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1 Introduction

While the incentives for firms to set up product-lines are well understood in static envi-
ronments,’ no much is known about these incentives in dynamic environments in which
the monopolist faces a time consistency problem. The purpose of the paper is to give a
comprehensive analysis of such incentives. The analysis delivers two main contributions to
the literature: a generalization of Coasian results to multi-variety durable-good monopoly

environments and a characterization of optimal product design in these environments.

Nobel Laureate Ronald Coase brought the time consistency problem of a durable-good
monopolist to the attention of academic community. His work (Coase 1972) has become one
of the seminal contributions to modern economic theory. Coase conjectured that a monopolist
selling a durable-good could not credibly sell at a static monopoly price to rational consumers,
and that “the competitive outcome may be achieved even with a single supplier”. Coase’s
insight was that the monopolist, lacking the ability to commit to future prices, would face
the competition of its own future selves thereby dissipating all of its own monopoly power.
After selling the initial quantity, the monopolist would necessarily benefit by lowering prices
in order to sell to consumers with lower valuations who did not yet purchase. Thus, prices
would decline after each sale. Forward-looking consumers expecting prices to fall, would then
be unwilling to pay the initial high price. Consequently, if the time between offers were to
vanish, the opening price would converge to the marginal cost and the competitive quantity
would be sold in a twinkle of an eye. Formal proofs of this statement appeared in seminal
papers by Stokey 1981, Fudenberg, Levine and Tirole 1985, Gul, Sonnenschein and Wilson
1986, among others.

The present work considers the same environment originally studied by Coase, but pre-
sumes that monopolist can produce and sell more than one variety of the durable-good.
Such a natural extension of the baseline model allows us to gain new insights on the origi-
nal problem and to establish several novel results. In such settings, the monopolist regains
his ability to command strictly positive profits. Our conclusions though, do not give rise
to failures of classical insights on Coasian dynamics, but rather they qualify their content.
Indeed, the analysis hopes to convincingly establish that the main force driving any Coasian
equilibrium is market-clearing, and not competition or efficiency. This is the case as a time
consistency problem only arises when the monopolist cannot commit not to clear the mar-
ket. But, any market-clearing price (that is, any price at which all consumers are willing
to buy) provides a credible commitment to the monopolist (as it is no longer compelled to

lower prices). In multi-product settings, profit-maximizing market-clearing prices are neither

1See, for example, Mussa and Rosen 1978, Maskin and Riley, 1984, and Deneckere and McAfee, 1996



competitive (equal to marginal cost) nor efficient (equal to each other). Furthermore, profits
at such optimal market-clearing prices bound equilibrium profits from below and identify
the limit profit in any stationary equilibrium. The tight characterization of stationary limit
profits is then exploited to study how different product designs affect the profitability of the
monopolist.

Specifically, consider a monopolist with zero marginal costs who sells two varieties of
a durable-good to a continuum of consumers with unit-demand for the product.? As in
the classical Coasian setting, buyers’ are privately informed of their value for each of the two
products. Values are represented by an arbitrary distribution that can exhibit any correlation
structure. The set-up thus accommodates as special cases several commonly used designs
such as vertical product differentiation (when consumers’ valuations for the two products are
positively correlated) and horizontal product differentiation (when consumers’ valuations are
negatively correlated). For instance, Apple sells MacBook-Pros with hard drives of different
sizes (vertical differentiation), but it also sells the more portable MacBook-Air (horizontal
differentiation). The time horizon is infinite. In every period, the monopolist sets a vector of
prices p; (one for each product), while the buyers, upon observing prices, choose which variety
to purchase, if any. Upon buying a product consumers exit the market never to return.® In
these environments, the monopolist has an incentive to segment consumers between the two
products so to reduce (or eliminate) its temptation to cut the prices in future and regain
some of its lost market power.

The first results characterize the static monopoly problem of maximizing profits subject to
supplying all consumers (or the optimal market-clearing profit). Whenever there is more than
one variety for sale, optimal market-clearing prices are strictly positive as it always possible
to sell one of the good at marginal cost (thereby clearing the market), while using the other
to screen consumers and raise profits.* Coasian results establish that in any subgame perfect
equilibrium (SPE) of the dynamic game the market must clear instantaneously whenever the
monopolist sets static market-clearing prices. Thus, optimal market-clearing profits bound
equilibrium profits in the dynamic game from below. Moreover, the market clears in a finite
time in any subgame perfect equilibrium as prices converge to market-clearing in finitely many
rounds. This is the case as the monopolist prefers to sell instantaneously to all consumers
when the measure of buyers in the market is small. Results also establish that stationary

subgame perfect equilibria exist,” and that stationary equilibrium profits always converge to

2Results easily extend to any finite number of varieties.

3In Section 3, we discuss how results generalize when consumers remain in the market even after purchasing
one of the two varieties.

4Profit-maximizing market-clearing prices can exceed the lowest valuation in the support for every product
(for instance with discordant products). Lemma 11 presents sufficient conditions for this to be the case.

>Therefore, our results do not rely on non-stationary punishments that may be hard to coordinate on.
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optimal market-clearing profits when the time between offers converges to zero. Moreover,

such profits accrue by selling to all consumers almost instantaneously.

The spirit of our conclusions is close to classical Coasian results obtained in the one
variety case (Stokey 1981, Fudenberg, Levine and Tirole 1985, Gul, Sonnenschein and Wilson
1986, Ausubel and Deneckere 1989). Such results fall in two distinct scenarios. In the gaps
case (when the lowest value for a buyer exceeds the marginal cost), the market clears in
a finite time, SPE profits are positive and unique, and SPE profits converge to the lowest
valuation as the time between offers converges to zero. In the no-gaps case (when the lowest
value coincides the marginal cost), the market clears in an infinite time, a Folk Theorem
applies to SPE profits, and stationary SPE profits converge the marginal cost. With more
than one variety results are closer to the gaps case (even when the lowest values of both
products coincide with marginal costs), but with some significant differences. In particular,
with more than one product, the market always clears in a finite time, SPE profits are
always positive, and stationary SPE profits converge to optimal market-clearing profits as
the time between offers converges to zero. However, in contrast to the one variety case, even
stationary equilibria may display mixing along the equilibrium path, as the seller conceals
which product will be most heavily discounted. In such environments, it is also relatively
straightforward to observe that increasing the number of products favours the monopolist by
further segmenting the market. Essentially, intratemporal price discrimination makes up for
the absence in intertemporal price discrimination caused by the lack of commitment (even

when the seller immediately agrees with all the buyers).

Motivated by our pricing conclusions, we carry out a product design exercise to charac-
terize the relationship between the distribution of buyers’ values and the optimal market-
clearing profits (which are a suitable approximation of equilibrium profits when the frequency
of price revisions is high). Specifically, we begin by characterizing how the dependence struc-
ture among the consumers’ valuations for the two products affects the monopoly profit when
consumers’ valuations are pinned down by given marginal distributions. The motivation for
this exercise is to consider a monopolist that assembles products from a basket of character-
istics® for whom it is costly to affect marginal distribution of values, but costless to adjust
the correlation among values. For instance, we might imagine a smartphone producer de-
ciding upon the different features of its new phone (e.g. screen resolution, battery size, or
memory), or an automobile manufacturer blending performance, size and fuel efficiency into
their products, or a standard monopolist choosing where to open its retail locations. The way

these characteristics are assembled may generate dependence in the consumers’ preferences

6 As in Lancaster’s 1966 characteristics-approach, the consumer “is assumed to derive ... satisfaction from
characteristics which cannot in general be purchased directly, but are incorporated in goods”.
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for these products which in turn may impact the monopoly profit. For instance, a monopolist
can choose to make products vertically differentiated or horizontally differentiated. In this
context, we are able to show that monopoly profits are maximized when the joint distribu-
tion of valuations is most discordant (that is when the joint distribution corresponds to the
Frechét-Hoeffding lower-bound). Discordance increases profits as a strong preference for one
goods tends to be associated with low desire for the other (i.e. horizontally differentiated
products). This favors market segmentation and profit by minimizing the value of units that
are never purchased. One may conjecture that concordance (i.e. vertically differentiated
products) may then be the profit-minimizing design. However, this is not the case in general,
as independent products, for instance, occasionally raise lower profits that concordant ones.”
Anecdotally observe that Apple’s introduction of the iPhone 5¢ along with the better (in a
vertical sense) iPhone 5s was admittedly a mistake remarked by the fast drop in its price.® In
contrast to this strategy, Apple was more successful (thus far) with the two models released
in 2014, the iPhone 6 and the 64, which were arguably more horizontally differentiated
compared to their predecessors.

The final substantive contribution analyzes how volatility in valuations affects the optimal
market-clearing profits. In particular, we ask whether the monopolist would prefer a distri-
bution of values or its mean. In a single-variety setting, the answer would be trivial. The
monopolist would always dislike variance. As the market has to clear, selling all the units at
the average value would dominate selling them at lowest value. However, when more than
one variety can be sold two forces are at play: (1) variance increases the information rents of
buyers, thereby hurting the monopolist; and (2) variance increases the maximum valuation
for the product (that is, the value of the best variety). The analysis establishes that either
of the two forces can dominate, and provides sufficient conditions for both scenarios. This
shows why low volatility mass-product need not be an optimal design when the monopolist

lacks the ability to commit to a price path.

A vast literature was developed either to propose tactics that a monopolist could use
to avoid the time consistency problem, or to check the robustness of Coase’s insight. For
instance, a monopolist could relax its commitment problem and increase its profit by renting
the good rather than selling it (Bulow 1982), by introducing best-price provisions (Butz
1990), or by introducing new updated versions of the durable-goods over time (Levinthaland
and Purohit 1989, Waldman 1993 and 1996, Choi 1994, Fudenberg and Tirole 1998, and Lee

and Lee 1998). Instead, the Coase conjecture would fail altogether when the monopolist faces

"If the valuations are uniformly distributed, the Frechét-Hoeffding bounds on the joint distribution induce
either perfect positive or perfect negative correlation between the random variables. In this setting our result
establishes that the best design displays perfect negative correlation among products.

