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1 Introduction

The question whether and how much to redistribute between agents with dif-
ferent income and wealth is of paramount importance for most societies. The
seminal contribution by Mirrlees (1971) delivered a rigorous framework to an-
swer this normative question, based on the essential trade-off between equality
and incentives. In that framework, income is observable but not the ability type
of individuals, so that redistribution is constrained by incentive compatibility
which ensures that agents truthfully reveal their type.

We build on Mirrlees (1971) and the subsequent literature on optimal taxa-
tion by analyzing the problem of optimal redistribution in a model with human
capital. Our analysis is motivated by empirical observations for OECD coun-
tries in Figure 1 which show how redistribution, measured by a representative
marginal tax rate on labor income and bequests, correlates with human capital,
measured by the percentage of the population with tertiary education.! While
the data measures are imperfect and the correlations are not easily interpreted,
the data variation in Figure 1 raises the question whether and how human cap-
ital affects the optimal amount of redistribution.

We tackle the question with a model of family dynasties in which each gener-
ation is altruistic. The working-age generation decides how much to consume,
to bequeath in terms of bonds and to invest into human capital of their off-
spring. Bequests and human capital are observable but the ability type of each
generation is not.?

We characterize the wedges between the laissez faire and the social opti-
mum for labor supply, bequests in bonds and human capital investment. While
the wedges for labor supply and bequests correspond to previous findings in
the literature (Farhi and Werning, 2013, Golosov et al. 2011, Kapicka, 2013,
Kocherlakota, 2010, and references therein), the wedge for human capital pro-
vides novel insights to the best of our knowledge. We find that human capital
relaxes the incentive constraints: for standard assumptions about preferences
and technology, the disutility of labor decreases less strongly in unobserved
ability if agents have more human capital. Human capital thus reduces the in-
formational rents of high-ability agents. Since this effect is not internalized in
the laissez faire, there is a rationale for education subsidies.

These findings differ from Findeisen and Sachs (2012) who find an opposite
incentive effect of human capital. The reason is a different assumption about

!The inheritance tax and tertiary education are positively correlated for countries that charge
a strictly positive inheritance tax. The correlation is similar if we consider the marginal inheri-
tance tax rate for bequests of 100,000 Euro, although fewer countries have a positive tax rate for
such an amount. Details on the data sources are provided in appendix A.1.

2See Kapicka (2006) for an analysis with unobservable human capital.
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Figure 1: Taxes and human capital in OECD countries in the 2000s. Sources:
OECD, CESifo, own compilation. Notes: Tertiary education is measured in % of
the population; the tax on labor income is the marginal tax for a worker who
earns 133% of the average production wage, following Bovenberg and Jacobs
(2005); the marginal inheritance tax is the marginal tax for spouses and children
with an inheritance of 250,000 Euro. Details on the data sources are contained
in appendix A.1.



how human capital affects productivity. In Findeisen and Sachs (2012), more
human capital and higher innate ability both favorably shift the distribution
function of labor market productivity but do not enter deterministically as in-
puts in the production technology. Thus, changes in human capital do not mat-
ter with certainty for the amount of labor supply needed to produce a given unit
of output. Since Findeisen and Sachs (2012) assume that more human capital
reinforces the effect of innate ability on the distribution function of productiv-
ity, human capital increases the informational rents of high-ability types. Thus,
the incentive compatibility constraint tightens so that it is optimal to tax human
capital investment ceteris paribus.

In our model, we assume a standard production technology in which labor
productivity depends on human capital and innate ability with an aggregator
function that exhibits a constant elasticity of substitution. This technology im-
plies that the disutility of labor effort to produce a given output decreases less
in innate ability if human capital is higher, for plausible degrees of complemen-
tarity between innate ability and human capital. Then, more human capital
reduces the effort cost for all agents to produce a given output, and this effect
is stronger for agents with low innate ability. It follows that more human capital
alleviates the incentive problem so that the planner has a motive to subsidize
education.

