policy if the policy-maker has become too pessimistic about the likelihood that the policy
project might ever succeed, so that her posterior belief has fallen below the socially optimal
threshold. Clearly, repealing a project that has already succeeded is never optimal.

It may be of benefit to act so as to convince the observer that her private information is
supporting the hypothesis that the project is good, since the DM only partially bears the
observer’s cost of experimentation.

A policy-maker concerned with re-election might prefer a different policy. While the
project’s success, or lack thereof, and the policy-maker’s decisions are observable to the
electorate, the policy-maker’s private information is not. Thus, as long as the project
has not succeeded, the electorate does not know the policy-maker’s private assessment of
the project quality. For example in the good news scenario, the electorate considers it
possible that the policy-maker has not repealed an as yet unsuccessful project because she
has received encouraging private information about the project quality. Thus, the best
assessment of the project quality the electorate can form is to guess the policy-maker’s
private assessment based on the publicly available information and, in equilibrium, on the
policy-maker’s strategy.

I refer to the electorate’s assessment of the project quality — and hence, indirectly, of
the policy-maker’s competence level — as the policy-maker’s reputation. When the policy-
maker’s objectives are divided between maximising the social welfare, and maximising her
reputation, there is scope for her to improve her reputation by departing from the socially
optimal decision-rule.

I look for the most efficient PBE (that which maximises the social payoff). I find that
whether or not it falls short of the social planner benchmark depends on the preferences
of the DM, the information structure, and the restrictions imposed on her actions.

Whether there exists a (perfect Bayesian) equilibrium in which a reputationally con-



cerned policy-maker can implement the socially optimal decision-rule depends on the in-
formation structure. The main insights of this paper are as follows:

e In the “good news” case, there exists an equilibrium that implements the socially
efficient decision-rule, provided that reputational concerns are not too large. (Propo-

sition [3])

e When the socially optimal decision-rule cannot be implemented, the most efficient
equilibrium is characterised by increasing inefficiency over time. A project that
should be abandoned early will be done so efficiently, while projects on which there
is more initial good news can only be scrapped with increasing delays. (Proposition

[5)

e Improving the policy-maker’s private information (and thus increasing the infor-
mational asymmetry) mitigates her incentive to deviate from the socially efficient
decision-rule. In fact, given a policy-maker’s reputational concerns, there exists an
information structure under which she implements the socially efficient decision-rule.

(Proposition [10])

e In the “bad news” case, the structure of the equilibrium changes (in particular, beliefs
are defined by Bayes’ rule everywhere), and the socially efficient policy cannot be
implemented in equilibrium. (Proposition [12])

e If the decision on whether to continue the project can only be made at given, pre-
set dates (for instance party conferences, deadlines, or discrete calendar dates) then
reputational concerns always result in excessive continuation of the project, compared
to the social optimum. (Proposition [17])

2 Literature

The closest related work is Majumdar and Mukand| (2004) (henceforth MM) which consid-
ers a two-period signalling game. In that model, stopping a reform that she has previously
initiated perfectly reveals the political leader’s low ability. A political leader’s type is
known to her and determines the quality of her private information. A high type learns
the quality of a new policy project perfectly while a low type observes a noisy signal about
it. In equilibrium, the high ability leader always implements the project in accordance with
her information, and thus persist with the project even after a low signal. By separating
and stopping the project after a low signal, the low ability leader would perfectly reveal
that she is low type. She therefore pools, which is inefficient.

The main difference between my setup and that of MM is the following. My setup is in
continuous time and, crucially, I assume that the leader and the electorate have symmetric
information ex-ante: both face the same uncertainty about the leader’s ability type, and
therefore about the policy project. Informational asymmetries arise gradually over time
as the leader privately observes news about the project quality. I obtain very different
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results from MM. In particular, there always exists an information structure that makes it
possible for a decision-maker to implement the socially optimal decision-rule, even if her
concern for social welfare is very small.

Prendergast and Stole| (1996) also study a signalling game where an agent, who wants to
acquire a reputation for quickly learning the correct course of action, chooses investments
on a project over a finite number of periods. In each period the agent may base her choice
on her observation of a private signal about the project’s profitability. High ability agents
receive more precise signals than their less able counterparts and are therefore able to learn
about and respond to the economic environment more quickly.

Low ability agents have an incentive to pool and attempt to mimic the behaviour of a
high ability agent. They can do this by exaggerating the information of their signal in
early periods, and dampening it in later periods. This is because, from an ex-ante point of
view, the investment decision of high ability agents is more variable in early periods, and
more stable relative to previous investment decisions in later periods.

Earlier work on dynamic signalling starts with Noldeke and Van Damme (1990) and
Swinkels (1999), which consider the Spence signalling model, allowing the agent to take
actions at various points in time. In these models, the signalling is dynamic, because the
agents may acts repeatedly, but the information structure does not change over time: the
worker has ex-ante private information and her type is persistent. In my model, the agent
may act at various points in time, information is ex-ante symmetric, and the informational
asymmetry develops over time.

Insofar as there is symmetric information ex-ante and career concerns, my model bears
some similarity to Holmstrom| (1999). The main difference is that my decision-maker
acquires private information on the equilibrium path, a feature that is absent in Holmstrom.
There, informational asymmetries can only arise off path.

I find that restricting the decision to abandon the project to take place only at given pre-
set dates limits the leader’s ability to signal her information type. In section [0}, I discuss
the relation of this result with |Abreu, Milgrom, and Pearce| (1991), which studies the effect
of timing and information structure in a repeated partnership game with imperfect public
monitoring.

The formal setup of my model, especially the belief-updating based on the leader’s pri-
vate information, is similar to those used in the strategic experimentation literature, in

particular [Rosenberg, Salomon, and Vieille (2013), Keller and Rady| (2010)), and Keller
and Rady| (2015)) The focus of these papers, however, is on information as a public good.

Finally, the economic question addressed in this paper brings to mind some of the liter-
ature on reputational cheap talk. Broadly speaking, the problem of an agent who has an
incentive to orient her communication strategy away from truth-telling in order to build or
maintain a reputation comes in two flavours. The agent’s reputation may be to do with her
preferences. For instance in [Morris| (2001) the agent wants to seem ideologically unbiased,
since such a reputation confers more credibility to her future policy recommendations. In
Benabou and Laroque| (1992)) it is a reputation for “honesty” that confers credibility to the



report of a market-insider (say a financial journalist or “guru”). If she engages in insider
trading, the agent can then exploit her enhanced credibility to manipulate the market to
her advantage. Alternatively, as in Ottaviani and Sgrensen| (2006)), the agent’s reputation
may be to do with her ability to learn, or the quality of her information.

Contrary to the intuition of the reputational cheap talk literature, in which an expert
may want to obfuscate information, here reputational concerns bias my decision-maker
towards proceeding and letting the state of the world be revealed.

3 The model

There are two players, a decision-maker — henceforth DM — and an observerf] Time
t € [0, 00) is continuous, and the observer’s payoffs are discounted at rate p > 0. The DM’s
competence-level is modeled as a binary state of the world: competent (C) or incompetent
(Z). The state of her competence-level, w € {C,Z}, is persistent and selected by nature
at the outset of the game according to the distribution Pr(w = C) = ¢, with ¢ € (0, 1).
Neither the DM nor the observer know the realisation of her competence-level. Thus, the
DM has no private information at the beginning of the game: information is symmetric
ex-ante.

The DM is endowed with an experiment, the “project”, with unknown quality 6, which
can be either good (f = G) or bad (f = B). A project is more likely to be good if it is
undertaken by a competent DM: 0 < Pr(6 = Glw =Z) < Pr(f = Glw = C) < 1. Let
po = qPr(0 = Glw =C) + (1 — q) Pr(f = G|w = Z) denote the prior probability that the
project is good. From now on, to simplify notation, let us set Pr(f = G|lw = Z) = 0 and
Pr(6 = G|lw = G) = 1. By this normalisation, the project is good if and only if the DM is
competent.

A project’s quality is uncertain and a priori unknown both to the DM and the observer.
It determines the observer’s payoff. A bad project never yields a payoff. A good project
yields no payoff until a random time 7 € [0, 00), and thereafter yields a constant flow payoff
with present value g > 0. The random time 7 follows an exponential distribution with
commonly known parameter n > 0. Let v := ng/(n + p) denote the expected discounted
payoff of keeping a good project active until is succeeds. Finally, define the right-continuous
process (S(t))i>0, with S(0) = 0 and S(t) = 1{r < t}, that tracks whether at any time
t > 0 the project has as yet succeeded.