8 Computerworld, January 27" 2014.



capacity constraints (Kahn 1986, and McAfee and Wiseman 2008), when consumers use non-
stationary strategies (Ausubel and Deneckere 1989), with entry of new buyers (Sobel 1991),
when buyers’ valuations vary stochastically over time (Biehl 2001, Deb 2011, Garrett 2016),
when marginal costs vary stochastically over time (Ortner 2014), when buyers can exercise
an outside option (Board and Pycia 2014), when goods depreciate over time (Bond and
Samuelson 1984), and when demand is discrete (Bagnoli, Salant and Swierzbinski 1989, Fehr
and Kuhn 1995, Montez 2013).

Most closely related to this paper are Board and Pycia 2014, Hahn 2006, Inderst 2008,
Takeyama 2002, and Wang 1998. Hahn 2006, Inderst 2008, and Takeyama 2002, provide
examples in which a multi-product durable-good monopolist is able to mitigate or eliminate
the Coasian insight. Their analysis is restricted to vertically differentiated products, two
types of consumers (Hahn 2006, Inderst 2008, Takeyama 2002), and two periods (Takeyama
2002). Their main focus is on the possibility of strategically changing the quality of the goods
(through upgrades or downgrades). Their conclusions can be nested in our setting as vertical
product differentiation is allowed. In our view however, these should not be interpreted as
failures of the Coase conjecture. But rather they display the essence of the Coasian insight
which is market-clearing, and not competition or efficiency. Similarly, Board and Pycia 2014
shows that a durable-good monopolist always achieves the static monopoly profit in the first
period if an outside option is freely available. Again, their conclusion is nested within our
framework. As in their setting any price set by the monopolist clears the market when an
outside option is freely available, it is no surprise the monopolist never undercuts on its initial
price. However, by pricing the outside option, the monopolist would be able to achieve an
even higher profit as both varieties would be optimally sold at positive prices when there are
gaps (which is the case in their setting). Similar considerations apply to Wang 1998 which
establishes an instantaneous clearing result (evocative of Board and Pycia) in a two-type
model. These and several other results classified as failure of the Coase conjecture are in fact
no failure at all, but rather they capture features of its most general statement which entails
market-clearing and not competition, or efficiency. The product design exercise carried out
in the final substantive section is, to the best of our knowledge, the first model analyzing the

incentives to generate particular product-lines in the context of dynamic pricing model.’

The rest of the paper is organized as follows. Section 2 presents the model and the relevant
solution concepts. Section 3 analyses the durable-goods monopoly problem, and features our
Coasian results. Section 4 discusses the optimal design of durable-goods. Section 5 concludes.

All proofs are deferred to the appendix, Section 6.

9The seminal reference for related static design questions is Johnson and Myatt 2016. A stylized dynamic
exercise appears in House and Ozdenoren 2008 which prove the optimality of mass products with one variety.
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2 Product Variety in a Dynamic Monopoly

Consider a market in which two varieties, a and b, of a durable-good can be produced and
sold. A monopolist faces a unit measure of non-atomic consumers with unit-demand for the
durable-good. Time is discrete, the time-horizon is infinite, and all consumers discount the
future by a common factor 6. Denote by v; the value of consuming variety ¢, and denote
by v = (v4,v3) the value profile. A measure F, defined on the unit square [0, 1]%, describes
the distribution of values among buyers. Throughout denote by F’ its associated cumulative
distribution and by V its support.!? To simplify parts of the discussion, we occasionally

impose regularity conditions that require the measure F to be non-atomic.

Condition 1 (Regularity) The market is reqular if F is absolutely continuous on R?, and
its density f satisfies f(v) € (i, 7) for anyv eV.

Regularity is superfluous to establish most of our results, and we will qualify its role in the
analysis. Finally, let F; denote the marginal cumulative distribution on variety i, let V; denote
its support, and let f; denote its density when it exists.

Buyers have unit-demand for the product, and exit the market upon purchasing any one
for the two varieties.!* Value profiles are private information of buyers, and utility is quasi-
linear in money. In particular, the final payoff when purchasing variety i € {a, b}, at date t,
at a price p; simply amounts to 6! (v; — pi). The monopolist discounts the future by the
same discount factor ¢. Its marginal cost of producing of any variety equals 0, and its payoff
simply amounts to the present discounted value of future profits.

In every period: the firm sets a price for each of the two varieties produced in order
to maximize the present discounted value of future profits; and consumers, who have not
previously purchased any product, choose whether to buy any one of the two varieties at

current prices so to maximize their present discounted utility.

Histories, Strategies, Solution Concept: Intuitively, a strategy for the monopolist spec-
ifies the prices to be set as a function of the history of play. A strategy for consumers who
have yet to purchase the good, instead, specifies whether to buy anyone of the two vari-
eties at the current prices given the history of play and the implied expected price dynamic.
We impose measurability restrictions on joint consumers strategies which require the set of
consumers purchasing variety i € {a, b} at any possible history to be a measurable set.

Let €2 denote the Borel sigma-algebra on [0, 1]2. A t-period seller-history, ht, specifies the
prices that were set and the subset of consumers who purchased either variety of the durable-
good for every period in {0,....,t — 1}. Thus, ' € R% x Q. A t-period buyer-history, A?,

10The support identifies the smallest closed set whose complement has probability zero.
1'We discuss which conclusions are affected by the permanent-exit assumption at the end of Section 3.
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instead, consists of a history h! followed by the prices announced by the monopolist for date t.
Thus, ht € R2+2 x Q2. At any history hf, let D;(h') denote the set of consumers purchasing
variety i € {a,b} at date t — 1. A consumer with value profile v € V' is said to be active at
history A! if he has not yet purchased a variety of the durable-good. Formally, define the set

of active buyers A(h') at a given history h' as follows
AR = VAU [Da(P*) U Dy(h%)] .

Occasionally, we omit the dependence on the history and we denote these sets simply by D!
and A’ (when clarity is not compromised).

Throughout, denote by P(X) the set of all probability distribution defined on the set X.
A collection of strategies for consumers 7 consists of a sequence of functions {7}, satisfying:
(1) 70 : R2H2 x 02 x V — P({0,a,b}); (2) 7¢(hf|-) is measurable for any h! € R2+2 x Q2
(3) 7'(h'|v) = 0 for all v € [J'Z} [Da(h®) U Dy(h*)]."2 Action 0 is to be interpreted as a
decision not to buy any product in the current period. Actions a and b indicate the decision
to purchase variety a or b in the current period. Intuitively, 7¢ determines the probability
distribution over consumption decisions of buyers at all possible histories. A strategy o for
the monopolist consists of a sequence of functions {o'};° satisfying o' : R* x Q% — P(R?).
Now, o! determines the probability distribution over prices charged by the monopolist at
date t as a function of history of play.

The strategy profile {o, T}, generates a path of prices and sales which can be computed
recursively. The pattern of prices and sales over time in turn determines the payoffs to the
players. Let I (o, T) be the expected present value of profits generated by the strategy profile
{o, 7}, and let U (o, T|v) be the expected present value of surplus derived by consumer v.

The profile {o, 7} is a Nash equilibrium if and only if

o', 1) for Vo'

(1) I(o,7)>T(c',7
>U (o, 7 (v), 7(V\v)|v) for VY7'(v), v-a.e.

2) Ulo,7lv)

where T(V) is the projection of 7 onto a subset V' C V. The profile {o, T} is a subgame
perfect equilibrium if and only if the continuation strategies are a Nash equilibrium after any
possible history. To guarantee the existence of an equilibrium, the monopolist is allowed to
mix at any stage of the game. For convenience, when fixing an equilibrium strategy, denote
by II (k') the expected present value of profits generated at a seller-history h'. Similarly, we
denote by II (p|h') the expected present value of profits at the same history h' conditional

12 As customary in the literature, when defining the domain of strategies, we neglect that consumers can
accept at most one offer over time. More generally, the set of histories is a strict subset of R* x Q2% and
should be modelled as such.



on setting a price profile p at date ¢, and by U (fAzt|v) denotes continuation value of player v
at date ¢ + 1 after a buyer-history A'.

As customary, we restrict attention to equilibria in which deviations by sets of measure
zero of consumers change neither the actions of the remaining consumers nor those of the mo-
nopolist. Refer to these equilibria as non-atomic subgame perfect equilibria, or equivalently
SPE. This restriction may affect the set of equilibrium outcomes as demonstrated in Gul,
Sonnenschein and Wilson 1986. The authors, indeed, establish that in this type of extensive-
form game, if the players’ strategies prescribe behavior that is optimal after all histories that
result from no simultaneous deviations, then the equilibrium path prescribed is the equilib-
rium path of a subgame perfect equilibrium.'® With these assumptions, unilateral deviations
by non-atomic consumers can change neither the actions of the remaining consumers nor the
actions of the monopolist. Thus, only unilateral deviations of the monopolist can affect the
course of the game. From the observation that simultaneous deviations from the equilibrium
path are unimportant in checking for subgame perfection, it follows that, in order to show
that a path is associated with an SPE, it is necessary and sufficient to specify actions for
each agent as functions of the price histories so that: (a) these functions generate the given
path; and (b) after each price history the prescribed actions are optimal.

In general, buyers’ SPE strategies may depend not only on the current price profile p, but
on the entire history of play (as the history may affect buyers’ beliefs about future prices).
Asubel and Deneckere 1989 show that a Folk Theorem holds in this class of games when the
monopolist can make its pricing decision depend on the full history of play, and the lowest
buyer valuation is zero. As a similar logic may occasionally apply to our environment, it is
convenient to also consider stationary equilibria in which the monopolist does not exploit
changes to consumer beliefs to commit to a given price path. Thus, as customary in the liter-
ature, some of our results on Coasian dynamics rely a common class of Markovian equilibria.
Define a weak Markov equilibrium, or equivalently WME, to be an SPE in which the strategy
of any active buyer depends only on the current price profile at every history that contains
no simultaneous deviation by a positive measure of buyers. If so, the value function of buyers
only depends on current prices at every history that contains no simultaneous deviation by a
positive measure of buyers. A strong Markov equilibrium is a WME in which the strategy of
the seller depends only on A(h') at any history A’ that contains no simultaneous deviation

by a positive measure of buyers.

13This follows by replacing the portion of the strategies in any subgame after some simultaneous deviation
by equilibrium behavior in the subgame, and by postulating that the equilibrium action of every agent is
constant on histories in which prices are the same and the sets of agents accepting at each point in time differ
at most by sets of measure 0.