We find that the incentive effect of human capital is positive if the elastic-
ity of substitution between human capital and innate ability is larger than 1/4.
Human capital thus has a positive incentive effect for the frequently used Cobb-
Douglas production function. This finding differs from Stantcheva (2014) who
argues that human capital only has a positive incentive effect if the elasticity of
substitution between human capital and innate ability is larger than unity. The
reason is that we consider the effect of human capital accumulation on incen-
tives through its effect on labor supply while Stantcheva (2014) holds labor sup-
ply constant when deriving the effect of human capital on the incentive com-
patibility constraint in the planner’s problem. Since the planner chooses out-
put and cannot directly choose the labor supply of agents, we find that optimal
redistribution has to take into account how human capital affects incentives
through changes in labor supply.

Our paper is related to the two large literatures on human capital and on op-
timal taxation reviewed in Stantcheva (2014). Let us only mention a few related
and recent papers. Gelber and Weinzierl (2014) analyze optimal taxation if the
ability of future generations depends on the resources of the current generation.
This is modelled by the letting the probability of types directly depend on dis-
posable income. Our model shares the feature that current resources may im-
pact the earnings capacity of future generations but lets generations choose the
amount of resources allocated to human capital accumulation. This allows us to



analyze whether that choice is constrained efficient. The papers by Krueger and
Ludwig (2013) and Lee and Seshadri (2014) do not use the Mirrlees approach
to analyze the effect of redistribution in models with human capital accumu-
lation. Following the Ramsey approach, they specify parametric tax schedules
and then analyze the welfare effects of changes in the parameters.

The rest of the paper is structured as follows. In Section 2 we describe the
model set-up and solve the planner’s problem. In Section 3 we derive the opti-
mality conditions in the laissez faire and then characterize the wedges between
the laissez faire and the social optimum. We discuss implementation of the
constrained-efficient allocation in Section 4 and conclude in Section 5.

2 The planner’s problem

2.1 The environment

Family dynasties are the decision units in our analysis. Each family is composed
of parents and children in each generation. The family chooses the labor supply
of the parents, bequests and education for the children. Preferences link gener-
ations in a time separable fashion. Per period utility is increasing in the family’s
consumption ¢ and decreasing in labor effort /, so that expected lifetime utility

U reads
T
Z ﬂtU (Cta lt)] y

t=0

UEEO

where E is the expectation operator and 3 is the discount factor measuring the
strength of the altruism towards future generations. The period utility U (¢, [;)
is increasing in consumption ¢; and decreasing in labor effort /;,. We simplify
matters further by making the common assumption that the utility function is
separable in consumption and effort

[Al] : Ul(el)=u(c)—=v(l),
u(c) € C* (R") is increasing in c and strictly concave,
v (l) € C* (R") is increasing in [ and strictly convex.

As in the seminal paper of Mirrlees (1971), agents’ abilities § € © = [6; 5]
are heterogenous and cannot be observed by the planner. By contrast, both
bequests b; and human capital h; are public knowledge. The technology of pro-
duction y; = Y (hy, [, ;) is increasing in its arguments and concave. Although
output y, is also observable, the planner cannot use it to infer actual labor sup-
ply l; because the realization of 6, is hidden.



Human capital in the next period /;,; depends on the expenditure flow for
education ¢; and on the family background, which can be summarized by the
stock of human capital of parents h,.> In the spirit of Ben-Porath (1967), we
define a human capital production function A, (e, h;) that is increasing in its
arguments and concave.*

The timing in the model is as follows. In any given period ¢, the family learns
the parents’ type 0, and chooses to spend e; on the children’s human capital
hiy1, to supply parents’ labor /;, to consume ¢; and thus bequeath b,,,. We as-
sume that abilities are uncorrelated across generations with types being drawn
at the beginning of each period from the stationary distribution F'(6,,,). This as-
sumption simplifies the analytic results without changing the main insight that
human capital relaxes the incentive compatibility constraints. We thus delegate
the results for the model with persistent income shocks to appendix A.3.