We say that the DM “experiments” if she keeps active a project that has not yet suc-
ceeded. Repealing the project, thereby reverting to the status-quo policy, yields a payoff
with discounted present value s € (0,7). Accordingly, reverting to the status-quo policy is
never socially optimal if the project is known to be good.

!Depending on the interpretation of the model, the “observer” may be group of individuals (an elec-
torate, the shareholders of a company, etc.).



As long as the project is active, the DM observes private pieces of news. Given the
quality of the project § € {G, B}, one piece of news arrives at each jumping time of a
standard Poisson process with state-dependent intensity Ayg. The constants A\g > 0 and
A¢ > 0 are common knowledge. Let A\ := Ag — Ag. If AN > 0, news events can be
thought of as “breakthroughs” more likely to occur if the project is good. If A\ < 0, they
are “breakdowns” more likely to occur if the project is bad. This paper analyses both
C&SGSH Let the random variable N(¢) be the number of news events observed by the DM
up to date t. Observe that this is the DM’s type at date t.

The privately observed process (N (t));>o is a standard Poisson process with intensity Ag.
Forn € {1,2,...}, let 7, denote the arrival time of the n*® jump. Conditional on the state
of the world, the processes (N (t)) and (S(t)), are independent. Let X (t) = (N(t), S(¢)),
and let FX = o{X(s)|0 < s < t} reflect the private information available to the DM at
date tE| A strategy for the DM is a stoppingtime, T' € [0, oo], with respect to the filtration

{F¥}ezo- [

Beliefs: Two posterior beliefs about the quality of the project are of importance in this
model. The first, p(t) := P, (0 = G|F), is the DM’s posterior belief, and is based on
her private information. The second, p(t), is the posterior belief of the observer about the
state of the project, based only on the publicly available information: the DM’s actions
up to date t and whether the project has as yet succeeded.ﬁ Under our assumption that
Pr( = Glw = Z) = 0 and Pr(f = G|lw = C) = 1, u(t) is also the observer’s posterior
belief about the DM’s competence level. Therefore, it is also the DM’s “reputation”. Even
though the state N(¢) of the news process is not observed by the observer, it may be
partially inferred from the DM’s strategy and her actions up to date t.

The DM’s private posterior belief satisfies Bayesian updating:

i ¢(t)
1+ 3255 o)

1-po

(1) p(t) =

2If AX = 0, news events provide no information about the state of the world.

3 Formally, let 6 be an independent Bernoulli random variable with parameter p. For § € {G, B} let
(Ng(t)) be a standard Poisson process with intensity Mg, and let Sp(t) = 1{my < t} where 75 = +00
and 7¢ is a random time that follows an exponential distribution with parameter 1. Finally let Xo(t) =
(Nog(t), Se(t)). The process (X (t)) is defined to be (X4(t)). Let P, denote the probability measure over
the space of realised paths that corresponds to this description. From now on, unless mentioned otherwise,
all the expectations are taken under the probability measure [P, .

4A strategy can equivalently be defined as follows. At the initial moment the DM chooses a deterministic
time Ty with the interpretation that she cancels the project at date Ty if up until then there has been
no news (7 > Tp) and no success (7 > Tp). If at the random time 71 < Tj a news event occurs, then
depending on the value of 71 a new time T3 is chosen, and so on for further news events. If at the random
time 7 a success occurs, then the project is proven to be good, and the time Tz = 400 is chosen: the DM
adopts the project permanently.

5The process (p(t))i>o0 is adapted to the filtration {F;X};>0. The process (u(t))i>0 is adapted to the
natural filtration associated with (Y(t))¢>0 := (S(t), a(t))¢>0, where a(t) := 1{t < T'} is a random variable
taking the value 0 if at date ¢ the decision-maker has previously repealed the project and reverted to the
status-quo policy, and 0 otherwise. The stochastic process (a(t));>o is the publicly observable action path.
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where ¢(t) denotes the likelihood ratio 1;50 £ S()t)’ and is given by
(n+AN)t e MO
£ =@
olt) = e (39

Consider the time interval [t, £4dt). If over that interval, there is no news and no success
even though the project is active, the DM’s posterior belief evolves continuously according
to the law of motion

dp = —(n + AX)p(1 — p)dt.

If a news event occurs at time ¢, the DM’s posterior belief jumps from p(¢_) (the limit of
her posterior beliefs before the news event) to p(t) = j(p(t_)), where

P
j(p) = o)’

where A(p) = pA¢ + (1 —p)Ag. If AN >0, j(p) € (p,1). If AN <0, j(p) € (0,p). A
success proves that the project is good, and the posterior belief jumps to one.

The paths pi = P,(0 = G|N(t) = n, S(t) = 0) are deterministic functions of ¢, and are
horizontal translations of one another. Following a news event, the magnitude j(p(t)) —p(t)
of the jump depends on the value of p(t) and is maximised at p(t) = 1/2.

Depending on the parameters 7, A\¢ and Ag, the continuous part of the belief may evolve
in the opposite direction of the jumps, or in the same direction. When AX > 0, then
n+ AX > 0 and p(t) drifts down and jumps up. When AX < 0 the belief jumps down.
It drifts up if n + AX > 0, and drifts down if n + AX < 0. The figure below illustrates a
sample path of the belief p(¢) in each case.

R
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Figure: Sample path of the belief p(t). (For all figures, unless specified
otherwise, we choose (A, A\a,1,p,9,8) = (3,5,1,1,4,1).)

Payoff: A strategy T determines a payoff for the observer and a reputation for the
DM. If the project succeeds before the DM repeals it (7 < T), the observer’s payoff is
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e "g and the DM’s reputation is u(7) = 1. If the DM repeals the project first (7 > 7)),
the observer’s payoff is e *T's, while the DM’s reputation is (7). The DM cares both
about the observer’s payoff and about her reputation. Her payoff is defined as a convex
combination of the two. Let a € [0, 1) parameterise the intensity of the DM’s reputational
concern, and let

Wl =1{r<T} e P Vg 4 {r>T} e PT=1g

be the observer’s payoff under the strategy T" at date t < T'A 7. We'll also refer to it as
the “social payoft”, as it accrues to all players. The DM’s expected payoff from strategy
T is

Vta’T:E[ 1—a) W + au(TAT) | FY }
The linearity of the payoff function ensures that any bias in favour of experimentation arises
solely because of the DM’s reputational concern, and not because of her risk-preferencesﬁ

When o = 0, the DM’s has no reputational concerns, her objective coincides with that of
the observer. We refer to the DM with preference parameter a = 0 as the social pl(mnerﬂ
and to the strategy maximising VtO’T as the planner policy.

Equilibrium:  Our solution concept is the perfect Bayesian equilibrium (PBE) in pure
strategies. A PBE strategy T maximises the DM’s expected payoff, when her and the
observer’s beliefs satisfy Bayesian updating. In particular, the observer’s belief u(7T) if
the project is repealed, whenever it is defined by Bayes’ rule, must be consistent with the
DM’s strategy. Otherwise, it may be arbitrarily chosen from [p%, 1).

The DM’s problem can be reduced to an optimal stopping problem for the a-posteriori
belief process (p(t));>0Ff] A strategy T is then summarised by a threshold belief p(¢) such
that 7' = inf{t : p(t) < p(t)}.

Dynamic signalling game with dynamic types: = When the DM is concerned with
her reputation (o > 0), she is engaged in a dynamic signalling game with the observer.
Though the information is symmetric ex-ante, the DM acquires private information over
time. By Equation , there is a one-to-one mapping between the DM’s private infor-
mation N (t), and her posterior belief p(t) at date t. Without loss of generality, we can
therefore let p(t) be the DM’s type at date t. The set of possible types at date ¢ is

O(t) == {pi'}Zo-
For type p}, a message is a date te [0,00] at which the DM repeals the project. A
strategy for type p} consists of a threshold belief p™ € [0, 1] such that type p} repeals the

6See [Kamenica and Gentzkow] (2011)).

7 The social planner in question puts no weight on the reputational concerns of the DM. For instance,
when the “observer” is an entire electorate, this would correspond to the choice of a planner giving equal
Pareto-weights to all citizens, including the DM, whose reputational concerns are negligible when the
population is sufficiently large.

8See [Presman and Sonin (1990), Peskir and Shiryaev| (2000), Shiryaev| (2007), or |Cohen and Solan
(2013]).



project at date ¢ if and only if p}' < p", and otherwise continues experimenting. Upon
observing message ¢ € [0,00], the observer forms the posterior belief (p|t) € A (O(t))
about the DM’s type, and the DM’s reputation is u(t) = E,[p(f)|f].

Interpretations: It is useful to keep in mind a number of interpretations of the model.