3 Market-Clearing and the Coase Conjecture

The section begins by defining the set of static market-clearing prices and by discussing some
of its properties. It then establishes some features shared by all subgame perfect equilibria
of the dynamic game, which lead to our revisited statement of the Coase’s seminal result.
The section concludes by discussing why several paradoxes in the durable-goods literature

are indeed natural consequences of this revisited statement.

Market-Clearing Prices and Profits: A market-clearing (MC) price is a price profile
that clears the market when the firm commits to setting such prices for the infinite future.
Equivalently, it is a price profile that clears the market in the static version of the model.

Formally, given any price profile p, the static demand for variety ¢, d;(p), satisfies
di(p) € [F(vi = pi > max{v; — p;,0}), F(v; — pi > max{v; — p;,0})] for j #i.

The demand equation posits no tie-breaking assumptions for indifferent consumers. In any
event, when the market is regular, tie-breaking assumptions are entirely inconsequential.!?
The set of market-clearing prices, M, consist of all prices at which every consumers is willing

to purchase at least one of the two products,

M = {p € R?| maX;c(a,p}(v; — pi) > 0 for all v € V} )

Independence Concordance Discordance

] ] ]
1 1 1

M M

Figure 1: Market-clearing set M and the support V for three possible distributions.

With only one variety, the highest market-clearing price coincides with the lowest valua-
tion in the support V. With more than one variety, any price profile in which one of the prices
set to its lowest valuation in the support is a market-clearing price. In fact, when the two

valuations are independently distributed, all market-clearing prices set the price of one of the

"YWhen regularity holds, demand simplifies to d,(p) = Omin{l’Hpb_p"}f;ax{vbﬂ,a,pb O}f(v)d% where

f(v) =0 for any v ¢ V.
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two varieties at its lowest valuation. But, this need not be the case in general. For instance,
when the values of the two varieties display perfect negative correlation, market-clearing price
profiles exist in which both prices exceed their respective lowest possible valuation.

Optimal market-clearing prices, p, play a central role in the analysis of equilibrium behav-
ior in the dynamic game. They identify those market-clearing price profiles that maximize
the static monopoly profit. An optimal market-clearing price, p, is defined as a solution to

the following static profit maximization problem

maxpe s [do(P)Pa + dp(P)Ps)- (1)

Optimal market-clearing prices may fail to exist when regularity is violated as the extremum
may never be attained. So, define the supremum of this problem as the optimal market-
clearing profit, 7. Optimal profits always exist as profits are necessarily bounded above by 1
and are strictly positive in almost every market. In particular, let v, denote the lowest value
of variety 7 in the support V. The first result bounds optimal MC profits from below when
more than one variety is for sale. The proof does not rely on any assumption on the measure,
F, and includes scenarios in which regularity is violated. We say that varieties are identical,
if the value for one variety simply coincides to the value of the other variety (that is, if we

have that v, = v, for any v € V).

Proposition 1 Optimal MC profits always exceed max;ciq ) v;, and equal mingeq,py v; if and

only if varieties are identical.

The proof simply establishes that the monopolist can always sell one variety, say ¢, at a price
that strictly exceeds its lowest valuation v;, while clearing the market by setting the price
of the other variety to its lowest value v;. If so, both varieties will be sold to a positive
measure of buyers provided that varieties are differentiated and that the price of variety ¢
is sufficiently low. Thus, profits will strictly exceed min;c(q sy v;. As v; > 0 for any ¢, an
immediate implication of the result is that optimal MC profits can be equal to 0 if and only

if varieties are identical and (0,0) € V.
Corollary 2 Optimal MC profits equal 0 if and only if varieties are identical and (0,0) € V.

Proposition 1 hints at why the Coasian logic may not necessarily lead to zero profits when
differentiated varieties can be produced and sold. Although a monopolist lacking commitment
might still have to clear markets, market-clearing no longer requires that profits equal zero.
Moreover, when the market is regular, optimal MC profits always strictly exceed min;e(qpy v;

as varieties cannot be identical by absolute continuity. Yet, even with regularity, optimal
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MC profits will be arbitrarily close to min;cg, ) v; in any regular market in which varieties

are almost identical.

Skimming, Market-Clearing and Coasian Dynamics: This subsection extends classical
Coasian results to settings with multiple varieties. It establishes that, even with more than
one variety, the market for the durable-good must clear eventually. The intuition for this
observation essentially coincides with Coase’s seminal result. As the monopolist cannot
commit to future prices, he must eventually clear the market, or else clearing the market
would be a profitable deviation once prices have converged. Moreover, as with single variety
and gaps, the market will clear in a finite time as the monopolist will benefit from selling
to all active buyers whenever their measure is small. In a multi-variety setting, however,
market-clearing will no longer imply zero profits. Indeed, SPE profits will always exceed
optimal market-clearing profits, and will converge to such profits in any stationary SPE
when the discount factor converges to unity. Our Coasian results thus establish why lack
of commitment does not generally lead to efficiency or to competitive pricing, but only to
market-clearing. Therefore, when price revisions are arbitrarily frequent, the monopolist will
simply choose the profit maximizing way to supply all consumers.

We begin the analysis with a few preliminary lemmas that unveil some important features
of SPE strategies in this dynamic pricing game. The first observation establishes that, as in
the classical single variety setting, the measure of active buyers must be a truncation of the
original measure in any SPE. To do so, we need to introduce a notion of multidimensional
truncation. We say that F(-|A) is a truncation of F on A C V if: (i) v ¢ A implies
v+ (g,6) ¢ Aforall e > 0; and (ii)

F(EJA)=F(ENA) forany ENAe€q.

Lemma 3 In any SPE, the measure of active buyers at any history h' is a truncation of the

original measure on the active player set A(h').

The proof of the lemma is intuitive and motivates our notion of truncation. If a consumer
with value v is willing to purchase a variety at current prices, the same should hold for a
consumer with value v = v + (¢,¢). In fact, by delaying buyer v’ can capture at most de
on top of the continuation value of buyer v. But if so, buying now should be preferable as
he captures € more surplus than v. This naturally obtains as delay costs are higher for high
value consumers. However, in general it is not the case that v ¢ A and v” > v together imply
that v"” ¢ A. For instance, the active player set in Figure 2 below would violate this more

stringent requirement.
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Figure 2: The active player set for a market clearing within two periods.

The next lemma relates several important features of SPE pricing to static market-
clearing. The key part of the lemma establishes why any static market-clearing price must
also clear the market in the dynamic model. This is a crucial observation as it immediately
delivers two important conclusions. The first establishes that the monopolist never sets prices
in the interior of the static market-clearing set. The second shows that the optimal market-
clearing profits always bound SPE profits from below at any history and for any possible

discount factor. To state the result, let M denote the boundary of the set M, or equivalently
M = {p € RZ\ min,cy Max;e(qpy (Vi — Pi) = O} .

Also, given any history h' associated with an active player set A(h') = A, let 7(A") denote

the optimal market-clearing profit for the residual measure of buyers F(A?),
7_T(At) = MaXpepm Zie{a,b} plf(’l}l —VU_; > Di — p_Z‘At)

Lemma 4 In any SPE, at any history h':
(1) The monopolist never sets a prices in the interior of M.
(2) A measure 1 of consumers buys if prices are in the interior of M.

(8) The present discounted value of profits satisfies

TI(h!) > 7(A).

Thus in any SPE, profits exceed optimal MC profits for any 6 < 1. This contrasts with a
classical interpretation of the Coase conjecture for settings with 1-variety and no-gaps which
amounts to limit pricing being competitive and efficient. With more varieties, even when

buyers with no value are in the support of the measure (0,0) € V, limit pricing is neither
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competitive nor efficient. However, as the next results clarify, the Coasian logic persists here
in that agreement and market-clearing still dictate limit pricing. The proof of the result
identifies the set of price profiles which are immediately accepted by all buyer regardless of
their beliefs. As in most bargaining models, it then establishes inductively that such a set of
prices must include all static market-clearing prices due to consumers’ discounting.

To grasp the full connection between known Coasian results and their failures, it is useful
to consider a few more observations. The first of these establishes that the market must
clear in a finite time (whenever the discount factor ¢ is smaller than 1). The same result
holds with a single variety when the smallest buyer’s valuation is strictly positive (call this the
gaps case). However, the result holds more generally with multiple varieties as it applies even
when buyers with value zero for both goods are in the support of the measure, (0,0) € V. In
fact, what matters for this conclusion is not whether there are gaps in valuations, but rather
whether it is possible to clear markets at a positive profit. The latter is always possible with

more the one variety or with a single variety and gaps in valuations.

Lemma 5 If the market is reqular, there exists T such that in all SPE, a measure 1 of buyers

purchases a variety of the durable-good before period T + 1.

When the measure of active buyers is small, the monopolist benefits from clearing the market
instantaneously. This is the case as any possible price-discrimination gain is outweighed by
the discounting of future profits. Thus, when few buyers remain active, the monopolist
clears the market at once. Furthermore, the monopolist sells to a strictly positive measure
of buyers in any time period regardless of buyers’ beliefs. Or else, profits would be increased
by anticipating future sales. Thus, the market clears in a finite time.

As in the single variety case, it is possible to show that SPE always exist and that at least
one SPE is weakly Markovian. In particular, the next result proves directly the existence of
a WME which implies SPE existence.

Proposition 6 If the market is reqular, a WME always exists.

In contrast to classical results on the single variety case, equilibria may be in mixed strategies
at any round of play. In particular, mixing may be required even in the very last stage of the
game. This is the case as the monopolist may want to prevent buyers from inferring future
price reductions if they would delay purchasing those varieties that are going to be more
heavily discounted in the future. The proof exploits a suitable variant of the Kakutani-Fan-
Glicksberg fixed point theorem to establish the result. WMESs need not be unique, however,

as optimal market clearing prices are not unique in general.
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The final result on the dynamic pricing game consists of a more general version of the
classical Coase conjecture. As we discuss below, our more general statement will capture
several phenomena that had been classified as failures of the Coase conjecture in the earlier
literature. Informally, the result establishes that in environments with multiple products
equilibrium profits must be close to optimal MC profits in any weakly Markovian SPE, when

discount factors are close to unity.