2.2 The optimal allocation

According to the revelation principle, we can solve the planner’s problem by
focusing on a direct mechanism such that families truthfully report their types
in each generation. Let ¢' = {0,,0,,...,0,} denote the history of types within
a given family. We do not impose any arbitrary restrictions on the allocation.
In particular, we do not rule out history dependent allocations summarized by
{c, Wy} = {c(0) 1 (6'),y (0")}. Denoting with r* = {ro, ry,...,r,} the history
of reported types as of date ¢, r* equals ¢" if families find it optimal to behave
truthfully.

The planner discounts the future with the factor q. As Farhi and Werning
(2013), we abstract from feedbacks between choices of families due to equilib-
rium price effects so that the allocation problem can be analyzed separately for
each family. Cost minimization for each family along the equilibrium path re-
quires

min Eg
{c.ey}

T
> d /@ [ (0) + e (67) =y (0)] dF (97) | ,
t=0
subject to the incentive compatibility constraint

U ({e(0) 1 (8) 0 (0))) = U ({e () () .9 (")) W

30ur assumption is that human capital investment affects productivity in the next period
(for the next generation) and not in the current period as in Stantcheva (2014). This different
assumption seems sensible since Stantcheva analyzes human capital investment of individuals
over the life cycle while we focus on human capital investment of parents into their children.

4We abstract from time use for human capital investments into children because the time
effort exerted for human capital accumulation is plausibly as unobservable as is the time effort
for production. With two hidden actions, however, we would need to consider joint deviations
that make the analysis much less tractable.




for all types and reports which are feasible; and subject to the promise keeping

constraint
U{e @)1 (67,y(67)}) = wo

which ensures that the expected lifetime utility ¢/ (-) of truthful families is at
least as high as the exogenously given constraint w,. Note that for a given re-
ported type 6, observing 4 and y pins down effort /. Thus we can use the produc-

tion function Y (h, [, §) to substitute [ in the utility function and write U (¢, y,6,h) =

U(c, 1), or with assumption [Al], v(y, 0, h) = v (I).

Instead of directly looking for a solution of the allocation problem, we apply
two common modifications that simplify the problem considerably. First, we
write the planner’s problem in recursive form.> As shown by Abreu et al. (1990),
if ability 6 follows an i.i.d. process, we do not need to condition allocations on
the entire history of reports but only on the current realization of the promised
utility V. Second, we replace the general incentive constraints (1) by an enve-
lope condition that is valid on the equilibrium path on which families truthfully
reveal their type. The recursive form of this relaxed planning problem reads

v = min {10+ o000 -y (0) T (7 08O+ D] ar 0))
stw(@) = U(c),y(0),0,h)+pV'(0), 2)

)
v o— /w(@)dF(Q),

Ow (6) oU (e,y,0,h)
o 06 ’
where we have inverted the human capital accumulation function %/(e, h) to
substitute e(0) with g(h’(0),h). The first constraint defines the continuation
value w (/) as the sum of the current and next period promised utilities, U (-) and
V' (0) respectively. Equation (3) is the promise-keeping constraint since it en-
sures that the expected value of the continuation utility is equal to the promised
value V. The last equation is the local incentive-compatibility constraint cap-
tured by the envelope condition which is derived assuming that the first-order
condition for truthful reporting is satisfied.® Since general conditions for the

SWe only keep a time index for the value function, otherwise drop the indexes and use a
prime’ to denote the next period. This simplifies notation although it is not fully precise without
an infinite horizon.

6Totally differentiating the continuation value of a truthful family yields

Ow(6) _ 0U(c(r),y(r).0.h)|  dU(c(r),y(r),0,h)

oV’ (r)
a6 a6 T ar +h

r=0 or

r=0

The sum of the last two terms on the right hand side equals zero if the first-order condition for
truthful reporting is satisfied, so that we obtain condition (4) .

7
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validity of the first-order approach are not available for our problem, incentive
compatibility has to be verified ex post by checking whether families do not de-
viate from the solution of the relaxed problem.”