1. The observer is the electorate and the DM a political leader undertaking a policy
experiment. The leader cares directly about the social value of the policy experiment,
but also about her own future electoral prospectsﬂ Those depend on the electorate’s
assessment of her competence. At each point in time the political leader may cancel
the experiment and revert to a known status-quo policy. She can base her decision
on the continuous evaluation of the policy by a government think-tank, though the
think-tank’s report are not available to the general public. The public does, however,
perceive improvements in its standard of living.

2. The decision-maker is a turnaround CEO and the observer is a company’s board
of directors. While the board can observe a company’s recovery once it is reflected
in a higher stock price, it is unable to independently assess the effectiveness of the
stabilisation and recovery measures instigated by the CEO.

3. The decision-maker is a trader at a financial institution, and the observer the upper-
level manager, who has limited knowledge or understanding of the trader’s portfolio
or investment strategy.

4 Good news

Consider the good news scenario with A\ > Ap. Let’s begin by deriving the socially
optimal stopping time. We’ll then show that a reputationally concerned DM may adopt
the planner policy in equilibrium if she cares sufficiently about the social payoff, or if her
private information is sufficiently good. If the planner policy cannot be implemented, I
derive the equilibrium that does best from a social point of view.

4.1 Social planner

When o = 0, the DM acts so as to maximise the social payoff. The common value function
for the DM and the observer, U°(p(t)) := supy V;>7, is convex and continuous. Convexity
reflects a nonnegative value of information, and implies continuity in the open unit interval.
Continuity at the boundaries follows from the fact that U° is bounded above by the full
information payoff py + (1 — p)s, and bounded below by the payoff sV py of a DM whose
strategy 1" may only take values in {0, 00}, with the interpretation that the DM only has

9 Rogoff (1990) argues that political leaders derive “ego rents” from being in office, in addition to the
utility they derive from public and private consumption goods as ordinary citizen.
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a choice between immediately repealing the project, or experimenting forever. Both these
payoffs converge to v as p — 1 and to s as p — 0.

Moreover, U° solves the Bellman equation:

2 u(p) = max{ s ; (bs(p,w) + by (p.u) = d(p.w)) /p}

where
bs(p,u) = pnlg — u(p)]

is the expected benefit from a success,

by (p,u) = Ap)[u(j(p)) — u(p)]

is the expected benefit from a piece of news, and

d(p,u) = (n+ AX)p(1 — p)u'(p)

measures the deterioration in the DM’s outlook when she experiments without observing
any event — success or news. As, in the good news case, infinitesimal changes in the belief
are always downward, we say that a continuous function u solves the Bellman equation if
its left-hand derivative exists on (0, 1] and (1) holds on (0, 1) when this left-hand derivative
is used to compute d(p,u). The planner value function U? is the unique solution satisfying
the boundary conditions u(0) = s and u(1) = 7. Let Q(p) := (1—p)/p denote the likelihood
ratio.

Proposition 1. The planner’s optimal policy is to stop at the first time t such that p(t) <
p*. The planner threshold belief satisfies

V(Ag, )\B)S

@ P = e ) + =

where v(Ag, Ag) > 0 is the positive solution to

A v
(4) /\B+p_V(n+>\G_)\B)—)\B<§) :
The social payoff under the optimal policy is
5 o) — 4 W) i p( X
@) W=
where

1 Q(p) v(AG,AB)

6 u’(p) =py + s—p"y ( )
(6) (») T 1) (g
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Proof. Over values of p € (0,1) at which experimentation is optimal, U® solves the following ordinary
differential difference equatio

(7) u(p)(pn + p) + M) [u(p) — u(G(P)] + (1 = p)p(n + AN (p) = png.

Let p — u%(p), defined on (0, 1), denote the solution to this differential equation. It is easy to verify
that the function p — pvy constitutes a particular solution to @ The function p — (1 — p)Q(p),
v > 0, captures the option-value of being able to repeal the projecﬂ and constitutes a solution to the
homogeneous version of (7)) if and only if v satisfies equation (4)).

There are two solutions to , one negative, the other positive. We let v(Ag, Ap) denote the positive
solution. Observe that v(Ag, Ap) € [ﬁ, %}, a‘i—”c()\g,)\g) <0, and ({9‘2\—’;()\@,)\3) > 0.

The solution to is therefore given by the family of functions

ucy, (p) =py+ Co (1 — p)Q(p)V(AG,/\B)’
where Cj € R is a constant of integration.

Let p* denote the planner’s optimal threshold belief. Tt satisfies the boundary condition (value-matching):
u®(p*) = s. Solving for the constant Cy, we obtain the expression in @ for u%(p), which is a strictly con-
cave function of p* on [0,1]. Choosing p* € [0, 1] so as to maximise the resulting expression (the solution
is interior and smooth-pasting is satisfied), we obtain the expression in for p*.

In Appendix we verify that U solves the Bellman equation, , with the maximum being achieved
under the planner policy. O

4.1.1 Verification

Proof. For p > p*, (bs(p, U®) +bn(p,U%) —d(p, UO))/p = U%(p), which is strictly greater than s for every
p > p*, and equals s when p = p*.

For p < j7(p*), (bs(p,U®) +bn(p,U%) —d(p,U°))/p = pn(g—s)/p. This is strictly less than s for every
p < p* (defined in Corollary [2)) and consequently for every p < j~1(p*).
For j~'(p*) <p <p",

(bs(p, U°) + bn(p,U°) — d(p,U°)) /p = pn(g — s) + A(p)(U°(j(p)) — s)

<pn(g—s) + Ap)(U°(i(p*)) — s)

= pi(g — s) + 325 <p*7AG +(s=p")AB (iﬁ)y(kmw) — Ap)s
<pnlg —s) +p"vAa + (s = p*7)(As + p — v(Ag, AB) (1 + AN)) — A(p)s
=[y(n+p) =0+ ANs|(p—p*) +sp

< s.

The first inequality follows from the monotonicity of U%(j(p)) in p on (j~!(p*),1). The second follow from
the monotonicity of A(p) in p on (0,1) and a substitution from . The term in square brackets in the

19This ODDE bears some resemblance to, but is different from equation (1) in Keller and Rady| (2010).
UThe assumption of exponential discounting dictates our guess of the form of the option-value v(p).
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penultimate expression is bounded below by v(p + AX) > 0. The last inequality follows, establishing the
result. O

The planner’s threshold belief, p*, is constant over time. Let ¢ be the date ¢ at which
py = p*. That is the date at which the planner would stop if she had observed n pieces
of news prior to her posterior belief falling below the threshold p*. Observe that since
the planner only stops at dates {t}},>0, there are unreached information sets under the
planner solution. The figure below illustrates the planner solution.

o
1

=

- _ y ) a3 . ]
. her al At 7 B .
i L ]
04 . . . . b
= . - . .
1 ]
F . o . gy} e § -
02r ! - e ", ¥ -
u. ' [ Pt
' " i —
- t [ = ' —=
0.0 B L ':ﬂ 1 2 r! 4 e
0.0 0.5 1.0 1.5 2.0

Figure: The planner solution in the good news case.

Clearly, p* and U°(p) depend on the information structure. Suppose g increases, Ap
decreases, or both, so that the difference A\¢ — Ap increases, with the interpretation that
news events become more informative. Elementary calculations show that p* decreases, and
U%(p) increases uniformly for all p € (p*, 1): the social value of experimentation increases
in the presence of more informative news about the project quality.

The next corollary describes the limit cases. Fix A\¢ > 0. When news is uninformative
(A = Ag), then v(Ag, A\g) = 2, and p* = p* := W;LLS), as in the exponential bandit decision
problem of |[Keller, Rady, and Cripps (2005)@. When A = 0 and news only arrives in the

good state, v(Ag, A\g) = MLAGJ and p* = p*.

In both limit cases A\g = A\g and Ag = 0, there is only one possible date at which the
planner stops under the optimal policy. When Ag = Ag, p(t) drifts down continuously,
following the law of motion dp = —np(1 — p)dt as long as the project has not succeeded. It
is not affected by the arrival of news. The planner stops at the date t* at which p(*) = p*,
if the project has not succeeded by then. When Ap = 0, p(t) drifts down continuously,
following the law of motion dp = —(n + Ag)p(l — p)dt as long as no success or no news
arrives. The first piece of news conclusively reveals that the project is good, and the

12 Proposition 3.1 in Keller, Rady, and Cripps| (2005).
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planner’s posterior belief jumps to one, making it optimal to never stop experimenting.
The planner stops at the date t* at which p(t*)

p*, if the project has not succeeded and
no news has arrived before then.
Now fix Ag > 0. When A\ — oo we obtain the full-information case. In the good state,
conclusive news should arrive instantly. In other words, the state is immediately revealed.
Therefore, an almost-optimal strategy for the planner is to repeal the project at time e

unless she observes news, where € > 0 is a small real number. The social payoff under this
strategy tends to poy + (1 — po)s.