Proposition 7 If the market is reqular, profits converge to optimal MC profits in any WME

as 0 converges to 1.

The proof establishes that, when discount factors are close to 1, prices must be close to
market-clearing after any real time 7. Thus, profits will be close to market-clearing as
patient consumers would wait any finite amount of time for a price reduction, and thus
products will only ever be sold at prices that are close to market clearing. The intuition for
this result is as follows. Consider a time period ¢ in which the demand for both products is
small. A possible deviation for the monopolist in period ¢ consists of setting prices according
to its mixed strategy in period ¢ + 1 rather than setting the price p’. Such a deviation would
have three effects on the profit of the monopolist. Firstly, it would reduce profit by lowering
the price paid by those who were expecting to consume a variety ¢ at date ¢ and continue
to do so. Secondly, it would increase profits by anticipating the stream of future revenue on
all units to be sold at later stages. Thirdly, it would have an ambiguous effect on profits by
inducing some consumers to change their demand from one to the other product. The first
effect is, however, small as price changes must be small if a patient consumer is unwilling
to wait one period to purchase the product. Similarly, the third effect must be small (if
positive), because the measure of consumers buying in period ¢ is small, and because the
set of those contemplating to switch variety is a small subset of those purchasing varieties
when price changes are small (by absolute continuity). Thus, for such a deviation not to be
profitable profits must be arbitrarily small after any finite time 7". Consequently, the result
holds given that optimal MC profits bound SPE profits from below by Lemma 4, and given
that optimal MC profits can be small only if the market has almost cleared by Proposition
1.

The result establishes that in any stationary equilibrium a monopolist lacking commit-
ment extracts no more than optimal MC profits when price revisions can be arbitrarily fre-
quent. Again, stationary monopoly-pricing without commitment simply amounts to optimal

market-clearing and global agreement, and not to competition or efficiency.

Coasian Failures and Market-Clearing: The analysis is closely related to some known

violations of the classical Coase conjecture. Board and Pycia 2014 considers a durable-good
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monopoly problem in which buyers have the option to commit to stay out of the market by
taking an outside option. The outside option amounts to a second variety of the durable-good
that must be sold at a price of zero. They consider settings in which the value of the outside
option is strictly positive for all players (there are gaps) and independent of the value of the
durable-good. Their main contribution establishes that the monopolist sets a positive price
for the durable-good, and never undercuts on such a price as the market clears at once. In
our setting, their result holds immediately by Lemma 4. As the price of the outside option
is zero, any price for the durable-good is a market-clearing price. Thus, the monopolist
would clearly never undercut on such a price. Furthermore, this holds even without gaps
and even with an arbitrary correlation structure. Of course, setting the price of the outside
option to zero would be suboptimal in our environment, as any such price profile would
belong to the interior of the market-clearing price set. Still in our view, Board and Pycia’s
novel contribution should not be classified as a failure of the Coase conjecture. Rather our
results aim to highlight that the true essence of the Coasian intuition is market-clearing, and
not necessarily competitive pricing, zero profits, or efficiency. Similar considerations apply
to Wang 1998 who establishes a result evocative of Board and Pycia in the context of a

multidimensional two type model.

Relatedly, Hahn 2006 expands on some classical conclusions to show that selling damaged
products can increase the profit of a durable-good monopolist. A damaged product acts like
a second variety with a lower value. In particular, his analysis considers settings in which
the valuations of the two varieties are binary and perfectly correlated. Similar conclusions
obtain in our setting independently of the joint measure of valuations. However, these are
again no failure of the Coase conjecture, but rather its essence, as limit profits again amount
to optimal market-clearing profits in our formulation of the problem. A host of similarly
classified Coasian failures fit this bill.

Our conclusions hold even when the value of one of the varieties is constant. In essence, if
the monopolist could pay a penny (or any small amount) to buyers for them to permanently
exit the market, the Coasian profit would no longer amount to the smallest valuation in
the support. Instead, the monopolist would be able to approximately extract the full static

monopoly profit, as any price would again clear the market.

It may seem that our interpretation of Coase’s seminal result as market-clearing relies
on the assumption (implicit in this literature) which requires buyers to permanently exit the
market upon purchasing a variety. Such an assumption is without loss: (i) if every buyer
purchases its preferred variety; (ii) if goods are consumed when purchased thereby dissipating
their need forever; or (iii) if players commit to stay out of the market upon purchasing the

good. The first scenario is not so uncommon when the measure is symmetric (for instance,
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for discordant symmetric distributions). In these circumstances, limit pricing in the baseline
model may be efficient and clear markets despite not being competitive. The second scenario
is also compelling for goods that are durable, but that are consumed once purchased (such as
many services). In other markets however, it may be more plausible to assume that buyers
remain active in the market until they purchase their preferred variety. If so, they may be
able scrap the variety they purchased at an earlier round when their preferred variety is

sufficiently cheap. This changes the shape of the market-clearing price set to

M={peM|p,=p}.

Despite lacking a complete analysis of this environment, we conjecture that the key insights of
our paper should not be affected. SPE profits will still be bounded below by static optimal
MC profits, as setting prices in the interior of the market-clearing price set will never be
optimal, by the same logic of Lemma 4. Markovian limit profits will still be uniquely pinned
down by static optimal MC profits. However, trade will always be efficient in the limit as all
consumers will eventually purchase the preferred variety. Furthermore, whenever {0,0} € V,
there will be a limit WME that is efficient, competitive and that clears markets. In general
though, not all limiting WME will be competitive (price goods at their lowest valuation in the
support). For instance, with discordant valuations, there will be scenarios in which pricing

is efficient, but not competitive (see the right panel of the plot below).

Independence Concordance Discordance

3 3 3
1 1 1

1 L o o

M M

Figure 3: Market-clearing set without exit M for three possible distributions.

As a final observation on our main results, notice that the possible multiplicity of SPE con-
trasts with the uniqueness result obtained for the single-variety case with gaps. Multiplicity
naturally arises here are optimal MC prices need not be unique when more than one variety
is for sale. However, this does not imply that a Folk Theorem holds in our setting as in the
Ausubel and Deneckere 1989. Their seminal contribution establishes that with one variety
and no-gaps a Folk theorem obtains. The monopolist can extract the full static monopoly

surplus by following a strategy with a slow price descent. Furthermore, it never wishes
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to deviate from this pricing strategy if consumers’ beliefs about future prices revert to the
Markovian path upon observing any deviation. Such a strategy can be an equilibrium, how-
ever, only in the no-gaps case as the Markovian limit profit must equal 0, for the monopolist
to comply with the slow price descent. As with multiple varieties equilibrium profits always
exceed optimal MC profits (and thus necessarily differ from 0), it remains unclear whether
a full-fledged SPE Folk theorem would hold in our setting. If so, our analysis would identify
the lowest SPE profit and the stationary limit payoft.

4 Optimal MC Profits and Product Design

This section considers the product design problem faced by a durable-good monopolist. The
monopolist assembles products from a basket of characteristics. For instance, a smartphone
producer may decide which features (for instance, screen resolution, battery size, memory,
camera) to include in a new line of devices, or an automobile manufacturer may choose
how to blend performance, practicality, size, fuel efficiency. The way these characteristics
are assembled might generate dispersion and dependence in consumers’ valuations for the
new products. Therefore, we ask how different product designs affect the profit of the mo-
nopolist and characterize the profit-maximizing design. For instance, would the monopolist
prefer vertically differentiated products or horizontally differentiated ones? Or could prod-
ucts displaying both or neither of these features be optimal? Should the monopolist produce
mass products with low volatility in valuations, or niche products with high dispersion in
valuations?

To tackle these questions and deliver general results, we analyze our stylized environment
with two varieties and unit measure of consumers. Our approach to the product design
problem in a durable-good monopoly setting analyzes how optimal market-clearing profits
are affected by the distribution of buyers’ valuations. The approach implicitly relies on
Proposition 7, and is legitimate for markets in which the monopolist can frequently revise
prices (that is, when the discount factor is close to unity). We refrain from presenting an
explicit model in which products are constructed by bundling components for sake for brevity.

The first result fixes the marginal distribution buyers’ valuations for each variety, and
asks what correlation structure between varieties maximizes the profit of the monopolist.
This approach is valid when production costs depend only on the marginal distribution of
valuations, but not on their correlation structure. Results exploit classical contributions on
copulas (Sklar 1959) to establish that the profit-maximizing design requires full horizontal
product differentiation. The second main result, instead, establishes that the monopolist

does not necessarily benefit from reducing the variance of consumers’ valuations, while fixing
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the mean valuation for each variety. This is surprising as the monopolist would have certainly
opted to minimize variance if only one product was for sale (as the product would otherwise
trade at its lowest valuation in the support), and provides a novel rationale for the production

of niche products.

Classical Results on Copulas: Recall that F; denotes the marginal cumulative distribution
of the consumers’ valuation for variety ¢. For the rest of the analysis, let F; be continuous
and its support be the compact set V; = [0,7;] C [0,1].'5 Before proceeding to the design
problem, we briefly review the notion of copula and some of its properties. For a more
detailed discussion of these topics, we refer to Nelsen 2006. A function C : [0,1]* — [0,1] is
said to be a copula if

(1) C(k,0) = C(0,k) = 0 for every k € [0, 1];

(2) C(k,1) =C(1,k) = k for every k € [0, 1];

(3) C(z) + C(y) — C(xa,yp) — C(Ya, 1) > 0 for every z,y € [0,1]? such that = > y.

Let C denote the set of all copulas. Sklar’s Theorem implies that for any joint distribution

function F' with continuous marginal distributions F; for ¢ € {a,b} there exists a unique

copula C' such that
F(v) = C(Fu(va), Fy(vp)) for all v € V, x V.

A copula C' can therefore be thought of as a sufficient statistic of the dependence struc-
ture between the two random variables. A commonly used copula exhibits no dependence
among the random variables, and is associated to the joint distribution I(v) = F,(vy)Ep(vp).
Two other noteworthy copulas are known as the Frechét-Hoeffding (FH) bounds, and are

associated to the two joint distributions

K(w) = min{F,(v,), Fy(m)};
L(v) = max{F,(v,) + Fp(vy) — 1,0}.

Frechét and Hoeffding establish that these two copulas bound any other feasible copula C'.

Remark 8 Any joint distribution F consistent with the two marginals, F, and F,, satisfies

L(v) < F(v) < K(v) forall veV,xV,.

15We restrict attention to the environments in which the lowest valuation is 0 to make results directly
comparable to the no-gap case discussed in the literature where the Coase conjecture leads to 0 profits in the
limit. The compact support assumption and the continuity assumption are not essential, but guarantee that
the problem is well behaved.
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Random variables v, and v, are said to be concordant if for any two profiles v and ¢’ in the
/
J

be discordant, instead, if for any two profiles v and v' in the support (v; — v;)(v; — v;) < 0.

support of the joint distribution (v; — v})(v; — v%) > 0. The random variables are said to
The FH bounds L and K are characterized by Kendall’s Tau, as well as Spearman’s Rho,
being 1 and —1 respectively. Both these statistics measure the association, specifically the
concordance, between random variables.'® Informally, the FH upper bound identifies the
most concordant copula, as large values of one random variable are associated with large
value of the other, and small values of one with small values of the other. Conversely, the
FH lower bound identifies the most discordant copula as large values of one random variable
are associated with small value of the other, and viceversa. For instance, if the marginal
distributions are either uniform or Gaussian, the FH bounds induce either perfect positive

or perfect negative correlation between the random variables.

The next remark highlights a few properties of the FH bounds that will play an important
role in our product design analysis. A subset V' of R? is non-decreasing if for any v,v' € V,
v, < v, implies v, < vj. Similarly, a subset V' of R? is non-increasing if for any v,v" € V,

v, < v, implies v, > v;.

Remark 9 The joint distribution F is equal to its:
(1) FH upper bound K if and only if its support V is a non-decreasing subset of V, x Vj;
(2) FH lower bound L if and only if its support V' is a non-increasing subset of V, x Vj,.

Moreover, random variable v, is almost surely a strictly monotonic function of vy if and only

if the copula coincides with one of the FH bounds.

The remark implies that it is possible to construct monotone correspondences v, = k(vp)
and v, = [(v,) that completely pin down the support of the FH bounds. The additional
assumptions imposed on marginal distributions further imply that the support of the FH

bounds can have no horizontal or vertical line segments. Thus, these correspondences are

16For any two profiles v and v’ in the support of the joint distribution, Kendall’s Tau amounts to
Pr((v; — v})(v; — v}) > 0] = Pr[(v; — v;)(v; — vj) <0].
For any three profiles v, v' and v” in the support of the joint distribution, Spearman’s Rho amounts to

3 (Pr[(vi — v})(vj — vf) > 0] — Pr[(v; — vj)(v; —v}) < 0]).
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functions such that &'(z) € (0,00) and I'(z) € (—00,0) almost surely.

Independent FH Upper Bound FH Lower Bound

3 3 3
1 1 1

Figure 4: Three copulas for uniform marginals F,(x) = Fy(z) = 0.

Optimal Product Design: Our product design exercise begins by analyzing how depen-
dence, or association, between the random variables v, and v, affects the optimal MC profit.
By the analysis carried out in section 3, our conclusions also identify how dependence affects
the limiting WME profits of the dynamic pricing game. The first result fixes the marginal
distributions F; (postulating that any costs incurred in generating value depends only such
marginals) and asks which joint distribution compatible with such marginals maximizes op-
timal MC profits. Formally, let V¥ denote the support of a joint distribution £, and let
7F denote the optimal MC profit for the joint distribution is F. Specifically, we solve the
following problem
maxcee 7 s.t. F = C(F,, Fy).

The next result establishes that optimal MC profits for any joint distribution F' are bounded
above by the profits at the FH lower bound. Profits are maximized when selling varieties that
are most discordant. Intuitively, selling discordant varieties maximizes profits as segmenting
the market guarantees that no value is waisted on varieties that are never purchased. Thus,

full horizontal product differentiation is profit maximizing.
Proposition 10 For any joint distribution F' consistent with the two marginals, F, and F,
<k

The result implies that independent outside-option products are suboptimal since discordance
would further increase profits. As the monopolist loses its ability to intertemporally discrim-
inate buyers (when the discount factor converges to unity), statically screening consumers
by selling different varieties is the only option available to extract surplus. But such a task
is most profitable when the market is segmented and values are discordant. As discordance

benefits profits, one may conjecture that a lower bound on optimal MC profits may then
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be pinned down by the other FH bound. This would be natural, as separating high value
consumers for the two varieties could be most difficult when varieties are concordant. But,
such conclusion does not always hold, as we show with a simple example in the conclusive
subsection.

We say that varieties are partially discordant if v € V and v; = 0 together imply that
v; = v; for j # 4. That is, varieties are partially discordant if any player having the lowest
value for one product has the highest value for the other. Clearly, varieties are partially
discordant whenever they are discordant; but the converse does not hold. The next result
establishes that the optimal MC price of both varieties is strictly positive whenever varieties
are partially discordant. The result holds as any MC price profile on the boundary of the

market-clearing price set that is not strictly positive raises zero profits.

Lemma 11 If the market is regular and varieties are partially discordant, the optimal MC

price of both varieties is strictly positive.

Indeed, when varieties are partially discordant, any MC price in M such that p; = 0 for some
i € {a,b} would raise zero profits as a measure zero of buyers would purchase the variety sold
at a positive markup. The very same conclusion would hold here even if consumers stayed
in the market and did not commit to exit upon purchasing a variety of the durable-good.
The final substantive contribution looks at how variance in valuations affects the prof-
itability of the monopolist. When a single product is for sale the monopolist always prefers
to minimize variance, as the good necessarily trades at the lowest valuation in the support.
However, when multiple varieties can be sold a trade-off emerges as variance increases both
buyers’ information rents (which hurts profits) and total surplus (which benefits profits) as
the maximal value grows. Thus, we ask whether the monopolist prefers a distribution F'
to the distribution F' in which all buyers value products at the mean of F' (that is, Fisa
degenerate distribution with unit measure at E¥'(v)). The result establishes the answer to
this question depends on the details of the measure F' whenever multiple varieties are for

sale.
Remark 12 Minimizing variance does not necessarily increase profits.

Examples, in the following subsection, prove the remark and establish that variance is most
beneficial for profits whenever values are discordant and the support of the distribution is a

concave map.

Product Differentiation Examples: The first example of the section establishes why
maximal concordance does not necessarily minimize profits. Consider two products with

uniform marginal distributions, respectively, on [0, 1] and [0, z| for some = € (0,1]. Three
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possible product designs are: (1) perfect concordance, when the joint distribution of con-

sumers’ preferences is K with support
VE ={v eV, x Vv, = 2v,};

(2) independence, when the joint distribution of consumers’ preferences is I with support
V(I) = Vo xVp; (3) perfect discordance, when the joint distribution of consumers’ preferences
is L with support

VE={v eV, x Vi|v, =2(1 —v,)}.

For convenience, for any joint distribution F, let df” = d¥(p"). The first scenario corresponds
to classical models of vertical price differentiation. The set of market-clearing prices, MX,
coincides with the set of price profiles for which at least one of the two prices is non-positive.
When varieties are independent, the set of MC prices does not change, M! = MX. In
both these scenarios, the optimal MC profits are found by setting the price of the worse
variety to zero, p, = 0, and by maximizing profits. When varieties are discordant, optimal
MC prices live in the support of the distribution V*. The problem again reduces to a 1-
dimesional problem as the support is a decreasing set. The solution in each of the three cases

respectively satisfies:

C | Upper Bound | Independent | Independent | Lower Bound
x 0,1] [0,2/3] 12/3,1] [0, 1]

P| (1-2)/2 | 2-n)/4 1/3 1/2

Db 0 0 0 x/2

1, 1/2 (2—1)/4 2/(97) 1/2

T (1—2x)/4 (2 —1x)%/16 2/(27x) (1+2z)/4

As proven in Proposition 10, the monopolist maximizes profits by choosing a design that
induces perfect discordance, as 7 > max {7, 7% }. Moreover, optimal MC profits increase in
x when varieties are discordant, but decrease in = otherwise (see Figure 5). With vertically
differentiated products, optimal MC profits decrease to zero when products become less
differentiated (that is, when x — 1) as expected by Proposition 1. Surprisingly, however,
perfectly concordant varieties raise more revenue than independently distributed varieties
when z is small. If so, the monopolist is able sell the expensive product to a larger measure

of buyers at a given MC price than with independence.
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Figure 5: Optimal MC profits for the three copulas as a function of .

The second example establishes why the effect of variance in valuations on optimal MC
profits is ambiguous. The insight is important as it provides a rationale for a monopolist to
sell products with volatile valuations, thus establishing why low volatility mass-products are

not necessarily a profit maximizing design. First, consider the discordant distribution
L(v) = max{v? + v} — 1,0}.

The support of L is given by the decreasing set V' = {v | v2 +v? = 1}. The degenerate
distribution L = [EX(v)] has support VX = {(2/3,2/3)}. The optimal MC profit associated
to L can be found by solving

7! = argmax, p,(1 — p2) + po(1 —pp) st. pl+pp = 1.

The monopolist clears the market by selling all units at a price of 1/4/2. In this scenario the

monopolist benefits from the variance as
7l =1/v2>2/3 =7

More volatile niche-products are optimal. When the measure of high value buyers is large,
the smallest valuation for the preferred variety exceeds the average valuation, and thus niche-

products are preferred.

Next, consider the discordant distribution
L(v) = max{v}/? + v;/z —1,0}.

The support of L is given by the decreasing set V1 = {U | vl + vz/ 2= 1}. The degenerate
distribution L = [E%(v)] has support VE ={(1/3,1/3)}. The optimal MC profit associated
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to L can be found by solving

L 1/2

7t = argmax, pa(1 - py/?) + po(1 - p,*) st pi? +p/* = 1.

The monopolist clears the market by selling all units at a price of 1/4. The monopolist is

hurt by the variance as
7l=1/4<1/3=7"

Less volatile mass-products are optimal. When the measure of low value buyers is large, the
average valuation exceeds the smallest valuation for the preferred variety, and thus mass-

products are preferred.

Liking Variance Disliking Variance

ry *

v

Figure 6: Effects of volatility on optimal MC prices in two markets.