Corollary 2. =

(a) Fizx A\g > 0. If \p = g, then v(\g, Ap) %} and p* = p* =

n(g—s)’
_p g
(b) Fiz A\g > 0. If \g =0, then v(Ag, Ap) = %LAG, and p* = p* := 1HAG

= (et
(c) Fiz A\ > 0. If A\¢ — o0, then v(Ag, Ag) — 0, and p* — 0.

Proof. (a) Follows from setting A\g = \g in . For (b) and (c), recall from the proof of propositionthat
v(Ag,\B) € [n+/\£f>\5’ nf;:‘f)\B , and observe that when Ap = 0 this interval is the point p/(n + Ag),
and that when Ag — oo this interval converges to 0.

O

:'=.-.1;'€.-.1: :i.b.;:.b._-.

I]:.i'u;_:.i'u{;

a2

- - - 5
g g B .

0.5 1
Figure: The function u®(p) and the planner thresholds for the cases (from lowest to

greatest value achieved under the planner solution) 0 < Ap = Ag; 0 < Ap < Ag;
0=Ag < Ag; 0= A, A\g — 0.

4.2 Equilibrium

If the planner is not too concerned with her reputation, she can adopt the socially optimal

policy in a PBE. If not, I characterise the separating equilibrium that maximises the
expected social payoff. I first establish the following result:

14



Proposition 3. There exists & € (0,1) such that the planner policy is a PBE strategy for
a DM with preference parameter a < .

Thus, a decision-maker who is sufficiently concerned with the social welfare can imple-
ment the planner solution. The threshold & need not be small. In fact, I show in section
[4.4 that & depends on the information structure.

Let’s first establish proposition [3] Fix o < @ and assume that there exists a PBE in
which the DM adopts the planner policy. Let D, (t,t") denote the following deviation: the
DM keeps the project active over the time interval [t,#'), and resumes the PBE policy
from ¢’ on. The subscript n indicates that the deviation is performed by information type
N(t) = n, i.e. by the DM who has observed n pieces of news up to date t.

The next lemma describes the net payoff from the deviation D, (&}t ;). While this
deviation always entails a net social loss, it succeeds in convincing the observer that the
DM had more good news at ¢ than is in fact the case, and thus generates a net reputational
gain. Therefore this deviation is profitable for a DM with o > 0 only if its expected
reputational benefit is large enough to outweigh its expected social loss. Lemma [5| then

* *

argues that D, (¢, ) is the best possible deviation. Proposition (3 follows.

Lemma 4. The deviation Dy(t),t% ) from the planner policy is strictly profitable if and
only if

(8) a [p" =7 )] + (1= a) e s — (7 (pY)] > 0.

The first bracket is positive and measures the expected net reputational benefit from deviat-
ing. The second bracket is negative and measures the expected net social cost of deviating.

Proof. Let’s first evaluate the net reputational benefit entailed by the deviation D,,(¢%,¢%, ). If the DM
implements the planner policy and stops at t), she reveals her private information and the observer learns

*

that her private belief is the planner threshold: u(t}) = p*.

Assume that instead the DM follows the deviation D, (¢, ). If in the time interval [ty ¢} ;) the
project succeeds, the DM’s reputation jumps to 1 and pu(t;,,) = p(t;,,) = 1. If it does not, but the
DM observes k > 1 pieces of news, then either the project succeeds (at random time 7) before the DM’s
belief reaches p* (at stopping time T'), or vice-versa. In both cases, the observer learns the DM’s private
information and we have p(7 AT) = p(t AT). Finally, if in the time interval [t),¢* ;) there is no success
and the DM observes 0 pieces of news, she stops at ¢y, . In this case, the observer’s belief is defined by
Bayes’ rule and satisfies pu(t}; ) = p*, whereas the DM’s private belief is p(t},,,) = j ' (p*) < p*. By the
above argument, we have that

(9) Elu(r AT)|p(t}) = p*] = Elp(r AT)|p(t;) = p*] = = (0,p*, t5 0y —t3) [p" — 5~ (p")]

where we let

7T(O7p*’ t;-‘rl — t:L) = p* 6*(77+>‘G)(t:,+1*t:/) + (1 _ p*) e*)‘B(t:,+1*t:z)
denote the probability that no news or success arrives over the time interval [t ¢, ), given the current
belief p(t}) = p*.

Since the posterior belief process is an FX-martingale, E[p(7 A T)|p(t) = p*] = p* and the left-hand
side of @ defines the net reputational benefit from the deviation D, (¢}, ). The right-hand side is
clearly positive.
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Let’s now evaluate the net social payoff from the deviation D, (¢t ;). We begin with a few observa-
tions on u°(p), defined in @ It is a convex function of p, reaching its minimum s when p = p*, and with

ul(1) = % and lim,_,o = +o0. For all p} € (0,1) and for all At > 0, it is easy to verify that

3 3 - g — n - n
(10) u® (pf') = p} (1 —¢ (17+p)At) 772_ P + E m(k,py', At) e T (ptjAkt) 5
k=0

where . N
AgAt ABAt
wlh,pf, At) = pp PG emtreaoan gy BT s
denotes the probability that S(¢+ At) — S(¢t) = 0 and N(t+ At) — N(t) = k, given S(¢t) = 0 and N(¢) = n.
Equivalently, it is the probability that, given that the DM’s belief at ¢ is p(t) = py’, there is no success and
she observes k = 0,1,2,... pieces of news over the time interval [t,¢ + At). Her resulting posterior belief

is then p?j‘ﬁt.

If, given her current belief p(t}) = pj. = p*, the DM follows the deviation D, (t},t: + At), for 0 <

n»'n

At <t} —t},, the social payoff is as follows. If the project succeeds over the time interval [¢%,t5 + At),

n»’n

a payoff with present discounted value g accrues at the success arrival time 7 € [tf, &5 + At). If there is

no success but k > 1 pieces of news arrive over the time interval [t¥,t* 4+ At), the resulting belief for the

DM is p?{r fAt. It exceeds p*, so that the DM resumes the planner policy, generating a social payoff of

U O(p?ffm). Finally, if over the time interval [t}, ¢} + At) no success and no news occur, the DM’s belief,

Dt . ap» 18 strictly below p* and the DM repeals the project, thus generating a social payoff of s.

Thus, the expected social payoff when the DM follows the deviation D, (tf,t: + At), for 0 < At <

n»’'n

* * M
tpe1 =ty 18

(1) (U7 (5.t + A) = ] (1 - e—<n+ﬂ>Af) % + 3wk, plh AL) ePA U0 (prtEy )
k=1

+ W(O,p&,At) e PAt g

For At =t},,, —t; we have that, for all k£ > 1, p%jfm = pZ‘:kl > p* so that Uo(p?;fm) = uo(pfg_fm).
C Replacing the first line in using , we have that

D, e
(U0)7 (tas i+ A1) = U° (5 )+ 70, D sty — £3) €00 s — (s )]

Observe that, since pg‘*+1 < p*, the value uo(p?*ﬂ) is strictly greater than s, and the term in square
brackets in the expression above is strictly negative. Thus, the expected net social payoff from the deviation

Dn( ;kw Z-ﬁ-l)a

0\Dn (% 4« I N A noopx R o=p(tn =) g O ]
(U) (th,ty, + At) = U (Pt;)—ﬂ(ovpt;atn-u ty) e * & u(pt;+1)

n»'n

is strictly negative. This was to be expected: the planner policy maximises the social payoff, therefore
any deviation from it generates a net social loss.

Since (0, pp, 1 —t;,) > 0, the lemma follows. O

Consequently there exists an @ > 0 such that for all o < &, the deviation D, (t),t )
is not profitable. For these values of «, longer deviations D,(t;,tr.,) with & > 1 are
not profitable a fortiori. The following lemma establishes that shorter deviations are not

profitable either.
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Lemma 5. For allt’ € (), ) the deviation D, (t},t") is less profitable than Dy (t;, ¢ ).

Proof. Given t' € (t},t% ), consider the deviation D,,(¢;,t'). If no success or news arrives on (t%,),
the DM stops at t'. Observe that p(t') is not determined by Bayes’ rule.

Consider the following off-path beliefs: p(t') = pji. (Motivation: a random event has occurred that
prevented the DM from acting for a short duration At.) Then, after all histories, u(t AT) = p(t A T).
Therefore, by the martingale property, the DM’s expected reputational benefit is zero, and cannot outweigh
the expected social loss. O]

Thus, Proposition [3| holds. Let us now consider a DM for whom «a > &, and establish
the following result.