One may postulate that the monopolist prefers variance whenever varieties are perfectly
discordant and the support is a concave map. However, this is not true in general. For
instance, when L(v) = max{v? + v, — 1,0}, the monopolist dislikes variance despite the

support being concave.

5 Conclusions

The paper discussed a dynamic monopoly problem in which multiple varieties of a prod-
uct could be produced and sold. It extended classical conclusions on equilibrium pricing,
and developed product design exercises to compare the limit stationary profits associated to
different product lines. The main punch-line was that, with more than one variety, intratem-
poral price discrimination would make up for absence of intertemporal price discrimination
caused by the lack of commitment. Although the paper was presented for two varieties anal-

ogous conclusions would obtain with more than two varieties.!” The table below summarizes

1"However, we would lose the uniqueness of the FH lower bound.
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classical contributions on dynamic monopoly pricing with one variety and highlights which

conclusions are specific to this scenario.

Varieties | Gaps | MC | MC Time | Efficiency | Competitive | Unique SPE | LWME Profit
1 No | Yes | Infinite Yes WME Folk Thm | Optimal MC
1 Yes | Yes Finite Yes Yes Yes Optimal MC
Multiple | Any | Yes Finite No No No Optimal MC

As usual, it is possible to consider our setting as a model of bargaining with one-sided
incomplete information in which the uninformed party always proposes. In this interpretation
varieties consist of alternative projects that the monopolist can offer to the agent to screen
his type. If so, our conclusions establish that the uninformed party regains some bargaining
power by screening consumers in such a manner, as it can extract surplus even if it has to
agree with every possible type of the informed player. The bargaining interpretation of the
Coase conjecture as immediate agreement in stationary equilibria holds even in our setting,
but essentially coincides with optimal market clearing here.

In our view, most robust theme to results in the area (including that of many, so called,
failures of the Coase conjecture) is market clearing. Moreover, the approximation of sta-
tionary equilibrium profits (when the frequency of price revisions is high) by optimal MC
profits may be useful to motivate applied research in the area and to carry our more elaborate

product design exercises in durable-goods markets.

References
[1] Aliprantis C. D. and Border K. C., “Infinite Dimensional Analysis”, Springer, 2006.

[2] Ausubel, L. M. and Deneckere, R . J., 1989, “Reputation in Bargaining and Durable
Goods Monopoly”, Econometrica, 57, 511-531.

[3] Bagnoli, M., Salant, S. W. and Swierzbinski J. E., 1989, “Durable-Goods Monopoly
with Discrete Demand”, Journal of Political Economy, 97, 1459-1478.

[4] Board, S. and Pycia, M., 2014, “Outside Options and the Failure of the Coase Conjec-
ture”, American Economic Review, 104(2), 656-671.

[5] Bond, E. W. and Samuelson, L., 1986, “Durable Goods, Market Structure and the

Incentives to Innovate”, Economica, 54, 57-67.

26



[6]

[7]

8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

[20]

Bulow, J., 1982, “Durable Goods Monopolists”, Journal of Political Economy, 90, 314-
332.

Bulow, J., 1986, “An Economic Theory of Planned Obsolescence.” Quarterly Journal of
Economics, November, 101(4), 729-49.

Butz, D. A., 1990, “Durable-Good Monopoly and Best-Price Provisions”, American
Economic Review, 80, 1062-1075.

Choi, J. P., 1994, “Network Externality, Compatibility Choice, and Planned Obsoles-

cence”, Journal of Industrial Economics, 42, 167-182.

Coase, R. H., 1972, “Durability and Monopoly”, Journal of Law and Economics, 15,
143-149.

Deneckere, R. J. and McAfee, R. P., 1996, “Damaged Goods”, Journal of FEconomics &
Management Strategy, 5, 149-174.

Fudenberg, D. and Tirole, J., 1998, “Upgrades, Trade-ins, and Buybacks”, Rand Journal
of Economics, 29, 235-258.

Garrett, D. F., 2016, “Intertemporal Price Discrimination: Dynamic Arrivals and

Changing Values”, Working Paper.

Gul, F., Sonnenschein, H. and Wilson, R. B., 1986, “Foundations of Dynamic Monopoly
and the Coase Conjecture”, Journal of Economic Theory, 39, 155-190.

Hahn, J. H., 2006, “Damaged Durable Goods”, Rand Journal of Economics, 37, 121-133.

House, C. L., and Ozdenoren, E., 2008, “Durable Goods and Conformity”, Rand Journal
of Economics, 39(2), 452-468.

Inderst, R., 2008, “Durable Goods with Quality Differentiation.”, FEconomics Letters,
100, 173-177.

Johnson, J. P. and Myatt D. P., 2006, “On the Simple Economics of Advertising, Mar-
keting, and Product Design.” American Economic Review, 96(3), 756-784.

Kahn, C. M., 1986, “The Durable Goods Monopolist and Consistency with Increasing
Costs”, Econometrica 54(2), 275-94.

Lancaster, K. J., 1966, “A New Approach to Consumer Theory”, Journal of Political
Economy, 74(2), 132-157.

27



[21]

22]

23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

32]

33]

[34]

Lee, I. H. and Lee, J., 1998, “A Theory of Economic Obsolescence”, Journal of Industrial
Economics, 46, 383-401.

Levinthal, D. A. and Purohit, D., 1989, “Durable Goods and Product Obsolescence”,
Marketing Science, 8, 35-56.

McAfee, P. and Wiseman, T., 2008, “Capacity Choice Counters the Coase Conjecture”,
Review of Economic Studies, 75, 317-332.

Maskin, E. and Riley, J., 1984, “Monopoly with Incomplete Information”, Rand Journal
of Economics, 15, 171-196.

Montez, J., 2013, “Inefficient Sales Delays by a Durable-Good Monopoly Facing a Finite
Number of Buyers”, Rand Journal of Economics, 44, 425-437

Mussa, M. and Rosen, S., 1978, “Monopoly and Product Quality”, Journal of Economic
Theory, 18, 301-317.

Ortner, J., 2014, “Durable Goods Monopoly with Stochastic Costs”, Working Paper,

Boston University.

Sobel, J., 1991, “Durable Goods Monopoly with Entry of New Consumers.” Economet-
rica, 59(5), 1455-85.

Stokey,N ., 1981, “Rational Expectations and Durable Goods Pricing”, Bell Journal of
Economics, 12, 112-128.

Von der Fehr, N. and Kuhn, K., 1995, “Coase versus Pacman: Who Eats Whom in the
Durable-Goods Monopoly?”, Journal of Political FEconomy, 103, 785-812.

Takeyama, L., 2002. “Strategic Vertical Differentiation and Durable Goods Monopoly”,
Journal of Industrial Economics 50, 43-56.

Waldman, M., 1993, “A New Perspective on Planned Obsolescence”, Quarterly Journal
of Economics, 58, 272-283.

Waldman, M., 1996, “Planned Obsolescence and the R&D Decision”, Rand Journal of
Economics, 27, 583-595.

Wang, G. H., 1998, “Bargaining over a Menu of Wage Contracts”, Review of Economic
Studies, 65, 295-305.

28



6 Appendix

Proof Proposition 1. Without loss of generality assume that v, < v,. If so, by setting
a MC prices p = (1,v;), the monopolist achieves a profit of v,. Thus, optimal MC profits

exceed v,. Consequently, if v, < v,, optimal MC profit strictly exceed v,.

So suppose that v, = v, = v. Consider the price profile p* = (v 4 ¢, v) for some small
number . Clearly, such a price belongs to M, as v, > p; = v for all v € V. Moreover, by the
definition of the static demand, lim._,o d;(p®) > F(v; > v;) for any i € {a,b}. If at p° some
consumers were to purchase variety a, optimal MC profits would strictly exceed v. If instead
optimal MC profits were equal v, lim._¢ d,(p?) = F(v, > vp) = 0, and thus v, < v, for any
v € V. A symmetric argument would then establish that v, < v, for any v € V. Therefore,

if optimal market-clearing profits were to equal v, v, = v, for any v € V.

Next suppose that there is a single variety in the market. If so, any market-clearing price
would set one of the two prices to v as (v,v) € V, X V;. But if so, optimal MC profits would

amount v as all players would necessarily purchase the cheapest variety. m

Proof Lemma 3. We establish the result by showing that at any history h’, if a buyer
with valuation v is willing to purchase a variety with positive probability, then for any ¢ > 0
a buyer with valuations v" = v + (g, ¢) is willing to purchase a variety with probability 1. To

prove the latter observe that since v purchases a variety
maxi{vi — pz} > (5U<ht|’l}),

where U(h'|v) denotes continuation value of player v at date t + 1 after history h'. We

establish the desired conclusion by showing that
max; {v) — p;} > U (R'|v").

As buyer v can mimic the strategy of buyer v’ from period ¢ + 1 onwards — by accepting and

rejecting the very same offers — it follows that

U = U o) < 32520 0% [ e @5 (A1) (o) = v3) ]

where a$(h'[v") denotes the probability conditional on &' that variety j is purchased by v' at
time ¢t + s + 1. Thus,

U(h'v') — U(h'v) < max {v), — vq, vy — vy} = €.
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But if so, the result follows as

max;{v; — p;} > max;{v; — p;} + 6 > & [U(h'|v) + ] > SU(R'|V).

Proof Lemma 4. [t is sufficient to observe that in any SPE all consumers accept any price
in M. Suppose this were not the case and for any selected equilibrium let P ;Cé M denote
the set of prices that will be accepted by all consumers (except possibly for a set of measure

zero) after any history. Clearly, P must satisfy
pEP andp <p = p €P. (2)

As P # M, there exist prices M\P # () by (2). Consider any price p € M\P. Construct a

corresponding price p satisfying

SUp,cp Pa sSubject to p, — py = Pa — P

Such a price necessarily exist because for any v € R there exists p € P such that p, —p, = 7,
as all consumers buy immediately when max;c(a) pi < —1. The latter holds because the
proof of Lemma 3 establishes that U(h'|v) is non-decreasing in v, and because U (h'|v) < 1,
as buyers cannot extract more than the full surplus in an SPE. But, in turn this implies that

all buyers purchase a variety of the durable-good when max;c(q ) pi < —1, as
max {v, — pa, Vs — pp} > 1 > SU(h'|v).

Observe that every consumer buys when prices are set to p; = p; —n forany n >0 asp € P

by definition of p. Next, construct the price
q=(1—-20)p+dp

By construction, for any € > 0, every consumer prefers the offer ¢ — ¢ to an anticipated offer

p tomorrow as

max;efqp} 10 — (1 —06) p; — 6p; + €} > maxieqapy {0(vi — Pi)}

where the inequality holds as v, — p, > v, — Py if and only if v, — ¢, > vy, — . But, ¢—¢ ¢ P
for any small values for € and 7, and for any p € M\P. This contradicts the definition of P,

and consequently establishes (1) and (2). As (2) establishes that every consumer purchases
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a variety when prices belong to M\ M, the monopolist can always secure a payoff arbitrarily
close to the optimal market-clearing profits 7(A") > 0, given the active measure F(A"), by
choosing a price in M\ M. Part (3) then follows. m

Proof Lemma 5. We begin by establishing that, whenever the measure of active players
F(A?) is in an e-neighborhood of 0 for e > 0 sufficiently small (that is, F(A?) € N.(0)),"®
then p'™t € M in any SPE. To do so, fix h' and the corresponding state A!. Consider any
market-clearing price ¢ € M that raises strictly positive profits when clearing the market.
Such a price exists as the market is regular. Define the the set of prices at which a measure

of active buyers extracts a positive surplus by purchasing one of the two varieties
Q' = {p € R?*|F (maxie{%b}{vi —pit > 0|At) > 0} )
Next, we construct an upper bound R(p|q) on equilibrium profit, and establish that it satisfies
the following three properties when F(A") € N(0):
(a) R(plq) > U(p|h') for all p = ¢ such that p € Q;

(b) R(qlq) = (g|n");
(c) R(qlq) > R(p|q) for all p = ¢ such that p € Q"\ M.

If so, for all p = ¢ such that p € Q"\ M,
I(p|h") — II(q|n") < R(plq) — R(qlq) < 0.

But in turn, this would establish the first part of the claim since: setting a price outside Q°
could not be optimal given that no consumer would buy; setting a price below ¢ would also
not be optimal given that the monopolist could sell to every active buyer at ¢ immediately.

For convenience, for any i € {a, b} define

Ki(p) = F(vi—wv; > pi —pj|A");
Hi(p) = Flv;—v; >pi—pjNu; > pilAY);
YVilp) = Hip)/Ki(p).

and consider the following map

Riplg) = > [Hip)pi + 5(Ki(p) = Hi(p))pi]
= Dy D) DA+ 0pi(1 = i)

"For any € € R, any k € N and any z € R* let M. (z) = {y € RF | max;e1, gy lzi — v <€}

31



Next observe that (a) must obviously hold as R(p|q) denotes the profit if: (i) every buyer
with value v; > p; for some variety ¢ buys the preferred variety at the current price in spite
of any future price reduction; (ii) every buyer with value v < p buys variety i tomorrow at

price p; in spite any future price reduction. Moreover, (b) also holds as

M(g|h") = Zie{a , Hil@)a:

as in an SPE the monopolist necessarily sells to a measure 1 of buyers when setting ¢ € M
(given that all buyers purchase the preferred variety at price ¢ — n for any small value of
n > 0). To establish (c) observe that, if F(A") is in an e-neighborhood of 0, so is K;(p) —
formally, F(A") = K.(p) + Kp(p) € N-(0) implies K;(p) € N-(0). Furthermore, by regularity
F(A") € N(0) implies that p € N, (g) for any p € Q" and for some small 7 > 0." But if so,
given that § < 1, for all p = ¢ such that p € Q'

R(plg) — Rlqla) = Zie tany <iP) DiP)pi + 0pi(1 = Yi(p)) — i
< Dy @) = (1= 9)pi(1 = Vi(p))] < 0,

where the first inequality holds as p; — ¢; < 7, and where the second inequality holds for
n sufficiently small since p = ¢ and since ¢; > 0 for some i € {a,b}. The latter follows
in particular, as n can be made arbitrarily small for sufficiently small values of . This
establishes that in any SPE p'*! € M whenever F(A") € N.(0) for € > 0 sufficiently small.

Part (3) of Lemma 4 further implies that, if the monopolist ever sets a price in M, it
must set a price that is arbitrarily close to p(A*) (or else a profitable deviation would exist).
Moreover, the monopolist profits must be positive as 7(A") > 0 for any A’ by regularity and

Lemma 3.

Next we show that there exists T" such that in all SPE, a measure 1 of buyers purchases
a variety of the durable-good before period 7'+ 1. We do so by showing that in any SPE
after T period the support of the measure of active buyers must satisfy F(A™7T) € N.(0),
for ¢ > 0 sufficiently small. Let £(-) denote the Lesbegue measure of a set. We claim that
there exists constants w and s such that £(A*\ A"™*) > w. Suppose not. If so, the measure

of consumers with whom the seller trades in the next s periods must be bounded above by

F(ANAT) < L(ANA™) max,ey f(v) < wf.

The latter holds as F(A*) € N.(0) implies £L(A") € N,.(0) for k = ef/f, where L(-) denotes the Lesbegue
measure of a set. If so however, for any p € Q" C A*, p € N, (q) as A is a compact subset of V by Lemma 3.
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The equilibrium profit of the seller must consequently be bounded by
I(h') < wf +6°,

as the monopolist never sells anyone of the two varieties at price higher than 1 (which is the
highest valuation in the initial support). However, for w sufficiently small and s sufficiently

large, a contradiction emerges since
wf + 0° < 7(AY), (3)
given that 7(A") > 0 by the multi-variety condition. Thus, T' can be defined as
2]
w

for any values of s and w satisfying condition (3), where [x] denotes the ceiling of z. m

Proof Proposition 6. We proceed by induction on the number of periods which it takes
for the game to end s € {0, ..., T'}. We define several objects recursively first. Then, we prove
existence. Let X° = M denote the set of prices which the seller must charge in equilibrium
to guarantee that the game ends immediately. Let U°(plv) = max; {v; — p;} denote the
continuation value of the buyer with value v when prices equal p. Similarly, for any mixed

strategy of the seller p € P (X?), let U%(p|v) denote the expected continuation value,
UO(P‘U) = on max; {v; — p; } dp(p).
For any variety i € {a, b}, let
d; (p|A) = F(v; — pi > max{v; — p;,0}|A).

The probability distribution ¢°(A) € P(X?) denotes an equilibrium mixed strategy of the

seller when the market clears instantaneously. Specifically, for any set A

o°(A) € B"(A) = argmax,ep(xv) [opd’ (p|A)dp(p),

where we adopted the convention that pd®(p|A) = p.d2(p|A) + ppd)(p|A). Let TI°(A) denote
the value of this program, or profit that the seller would make if the market had to clear
and only buyers in A were active, clearly II°(A) = @(A). The best response correspondence

BY(A) is upper-hemicontinuous in A and has non-empty, compact, convex values by Berge’s
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maximum theorem.?’ The theorem applies here because the objective function is continuous
in p and in A (as d?(p|A) is continuous in A by regularity), and because the solution belongs
to P (X N o, 1]2) which is non-empty and compact.?! The convexity of the correspondence
BY(A) follows instead by the linearity in p. Finally for any p € P (X°) and p ¢ X, let A°(p|p)
identify the subset of valuations for which a buyer weakly prefers purchasing a variety of the

durable-good tomorrow at p than today at prices p
A(plp) = {v € V| max; {v; — p;} < 3U°(p[v)}.
We begin by showing that for any p! ¢ X° there exists ° € P (X°) such that
5" € B°(A°(p'|aY)). (4)

To do so, observe that A%(p|p) is continuous in p since U%(p|v) is linear and thus continuous
in p. Moreover, A%(p|p) is single-valued, and thus convex-valued, in p. Therefore, the
correspondence B°(A%(p'|p)) has closed graph and convex values, since B°(A) is upper-
hemicontinuous in A and has non-empty, compact, convex values. As P (X°) is a non-empty,
compact, convex subset of a locally convex Hausdorff space, the Kakutani-Fan-Glicksberg
fixed point theorem applies.?? Thus, equation 4 has a non-empty compact set of fixed points
to which 6°(p') € P(X?) belongs.

Next we proceed by induction. For s € {1,...,T}, suppose that an equilibrium exists
whenever it takes no more than s — 1 periods for the game to end. If so, we show that an
equilibrium exists when it takes s periods for the game to end. Let X* denote the set of
prices which the seller must charge in equilibrium to guarantee that the game ends in no

more than s periods. Denote the continuation value of the buyer when prices equal p by
U*(plv) = max{max; {v; — p;} ,6U°(5° " (p)|v)}.

Similarly, for any mixed strategy of the seller p € P (X?), let U*(p|v) denote the expected

continuation value,
U*(plo) = [.U* (plo)dp(p).

For any variety i € {a,b}, let

d; (p|A) = F(vi — pi > max{v; — p;, 60U (0" (p)) } A).

20For the relevant statement of the Maximum Theorem see Aliprantis and Border 2006 page 570.
2Ap(xonio, 1]2) is compact, because X N [0, 1]2 is compact. See Aliprantis and Border 2006 page 513.
22For the statement of the relevant Fixed Point Theorem see Aliprantis and Border 2006 page 583.
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The probability distribution 0°(A) € P(X*) denotes an equilibrium mixed strategy of the

seller when the market clears in no more than s periods. Specifically, for any set A
0°(A) € B*(A) = argmax,ep(x+) [x.pd’(p|A) + 61" (5° " (p))dp(p).

Let II°(A) denote the value of this program, or the present discounted value of the seller’s
profit if the market has to clear in s periods. The best response correspondence B*(A) is
upper-hemicontinuous in A and has non-empty, compact, convex values by Berge’s maximum
theorem. The theorem applies here because the objective function is continuous in p and
in A (as di(p|A) is continuous in A by regularity), and because the solution belongs to
P (X N0, 1]2) which is non-empty and compact. The convexity of the correspondence
B#(A) follows instead by the linearity in p. Finally, for any s < T, any p € P (X?) and
any p ¢ X° let A*(p|p) identify the subset of valuations for which a buyer weakly prefers

purchasing a variety of the durable-good tomorrow at p than today at prices p
A(plp) = {v € V' | max; {u; — pi} < 6U*(plv)} .