Proposition 6. For a < a < 1, when the planner policy is not adopted in equilibrium,
there exist a separating equilibrium with threshold beliefs {pn}n>0 satisfying

o fo=1pj (efficient),

® Dy > Pni1, n >0 (increasing inefficiency over time).

That is, I show that there exists a separating equilibrium characterised by threshold
beliefs {Pn }n>0, Pn > Pny1 and corresponding stopping dates {t,},>o defined by p, = p7 .

Figure: Sketch of the function p(t) representing the sequence of equilibrium
threshold beliefs {pn }n>0-

Proof. Let us first establish that py = p*. Assume by way of contradiction that py # p*. Deviating and
using threshold p* rather than Py is profitable. The social payoff is maximised by stopping at ¢, and the
deviation generates a positive expected reputational gain: Though p(t§) is not determined by Bayes’ rule,
it must satisfy p(tg) > p% = p*, since n = 0 is the worse possible information type of the DM.

Let’s now show that p; < p*. Consider the net payoff at t§ to the information type N(¢5) = 0 from
deviating according to Do (t,%1), and let us vary ¢;. Clearly, the expected net social payoff is negative
and decreasing in ¢;.

The expected net reputational gain is positive but also decreasing in #;. Consider the DM’s reputation
under deviation Dg(t§,t1). If there is no news and no success on [tf,¢1), the DM stops at ¢; and p}l =
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p(ty) > p(t) = p(gl. For all other histories, we have u(T A7) = p(T' A 7). Thus, the expected reputational
benefit is
I *\ _ .0 1 0
PP, [no news or success on (tg,1)|p(t) = pt(*)] (pi1 - pfl)

Both terms are indeed decreasing in #;.

By continuity we conclude that for o > @&, there exists a £; > ¢ and associated p; < p* such that the
deviation Dy (t§,t1) is not profitable. O

4.3 Equilibrium Refinement

Then the efficient PBE is the only PBE satisfying the D1 criterion.

Proposition 7. Suppose that o < &. (a) The efficient PBE satisfies the D1 criterion. (b)
No inefficient PBE satisfies the D1 criterion.

Proof. Consider the efficient PBE from Proposition |3l Fix an off-path date t' € (t;,t;, ),
and suppose the DM stops at that date. The set of possible types is {pj }5_o U {pi}52 01
For the types in the first set, a deviation to ¢’ requires delaying stopping when compared
with equilibrium. For those in the second set it requires anticipating the equilibrium
stopping date. The set of reputations we could offer the DM who stops at ¢’ is [pY, 1).

Proof. (a)

o First, we eliminate all types p}, < pf,.
Suppose the DM stops at date t' € (t,t;,;). Conditional on p(t') < p*, her type could be
pr e {p%,ph,. .. ,pf,}. If p? = pY, the DM must have been type p% at date ¢ and had no success
and no news on [t§,t'). If pI = pl,, the DM could either have been type pto5 at date t§ and had
no success and one piece of news on [t§,t'), or she could have been type ptlI at date 7 and had
no success and no news on [t,t'). And so on. If we eliminate deviations up to date t’ for types
p(t)é.’ ptlI7 ceey pfzill, in that order, we’ll conclude that, conditional on pj; < p*, the type stopping at
t must be pk.
For t < t/, let

Vi (p(t), u(t)) = (1 = @)E [1{T<T}e”’(f’“g + Lirsrye "I s|p(t) | + ok [u(r A T)|p(t)]

be type p(t)’s expected payoff at date ¢ under the arbitrary strategy T, if the reputation from
stopping at ¢’ is u(t') € [0,1], and is as in the efficient PBE for every ¢ # .

Observation 8. If under T' the DM ezpects to stop at date t' with strictly positive probability, then
VI (p(t), u(t") is a strictly increasing function of p(t').

Observation 9. The payoff V,I (p(t), u(t')) is a strictly increasing function of p(t).

Let T, (u(t')) be the strategy that maximises V,¥ (pik , u(#')). Under that strategy, the DM only stops
at dates in {t7}32,, U{t'}, since amongst all strategies that never stop at ¢/, the planner policy, which
we denote T, maximises the expected payoff. In other words, the DM can only improve upon the
planner policy by adding ¢’ to the support of T*.

Finally, we let M, (') C [p%,1) be the set of reputations u(#') such that under T;,(u(¢')), the DM
who has reputation p?Z at date ¢ stops at date t < t’, conditional on no success and no news on
[t 1)
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We begin by showing that, when M, (¢') C [p), 1), it is the interval [p(t),,ﬁt,) Let pf, € [pY, D\ M, (t")
denote the lowest reputation at ¢’ for which, under T;, <H?/)7 the DM who has reputation pj. at date

t,, stops at date ¢’ conditional on no success and no news on [t;,t'). In this case, the payoff at ¢

to type pj. under Tn(,u?,) is
: 122

T (p? " .
Vi B ) > (U= a)s apt, =k

where the right-hand side is the payoff at t} to type p?* from stopping at ¢;. Moreover, for at least
one j € {n,...,k}, the relation above holds with equahty Thus, given My, at every t < t’ type p}
has (at least) a weak incentive to continue experimenting until ¢, condltlonal on no event on [t t').
By Observation § l for every pu(t') € (p,, 1),

TIL(N:I/)

n T (p7,)
V" plt') > V"

(Pt B J=mn,..k
Therefore, under the optimal strategy T}, (u(t')), we have
T (p(t’ n * .
V: PG () > (1 —a)s+ap’, j=mn. ks

Thus, given p(t') € (p},,1), at every t < ¢’ type p' has a strict incentive to continue experimenting
until ¢, conditional on no event on [t;,,t'). We therefore have M, (t') = [p), i7}).

We begin by considering type ptO;; at date t5. If Mo(t') = [p%, 1), then stopping at date ¢’ can be
excluded for type po by equilibrium dominance.
If p27; <1, then under TO( 9) we have

T 0
‘/t;()(ﬁt/)(pgz,ﬁg/) Z (170[)54‘0[1)*’ ’I’},:O’,k,
For every n = 1,...,k, the strategy T (g?,) is available to type pj. at t. Moreover, by observation

we have:
TO (:“‘t/ )

To(uy,)
Vi (t*nut/) > V;* (p

t*’”t') n=1,...,k.
Therefore, under the optimal strategy T1( 9, we have

T 0
Vt;l(ﬁ")(p,}z,ﬁo) > (1—a)s+ap*, n=1,...k,

t/

Thus, given u at every t < t’ type p} has a strict incentive to continue experimenting until #',

conditional on no event on [t} ,t'). Consequently we must have u <l My Therefore, then stopping
at date t’ can be excluded for type pY, under the D1 CI‘lteI‘lOI‘E
Finally, we proceed by induction and eliminate all types p} < pk.

Second, we eliminate all types py, > pf,“.

Consider type p}, > pfﬁ'l at date t'. Her payoff on the equilibrium path is

nt’ =1-a) Uo(pt') +a pp.

13" According to the D1 criterion, we can eliminate the deviation t' for type p} if there exists another
type p?,/ such that:

(' 1) C (p) 1),

or, equivalently, if there exists a type p?,, for whom H?/ > H:j,. In words: we can eliminate pj, if there exists

a p?,l who has a strict incentive to deviate whenever pj, has a strict or weak incentive to deviate. By this
elimination process, the type who has the strongest incentives to deviate to ¢’ remains.
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The payoff from stopping at date ' (off path) is
u(pp, ', u(t') = (1 —a) s+ a pd).

Stopping at date ¢’ is a weakly profitable deviation for p}, if

11—«
(12) p(t) = = pp+ —— (U 0)t) = 5).

If B;‘, > 1 then stopping at date t’ can be excluded for type p}; by equilibrium dominance. If
#y, <1, the set of reputations, w(t'), giving type p}. a strict incentive to stop at ¢’ is (HZ’ 1), while
at p(t') = pf, the incentive is weak.

From it is easy to see that My, is a strictly increasing function of n, so that Hy, < HZH for all
n > k. We can therefore eliminate the deviation ¢’ for all types p}, > pf,H.

Finally, we show that there exist off path beliefs satisfying the D1 criterion that support the efficient
PBE.

For pf;; to deviate to t’ we need
(1—a)ePt'—t) [s —u®(pf)] + o [u(t) — P} ] > 0.
or equivalently:

1-— 0% ’ *
p(t') > py (@) = pl + ——e "7 (u(pfy) — 5)

*

P
—p(t' —t5 1—p \ "trc—*B .
where e Pt ~tk) = (127 Tp) . For p™ to deviate we need

(1—a)[s = U°(pi™)] +a [u(t") —pit'] > 0.

or equivalently:
l-a

p(t) = pht (@) = j(ph) + (U°Gi(f) - 5)

The figure below illustrates Hiﬁ“(a) and Hf,(oz) for o < @&. (For oo > & the two thresholds intersect

at p < j~(p*), and we have ﬁf, (o) < Hf,“(a) for every (71(p*),p*).)
1
(a

A CRTAC)

Ko
J7(p") p

08}

06l

04} ]

0.0k, , , , 4
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Pt

Let t,(a) € (t;,t5,1) be the date satisfying:

By (o) (@) = iy oy (@)

@)
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Then, under D1, we eliminate p&t! for every t' € (¢, t,(a)), and we eliminate p~™' for ever
) pt Yy k>tp ’ pt y

t' e (tu(),t5, ). At t;,, both types, pk and pf,+1, are possible.

Thus the off-path reputation satisfying D1 is

{p} if ¢ € (1, tu(a))
(13) p(t')y € MPY() = {pht} it € (tula),thy,)
[ph,pET] it =tu(a).

Finally, we show that the efficient PBE is supported by off-path beliefs in MP1(#'). For every
t' € (5, tu(a)), pt’ = pk, and our equilibrium is supported. It is also supported at date t' = t,(«)
if we choose ut,(a) = pfﬂ(a).

For every t' € (t,(a),t5, ), ut' = pl ™. By definition, on this interval, Hf“(a)(a) > Hf:'(;)(a). Since
Hfj(;) () > pt’ = pf,“, the reputation ut’ = pf/H is not sufficiently high to make a deviation to t/

profitable for type pfz. For type pf,+17 stopping at ¢’ gives the payoff

(1—a)s+apf™ < (1 —a)U°(pET) + apht?,

where the right-hand side of the inequality is the equilibrium payoff for type pf,“'l. Thus, deviating

to t’ is not profitable for type pf,“.

We have therefore established Proposition a).

(b) Fix an inefficient PBE.
Consider date t} < ;.

Suppose p(t7) is such that type p% has a (weak) incentive to engage in deviation Dg(t§,t}). We know
that for this to be the case, it is necessary that p(t}) > p*. Then the payoff from stopping at ¢} for type
Py =p* is

(1 a)s + ap(t])
while her expected payoff from abiding by the equilibrium strategy is
(1 - )U°(p") + ap”
Since U%(p*) = s and u(t}) > p*, the net payoff from deviating is positive and type pif = p* has a strict

incentive to stop at 7. O

]

4.4 Changing the Information Structure

Let the threshold from Proposition [3| explicitly depend on the news technology, that is,
on the pair (Ag, Ag). The DM with preference parameter @(Ag, Ag) is just indifferent be-
tween implementing the planner solution and deviating. A DM with preference parameter
a > a(Ap, A\g) cannot implement the planner solution in a PBE, as she values the net
reputational benefit resulting from a deviation more highly than its expected net social
cost.
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Proposition |10 describes how the threshold @&(Ap, Ag) varies with the news technology.
In the limit case where news events only occur in the good state (Ag = 0), deviating from
the planner solution is never profitable for a DM, unless she is only concerned with her
reputation, i.e. has preference parameter o = 1. In contrast, if news events do occur in
the bad state, then a DM may find it profitable to deviate from the planner solution if her
preference parameter lies above the threshold @(Ag, Ag), which lies in (0, 1). This is the case
even if news event become increasingly infrequent in the bad state (limy, 0 @(Ag, Ag) < 1).
There is thus a discontinuity between the case Ag — 0 and the actual limit case A\g = 0.

On the other hand, if news events occur with increasing frequency in the good state
(A¢ — o0) we find again that the DM can always implement the planner solution, unless
a = 1. This proposition indicates that the comparative statics effect of reducing Ag and
augmenting A\g are not equivalent.

One important implication of Proposition [10|is that, for any given preference parameter
a € (0,1) of the DM, there exists and information structure Ag(a), Ag(a) such that the
planner policy constitutes an equilibrium of the game between the reputationally concerned
DM and the observer.

Proposition 10. (a) Fiz A\¢ > 0. Then a(0, \¢) = 1.

(b) Fiz A\¢ > 0. Then limy, o a(Ap, Ag) =: c:k()\g), where 3()\(;) € (0,1) is the unique
value satisfying

= 1 *
(14 a0 _ o (-2ah)
1—a(\e) p* ’

and p* 1s the planner’s threshold belief when Ap =0
(c) Fiz Ag > 0. Then limy, 00 @(Ap, Ag) = 1. In particular, limy, oo a()\g) =1.

Proof. Consider the DM whose belief at date ¢}, equals the planner threshold p*. We have argued that
the DM implements the planner solution if and only if the deviation D, (t;,ty ) is not profitable. We
wish to describe how the DM’s incentive to deviate varies with (Ag, Ag).

*

By lemma |4} for a DM with preference parameter a, the deviation D, (), ) is profitable if and only
if
* _.n _ —p(ty 1 —ty) _,0/.n
(15) a {p ptZH] +(1l-a)e + [s w(p )| >0.

*
n+1

Evaluating the terms in the expression above using the fact that e~ (1tAe=A8)(th—tn) — i‘\—g, we have

(16) P =5 0.
Since
1' Kok
rooo? TR
and
1 lim j7(p*) =
(17) i, g (p*)=0
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we have

lim [p* —p?:”rl} = p* € (0,1).

/\B%

The second term in square brackets in equation is given by

s—u°<jl<p*>>=s—<j1<p*> ng_ 1o 1?5”(5_79* ng ><1fj1<p*> P *>”<AG’AB>>

n+p 1- n+p J7Hp*) 1-p

<1J ) )”“G“):<Ac)”“c“)
j~Hp*) 1-p* AB
et 5 — (7L (p"))] =

<)\B)M . jfl(p*) ng 17‘7 1 < - )(}\G)V()\GJ\B) .
Aa 77+p n+p AB

Using and

where we can simplify

Consequently,

: p
1 =
/\;goy()\Ga)‘B> 77+>\G’

we obtain

e v(AGg,AB)
. . Mg\ "Tre—2E 1 A (Aa:ds

. —p(Eh 1=t Ta 2 0(s=1( W\ — 1: B _ 9 26

AlBlrEOe +1 [s uw (G (p ))] Aggo (>\G> [S 1—p* (S p 7]+P> <)\B> ]

_ 1 (s ' 779)
1—p* “n+p

Therefore, a()\g) = limy, 0 @(Ap, Ag) is the unique value satisfying . Finally, since for A\g < oo
the right-hand side of is finite, we have that a(\g) € (0,1), establishing (b).

We now prove (c). First, observe that limy, 0. p* = 0 so that the right-hand side of equation
tends to +oo and limy 00 a(Ag) = 1.

Now consider equation . Since limy, 00 ¥(Ag, Ap) = 0 we have that limy, .o p* = 0. Since
p* > p?'*“, we also have that limy e D T 0. Hence, the net reputational benefit from the deviation

Dy, (ty,ty 1) tends to zero:

. * n _
lim [p —pt;H} =0.

/\G—)OO

However, as A\g — oo, the time interval ¢, , | — 7 tends to zero and e Ptn—tn) [s —uP (p?*+1 )} , the social

cost of the deviation D,,(ty,t ), also tends to zero.

We therefore rewrite equation as

(18) “ ) [s -, )|
1-a p*—pi '
The right-hand side equals
_ <1 B 17110_:1:?1 (i\\G)l/()\G,AB)) p* 1—p’£‘:+1 ()\7@)”(/\6;’)\3) _pn*
e Ptnpi—tn) s P i . 1—p* AB L1
* __ M * _ oM
pm =D, n+p pm =D,
=:A =:B
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Simplifying B, we have

Ao ) V()\G,/\B)

Since limy, 00 (E =1 and lim), o p* = 0 we have

Aqc _q
lim B = iB =1.
Ag—00 Aﬁ — 1

1 1 ()\76>V(>\G,AB)
1-p* \ AB

lim A=—
Ag—00 *
As A\g — oo the interval n+/\cp—/\3’ n+p/\+c>‘_3/\3} containing v(Ag, Ap) converges to the point 1/Ag. There-
fore,
o
1—A°
)\G—>OO ~
Aa

Both the numerator and the denominator of the expression above tend to 0 as A\¢ — oo. Applying
I’Hospital’s rule, we have

)\G—N)O /\G—)OO

1
lim A= lim ()\éc (InAg — 1)) = +4o00.

Hence,
lim e Ptnr1i—tn) <s L B> = +00.