As before, next we argue that for any s < T and any p*™' ¢ X* there exists 7° € P (X*®)
such that
5° € B (A (p"|57)). (5)

To do so, observe that A*(p|p) is continuous p since U®(p) is linear and thus continuous
in p. Moreover, A%(p|p) is single-valued, and thus convex-valued, in p. Therefore, the
correspondence B*(A*(p**1|p)) has closed graph and convex values, since B*(A) is upper-
hemicontinuous in A and has non-empty, compact, convex values. As P (X*) is a non-empty,
compact, convex subset of a locally convex Hausdorff space, the Kakutani-Fan-Glicksberg
fixed point theorem applies. Thus, equation 5 has a non-empty compact set of fixed points
to which 5*(p**') belongs. This completes the proof, as in the initial period 7" the monopolist

simply chooses 57 € BT(V), which is non-empty by the previous arguments. m

Proof Proposition 7. Fix an WME (o, 7). We shall omit the dependence on (o, T)

™A and consider what happens when A

whenever possible to simply notation. Let § = e~
converges to 0. As the buyers’ strategy is stationary, let U(p|v) denote the WME expected
payoff of a buyer with value v when p was the last price quoted by the monopolist. As in the
proof of Proposition 6, for any quoted price p define the set buyers who remain active on the
equilibrium path,

A(p) = {v eV | max; {v; —p;i} < 5(7(]9]1))} :

Because of stationarity of buyers’ strategies, the monopolist’s WME present discounted value
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of profits depends only on the distribution of active buyers (which is summarized by its
support A') and not on the entire history of play h'. Let f[(p) denote the present discounted
value of WME profits when the active player set is A(p). Finally, define the WME demand

for variety i € {a,b} when the active buyer set is A and the price quoted is p as
d;(p|A) = F(v; — p; > max{v; — p;, 06U (p|v)} | A).

Let 6(p') denote the seller WME strategy when the set of active buyers is A(p'), and let
E [p'] denote the expectation with respect to such distribution.

Fix any real time T > 0. For any 1 > 0 there exist a A sufficiently small and a period
t < (T/A —2) such that
max; d;(p'|A") <

That is, as the number of periods between 0 and T diverges to infinity, it is always possible
to find a period in which the total quantity sold is bounded above by a given number.

For the monopolist to charge prices p' at date t and the distribution of prices 7 (p') at date

t + 1, profits must be higher than by pricing according to &(p') directly at date ¢. Formally,

{a(p'|AY) + OF [pd(pl AGY) + TL(p) | = B [pd(plA%) + OT1(p) i

The condition can be rewritten as follows,
E [p'd(p'|A") + pad(pl A(p")) = pd(plA)lp] = 51 = 6)E [T1(p)lpe] (6)

Its left-hand side immediately simplifies to

E [p'd(p'|A") + péd(p| A(p )) ( | Olp } (7)
= E[ (¢ —p)d(p'|A) +p (dp']A) +dplAR) A) = (L= pd(plA@)) .
(I) qucrlmlnatlon Gains (11) Substitution Effect (I11) Dofcrl al Loss

Clearly, for such a deviation not to be profitable when d(p‘|A*) = (0,0) it must be that
I1(p') = 0. So, suppose that d(p'|A?) # (0,0). Recall that D! denotes the set of buyers who
purchase variety ¢ at prices p', and let S!(p) denote those buyers who in D! would purchase

variety j at p,
St(p) = {U € D! | vj — p; > max{v; — p;, 6U(p]v)}} )

If d;(p'|A*) > 0, there exists an active buyer v € A; who purchases variety ¢ at p’. For such
a buyer it must be that

—pi >0 (v = Elpilni])
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or equivalently

(1= 0y > E [p! — dpilp] > E [pt — pilpi] - (8)

If d;(p'|A") > 0, let ©; be such a value. If instead d;(p'|A") = 0, let ©; = 0. But if so, the first

term in 7 is bounded above by

E[(p" —p)d(p'|A")|p.] < (1 = 8)od(p'|A) < (1 — 6)2n. (9)

Next, observe that the third term in 7 is obviously bounded above by 0. Finally, the second

term in 7 is bounded above by

Elp (d(p'|A") + d(p|A(p")) — d(p|A")) |p:
= El(pi — pj) (d:(0'|AY) + di(p|A(P")) — di(p|AY)) [p'] < [maXz}_ (Si(p)) In',

where the equality holds because stationarity implies that

Dictany [4i(P'IAT) + di(plAW")] = Ficqany dilplA),

and where the inequality holds because (p; — p;) < 1 and because
|di(p'|A") + di(p|A(p")) — di(p|A")| = max; F (S](p)) -

Observe next that regularity implies that: (i) F (S!(p)) < fL(SL(p)); (i) F (DY) > fL(D);
and (iii) £(D}!) > 0 whenever F (D!) > 0 (by absolute continuity of F). Also, notice that

A

Sip) CSi(p) ={ve D} | pi—p;>vi—v; >p,—pl}.

Suppose that max; F (S7(p)) > 0. Let ¢ denote the variety satisfying F (S}(p)) > F(Sk(p)) =
0. If so, we have that F (Dj) > 0, that p; — p; > pj — p}, and that, for some v > 0,

The latter holds by absolute continuity as £(S¥(p)) < (p; — p; — pt + pl) w, while £(D}) =
yw for some v > 0, where w denotes the maximal width of D! in direction (1,1).** That
follows since S!(p) is a subset of D! with height bounded by (pi — pj — Pt + p). By collecting

the last few observations, we obtain an upper-bound on the substitution effect in 7 as by

23That is, w = max(, .)erxpt ¢ subject to z + (g,9) € Dt
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equation 8

Elmax; F (SH(p)) |p'] = (F/f)/7E[maxiegan {p — p; — b} + pi}F (DY) p'] <
< (f/f)/7E [P — pi + Pl — pIp'] (F (DY) + F(DY)) <

< (1=0)29(di(p'|A") + d; (p'|A")) < (1 — &) 49m, (10)
for 4 = (f/f)/~ since we have that F (D}) < F (D!) + F(D!) and that

E [maxie oy {p; — p;j — pi + 0i}lp'] < E [p; — pi + 9} — pslp']

as p; > p; and pj > p;. Putting 6-10 together then yields

(2 + 4%9)n — E[pd(p|A(p"))|p'] > SE[I(p)|p'].

A

Thus, by choosing 7 sufficiently small, the expected WME profit of the monopolist E[II(p)|p']
must be arbitrarily small after any real time T'. This follows because 7 is small and because
v(n) > 0 for all n > 0, by absolute continuity and since v € Dj implies (v;,v}) € Dj for all

(vi,vj) € A" such that v} < v; by an argument equivalent to Lemma 3.

But, by Lemma 4 such profits exceed optimal MC profits. Thus, they can be small only
if few players are expected to remain active in period ¢ + 2 by Proposition 1. But if almost
all players purchase before time T, prices must be close to market clearing by period T (as
consumers never pay more than their value for a product). But, as the cost of delaying
consumption for any real time T goes to zero, no consumer would purchase a variety until

prices are close to market-clearing, as for ¢ sufficiently close to 1
max; {v; — p}} < dmax; {v; — p;} for any p’ > p.

Thus, all consumers purchase products only when prices prices are close to market-clearing,
as the monopolist must almost clear the market after any real time. But if so, the monopolist

profit must be close to a static market-clearing profit. m

Proof Proposition 10. For clarity let d7'(p) denote the static demand for product ¢ when
prices are p and the measure of buyers is F'. Recall that for joint distribution F, optimal MC

profit satisfy

= dE )l + (1 —dl (p"))py
> dY(p)pa+ (1 —d. (p))py for any p € M(F),
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where pI" € M* denotes the optimal market-clearing price (which exists by regularity). We
want to establish that 7% < 7%, To do so, it suffices to find prices p € M’ such that p > p*
and df' (p'") = dL(p). For any market-clearing price p € M* such that p, > p,, we have by
regularity that

dy (p) = F" (va — 0y > pa — ps) -

Let V¥ denote the support of the distribution L. Since V' is a non-increasing set by remark
9, v, < p, implies v, > pp, for any v,p € VE. Thus, V¥ C M. Remark 9 also implies that
for any p € V'

dg(p):}—L('Ua_vapa_pb) :FL('Ua_l(Ua) Zpa—l(pa)>:7:L(Ua Zpa):1—Fa(pa),

where the second equality holds as V* is a non-increasing set, and the third as I’ < 0. As
marginal distributions are continuous by regularity, they admit an inverse. Thus, it is possible
to find a price p, satisfying

pa = F; (1 —d; ("))

To conclude, we establish that p, > pf". By construction it must be that
F' (va—v 2 p) =) = 1= Fulpa).
However, since pf € M, it is also the case that
F' (va—v 2P, —0y) < 1= Fa(py),
as v, — Pt > v, —pt implies v, —pL" > 0, for any p* € M. The last two observation together

imply that F,(p,) > F,(p), and thus p, > pr'. Similar argument applies for variety b. m

Proof Lemma 11. Consider partially discordant varieties with joint distribution F. Let
Y = {v € [0, 1]2 | min; v; = 0}. First, fix any price p € VENY if such a price exists. Without
loss of generality assume that p = (7,,0). Such a price profile cannot be an optimal MC

price as profits are 0 given that
d¥(p) = F(vg — vy >77,) =0,

where the last equality holds by regularity.

Next consider any other price p € [MF N Y]\VF. Again, without loss of generality,
suppose that p, > p, = 0. We show that such price cannot be optimal. Observe that price

profile p’ = (p, + €, ¢), also, clears the market for e > 0 sufficiently small. This follows as
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p € Y\VF implies
min, ey r\ (,0) MaXie fa,p} (Vi — pi) > 0

which in turn implies that p’ € M¥ for e sufficiently small. However, profits at p’ are higher

than at p. This follows as demand for the two varieties does not change,
df(p’) = }—F(Ua > Pa+vp) = daF<p)7

given that the measure of indifferent consumers is small by regularity. But, if so, profits must

increase as

PLdl (p') + py(1 — dL (p) > padl (p).
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