Ag —00

Therefore, for all @ < 1 there exists a Ag such that condition is violated, and the deviation D, (¢}, 5 , )
is not profitable, establishing (c).

Finally, we establish (a). The planner solution when Ag = 0 is described in corollary There is a unique
date t* satisfying p(t*) = p* at which the planner might stop on path. The analogue of the deviation
Dy (t4,t%) for a DM who has not observed any news by date t* = ¢ is an infinite deviation under which
the DM never repeals the project.

We can argue by continuity that such a deviation cannot be profitable for a DM unbless she puts no
weight at all on its social cost (aw = 1). Under an infinite deviation, if no news and no success arrive, the
DM’s belief p(t) converges to zero. Since s € (0,g), if p(t) = 0, repealling the project strictly dominates
continuing for all & < 1. By continuity of the posterior belief conditional on no news and no success, and
of the function u°(p), there exists a date t'(«) at which repealing the project becomes a dominant strategy
for the DM with preference parameter o < 1. O

5 Bad news with downward drift

Let’s now turn our attention to the “bad news” setting. Assume that news events are
more frequent when the project is bad than when it is good: A\g < Ap. News events can
be interpreted as “breakdowns”. Given her belief p(t), following a privately observable
breakdown the DM’s private belief jumps down to j(p(t)) < p(t). In this section, maintain
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the assumption that (n+ Ag — Ag) > 0, so that as long as no news arrives on the interval
[t,t + dt) the DM’s private belief drifts down according to the law of motion dp = —p(1 —
p)(n+ A — Ap)dt.

5.1 Planner policy

For the DM with preference parameter o = 0, the optimal policy is to stop at the first
time at which p(t) < p’. Here, p” denotes the planner threshold belief in the bad news
case. Bearing in mind that A\g < Ap, the value function V% in the planner problem with
bad news solves the Bellman equation .

In the bad news case, the posterior belief can discontinuously jump into the stopping
region, or continuously drift into it. As a result the planner value function V° is C! every-
where, including at p°, and “smooth-pasting” is satisﬁe. It admits different expressions
on each interval [p°, 771(p”)) and [i7"(p"), i~V (p’)), n > 1. The next theorem only gives
an explicit expression on the first interva]E|. Observe that the optimal threshold belief
does not depend on the news process. Here is a heuristic argument explaining it. At the
threshold belief, the planner is indifferent between stopping immediately, and committing
to keeping the project active for a short time interval dt. If over that time interval the
project succeeds, the social payoff g accrues. In all other cases, the planner repeals the
project after the time interval dt has elapsed, regardless of how many pieces of news she ob-
served during that time. For an intesimal dt, we loosely obtain the indifference condition:
s =pndt g+ (1 — pndt — pdt)s.

Proposition 11. The planner’s optimal policy is to stop at the first time t such that
p(t) < p’. The planner threshold belief satisfies
(19) R
(g — s)

On the interval [0, §71(p")), the social payoff under the optimal policy is

- b
90 o :{S ifp<p,
(20) D=0 o) iy <p <),
where

@1) o(p) = Ans

)\B‘l'p

ng + A\gs
pn+ka+p

Ap+p
+ Ags ABs 1— 1— ’ THAGTAB
+(s— pbng G +(1_pb) B pb p D b .
n+ic+p Ap+p))1—p p l1—p

14 In [Keller and Rady| (2015)) the planner’s value function does not satisfy the smooth-pasting condition
at the optimal stopping threshold, because the belief drifts away from and jumps towards the stopping
region. As a consequence, in their model, the posterior belief can only enter the stopping region following
a jump. In my model, the posterior belief would follow a motion similar to that in Keller and Rady]| (2015)
if we had (n+ Ag — Ag) <O.

15 See the appendix for the remaining intervals.

1—p)
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On the interval [71(p")), 1], V°(p) is defined recursively.

Proof. When a = 0, the common value function for the DM and the observer, VO(p(t)) := supp V27,
is convex and continuous. The function V° solves the Bellman equation — where, in the bad news
context, by (p, u) now reflects the expected loss from a piece of news — and is the unique solution satisfying
the boundary conditions u(0) = s and u(1) = 7. As will be verified, it is equal to s on [0,p’] and solves
the ordinary differential difference equation in p on (p°, 1) for some p” to be found.

We begin by considering the equation on [b,1) with some b € (0,1) given and fixed. Observe that
the function p — j(p) is decreasing and finds points - -+ > bs > by > by := b such that j(b,) = b,—1 for
n > 1. Let I, :== [bp_1,by,) for n > 1.

Consider the equation (7)) on I; after setting u(p) = s for p € [j(b),b):
(22) u(p)(pn + p) + A(p) [u(p) — s] + (1 = p)p(n + AN/ (p) = png.

This is then a first-order differential equation which can be solved explicitly. Let p — v9(p) denote the
solution to this differential equation on I;. The function p — vJ(p) with

)\BS
AB +p

ng + Ags
n+Ag+p

(23) vo(p) =/ (p e~ (MFAGHA (g 4+ Ngs) + (1 — p) e_(AB—H))t)\BS) dt = p +(1-p)
0

constitutes a particular solution to . It is the payoff to the following policy, given current belief p: repeal
the project as soon as a piece of news arrives, provided this occurs before the project succeeds; otherwise

Apt
keep the project active. The function p — (1 — p)Q(p) 72235 constitutes a solution to the homogeneous
version of . The solution to on I; is therefore given by the family of functions

Apte

ve, (p) = vg(p) + C1 (1= p)Q(p)7+2%,

where C7 € R is a constant of integration.

Imposing the continuity condition ve, (b) = s at b (in agreement with V°(p”) = s), we solve for C; and
obtain a unique solution p + v{(p) on I; where

)

(24) v1(p,b) == vg(p) + (s = w5 (0)) T—

Considering equation on [, using the solution found on I, we then have a first-order differential
equation which can be solved explicitly. Imposing a continuity condition over I; U Iy at by, we obtain a
unique solution p +— vJ(p,b) on I. And so on by indiction.

Choosing b € (0,1) so as to maximise v{(p, b) for every p € (0,1) (the solution is interior and smooth-
pasting is satisfied), we obtain the expression in for p°.

O

16 As the posterior belief always drifts down, we say that a continuous function solves the following
ODDE if its left-hand derivative exists and holds when this left-hand derivative is used to compute
VO/(p).
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Figure:  The planner value, V°(p), illustrated for
(n,p, A, A\B, G, S) = (10,10, 3,6,4,1)

There are two important qualitative differences with the good-news case. First, t; | <t;
for all n > 0, and at any sate ¢ > 0 the DM with N(¢) = 0 is the most optimistic type.
Second, since it is now possible for the DM’s private belief to jump into the stopping region,

*

stopping on (&}, ,,t;) for each n > 0 occurs on path with strictly positive probability.
Stopping after t; does not.

08—

n
I
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Figure: The planner solution in the bad news case.

5.2 Implementing the Planner Solution

Different from the good news case, with bad news, no preference type finds it optimal to
implement the planner solution in a PBE.

Proposition 12. For every o > 0, the social planner solution cannot be implemented as
a PBE.

Proof. 1 prove the proposition by constructing a profitable deviation from the planner strategy. Consider
type n = 0 who receives her first piece of news at t' € (¢3,t5) and let us vary ¢'.

Consider that DM’s net payoff from following the deviation Dg(#', ). Since it departs from the planner
solution, her expected net social payoff is negative. However, her expected net reputational gain under
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Dy (', %) is strictly positive and equal to p* —p},. On path the DM stops at ¢’ and her reputation is u(t') =
ph = p(t'). Under Dy(,t%) she stops at t§ for all histories. Her reputation is then pu(tf) = p* > p(t3).

As t' — t§, the DM’s net reputational gain from deviating, p* — p},, increases; while her expected
social loss from deviating tends to zero. By continuity there exists a value t” € (¢,t§) such that for all
t' € (t",13), the deviation Dy(t',t5) is strictly profitable. O

This result is strikingly different from the good news case, where a DM not too concerned
with her reputation would implement the planner policy in a PBE. A distinguishing feature
of the bad news case is that beliefs are pinned down by Bayes’ rule at all t € (0,t}], as
under the planner solution, the support of possible stopping dates is connected. In contrast,
in the good news case, the support of possible stopping dates under the planner policy,
{t: },>0 was not connected.

5.3 Equilibrium

A strategy for the DM is characterised by the function p(¢). The DM stops at the first
date at which p(t) < p(¢).
The next lemma states that, in equilibrium, no information type continues experimenting

forever.

Lemma 13. Equilibrium requires that 3ty > 0 such that p(ty) > pf .

Proof. Suppose, by way of contradiction, that in equilibrium, for every ¢ > 0, p(t) < p?. Then, for every
t, a DM who sees no news and no success before ¢ has to continue experimenting. In other words, for every
t > 0, stopping at date ¢ is worse than continuing to experiment for a DM with belief p(t) < p(t) < 1:

o pult) + (1= a)s < a Elu(r AT)[p(t)] + (1 = ) [ (gL ¢y + 51 oy [p(0)]

Observe that u(t) < p?, so that, as t grows without bounds, the left-hand side above tends to (1 — a)s.
Moreover, conditional on no success, p(t) — 0, and the right-hand side above tends to

(1-a)E [e""s|0 = B] < (1—a)s;
This establishes the contradiction. O

Suppose that p° is high enough that in equilibrium, p(0) < p°.

Lemma 14. In equilibrium, p(t) cannot be continuous for every t > 0.

Proof. Suppose, by way of contradiction, that in equilibrium, p(¢) is continuous for every ¢t > 0. By
Lemma there exists to such that p(ty) > p?o. Moreover we assumed that p(0) < pU. Consequently,
there exists an integer m > 0 and a date t,,, > 0 such that p(t,,) = p}" , and an open interval (t,, —¢, t,,, +¢)

such that
(1) :{ Pt V€ (ty — e, tm)
Y Yt € [tm,tm +€).
Consequently, for a DM whose belief enters the stopping region at date t' € (¢, — €, t,,), the deviation
D1 (t,tm) generates a strictly positive expected net reputational benefit that is increasing in ¢'. The
expected net social cost from such a deviation is strictly decreasing in t/, and tends to zero as ' — t,,.
Thus, there exists a t” < t,, such that, for every t’ < t' < t,,, the deviation D,,1(t,t,,) is strictly
profitable. A contradiction. O
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next steps:

hatp(t) must have discontinuities. But let’s keep assuming that it has full support, i.e.
that every 0 <t <, is a possible stopping date.

Can all discontinuities be downward jumps? No, as this would not allow us to satisfy
p(0) < p® and p(ty) > py, without having an m and a date ,, at which p(t,,) = p}", and
the argument from Lemma [14] excluding our strategy profile as an equilibrium

is hatp(t) left- or right-continuous? no restrictions!
Can a discontinuity att’ be an upward jump? only if

1) there is a gap in the support (i.e. p(t) = 0 to the left of the upward jump. otherwise,
waiting for the jump is profitable.

2) the function p(t) cannot be right-continuous at the jump, otherwise the DM whose
belief enters the stopping region at date t’ prefers delaying her exit.

So our candidate profiles either have a support which is a finite collection of points at
which p(t) > 0. or (see picture)

Consider the following strategy profile, parameterised by the sequence {fk}kKZO with
Ter1 < tg:
p(t) =0 Vte R\ {ii}i,

(25) Pty =p*  Vte {h,

Under this strategy profile, the reputation of a DM who repeals the project at date #;, is

pu(tr) = Elp(te) p(te) < pltr), p(trer) > ptes)]

for every k < K, and pu(ix) = E[p(ix)Ip(tx) < ptx))-

Observe that for every ¢t € R* \ {f,}/<,, u(t) = 0. Observe further that under this
strategy profile, ¢y is the last date at which the DM repeals the project.

A strategy profile becomes more socially efficient as the induced support of stopping dates
becomes more dense. Consider the strategy p(t) defined in , and let p(t) = f(p(t),t')
be the strategy:

(26) ) =0 Ve R\ {{}U{i},)
)= Vie {{F}U{BHS,)

Lemma 15. For every t' € (0, hatty), the social payoff under the strategy p(t) is strictly
greater than the social payoff under the strategy p(t).

Proof. WRITE O
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6 Constrained Stopping Times

Suppose the DM may only make decisions at certain pre-set dates (e.g. discrete calendar
dates). Let’s consider an extreme case and assume the DM may decide at exogenously
given date t; > 0 whether to repeal the project or keep it active until the exogenously
given final date to > t;. If the project doesn’t succeed by t, it is automatically repealed.
The DM optimally uses a threshold strategy: she repeals the project if and only if S(¢;) = 0
and N(t;) < n, or equivalently if and only if p(¢;) < p. Index the threshold belief p, and
corresponding number of pieces of news n, by the DM’s preference parameter . We
begin by deriving the planner solution, then show that for all a > 0, there exists no
socially efficient PBE.

6.1 Planner Solution

Lemma 16. The social planner’s threshold po satisfies
E[ W2 | p(t1) = po | = s.

Proof. The term on the left is the expectation at ¢;, conditional on the DM’s current belief p(t1) being
at the threshold value pg, of the social payoff from keeping the project active at ¢;. O

6.2 Perfect Bayesian equilibrium

The next proposition says that for all @ > 0, a PBE strategy cannot maximise the social
payoff because the DM’s reputational concern biases her in favour of experimentation. Her
bias increases with the DM’s reputational concern, and a DM who cares only about her
reputation never stops at t;. The intuition is simple. In a PBE, the marginal type of the
DM, p(t1) = pa, pools with lower types, p(t1) < po. She stands t0 strictly improve her
reputation by deviating and keeping the project active at t;. Thus, she is willing to incur
a strict loss in social welfare.

Proposition 17. Fiz 0 < t; < t3. (i) po > pa > 0; (ii) po decreases with «; (iii) p; = 0.

Proof. (i) The threshold policy with threshold belief p,, > pgl is a PBE strategy if the DM with preference
parameter a and belief p(t1) = P, is indifferent between repealing the project at date ¢;, and keeping it
active. Her reputation, conditional on stopping at ¢, is determined by Bayes rule and satisfies u(t;) =
E [p(t1)|p(t1) < Po). If she continues at date t1, her reputation at t3 is 1 if the project succeeds on the
interval [t1,t2), and E [p(t2)]|S(t2) = 0, p(t1) > Po] otherwise.

The threshold belief p, is therefore pinned down by the indifference condition:

(27) o [Et)lp(t) = fal — Elp(t)p(t) < fa] | + (1= a) [EW2|p(t) = Fal = 5| = 0,

where the first term is the DM’s net reputational payoff from keeping the project active at t;, and the
second term measure the net social payoff.
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We now show that for every p, > p(t)l, the first term is strictly positive. If she stops at date 1, the
DM’s reputation is u(t1) = E [p(t1)[p(t1) < Pa] < Po. For every p € [0,1], the DM’s expectation at ¢; of
her reputation at t, is

Efu(t2)lp(t) = pl =p (1= @) 4 (1=p (1707 ) ) Ep(t2)[S(t2) = 0,p(t1) > ol
It is strictly increasing in p. Therefore, for every p > pq,
(28) E[u(t2)[p(t1) = p > Elu(t2)|p(t1) = pal-
Moreover, the DM’s reputation at to is bounded from below:
(29) E [p(t2)|S(t2) = 0,p(t1) > Pa] = E [p(t2)Ip(t2) € (0fy, 1)] > piy,

where 1., satisfies pZ“ = Pa, SO that

Elu(t2) p(t) = fa > o (1= 770270 ) - (1= g (1= 710270 ) ) e — o,

where the last equality follows from Bayesian updating. It follows that the first term in is strictly
positive. For the DM to be indifferent, it must therefore be that

E[W;?|p(t1) = pa] < 5.

By Lemma [I6], we therefore have p, < po.

When « is sufficiently close to 0, a solution p, > pto1 to {) exists. (add detail) However, as « increases,
we have p, — 0. In these cases p, < pgl, and no type p(t1) of the DM repeals the project at t; in
equilibrium.

O

These results may be contrasted with |Abreu, Milgrom, and Pearce| (1991)) (henceforth
AMP). AMP analyse a repeated partnership game with imperfect public monitoring, and
examine the effects of changing the period length, i.e. reducing the length of time for which
players must keep actions fixed. Information (about the action profile) arrives according
to two possible Poisson processes, as in the present paper. As periods become shorter, the
quality of information deteriorates, and reducing period length may increase inefficiency.
In the good news case, AMP find that any level of cooperation becomes unsustainable as
the period length shrinks to zero, while in the bad news case, some cooperation may still
be sustained [[']

My substantive finding here is very different from AMP. In my model, when the DM
can act in continuous time (i.e. the limit of shorter period length), inefficiencies can be
mitigated and may well be eliminated. In contrast, with longer period length (as in this
section), inefficiencies obtain. The key difference is that in our case, a shorter period length
allows complete separation of DM types, thus mitigating her reputational concerns.

"Holmstrom and Milgrom| (1987) examine an agency model and show that linear incentive schemes
become uniquely optimal as periods over which the agent must keep actions fixed shrink.
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