2.3 Optimality conditions

The Hamiltonian associated with the planner’s dual minimization problem reads

H o= [e(w ()—BV’( ),y (0),0.h) + g(h'(0), h) —y () + qI (V' (0) ,h'(6))] f (0)
+A[ w(0) f(0)]
()[ Ulc(w(®)—pV'(6),y(0),0,h),y(6),0,h)/00],

where we have substituted consumption using the definition of w (#) in (2). In
the first best without information asymmetries, 1 (#) = 0 for all  and agents are
fully insured against transitory changes in ability: consumption remains con-
stant across families and is therefore separated from production. With informa-
tion asymmetries instead, the planner faces an insurance-incentive trade-off
whose optimal balance is determined by the following conditions.

Proposition 1 If[A1] holds, the first-order conditions of the planner problem are

OH (- ,
c‘)V’E@)) - [ auf() A (9>] F(0) =0, (5)
9c(6)
Av(y'(6"),0' ,h'(6))
OH(-) _ 9g9(W(6),h) / — e ag(h"(e) 1'(6)) ,
Lo P (0),0,1(0)
- q/e“ @) —agom@ 0 =0
ov(y(0),0,h)
oM () [—ayw ] 5(y (6) .0, h)
—gueoy~ — L (0) — n(9) =0, @)
Ay (0) Bl 900y ()
with

0 1
= — F(x), li =i =0.
w(0) /0 {)\ (e ()] /80(:6)] dF (z), and Lim o (6) 9:1%,&(9) 0 8)
Consumption.—Equation (5) implies that the reciprocal Euler equation con-
tinues to hold when human capital is introduced. To see why, note that evaluat-
ing the law of motion (8) of the costate variable at the upper bound of the ability

’See the discussion in Kapicka (2013) or Fahri and Werning (2013).
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distribution yields -
B  dc ()
o Ow(0)

Replacing dc (0) /0w (0) = [Ou (c(0)) /0¢(#)] " and leading this equation one pe-

riod ahead, we find that \'(9) = f: [0u ((9)) /8¢ (8")] " dF(¢'). Thus the inverse
of the marginal utility of consumption follows a martingale:

dF(0) = p (6) = 0.

1 q q 1
ou(c(6)) du(c'(0"))
dc(6) 6 6 1(;0’(9’)

Output—The condition for optimal production (7) is analogous to the opti-
mality condition in the standard Mirrlees problem. Thus, we further comment
on it only when we characterize the wedges in the next section.

Human capital—Turning our attention to education, let us repeat the opti-
mality condition

O (y'(0').0',h' ()

/ _— /s " /! 2 / / /
o9 ) _ /[ ( @, Og('.h >> F @y [ ©) Poly 0. 1)
(C]

on' du(c(8")) on' o 90'on
o (0
9)

The condition equates the marginal cost of human capital investment with the
marginal benefit. The marginal benefit has three components. Firstly, human
capital lowers the disutility of labor to produce a given quantity of output. This
allows the planner to spend less on consumption and still provide the family
with the same continuation value. As shown in the proof of Proposition 1 in ap-
pendix A.2, this benefit for the planner is captured by — ‘9”(9/(52,’(%”(9)) agg/(%e/'))) >
0. Secondly, more human capital reduces the cost of accumulating human cap-
ital for the next generation, dg(h”, h')/0h' < 0.2 Thirdly, human capital changes
the incentive compatibility constraint (the second integral on the right hand
side). This term is key for our analysis so that we elaborate on it.

In the absence of informational frictions, families are perfectly insured against
transitory shocks so that dw () /00 = 0. With hidden types, information revela-
tion is profitable solely if

0w(6) _0U(c.y,0,h) _ Ov(y,0,h)
o0 00 N ol ’

where the inequality follows under the assumption that higher ability reduces
the disutility of labor so that dv(-) /96 < 0. Incentive compatibility thus prevents

8If education costs are independent of family background, dg(h”, h')/OR’ = 0.



full insurance: families with more able parents enjoy higher continuation utili-
ties. An increase in the slope |0v(-) /06| of the disutility term widens the gap sep-
arating the optimal allocation from the first best. Hence, the cross-derivative
9?v(-)/(000h) measures the effect that human capital has on the incentive com-
patibility constraint: if 9%v(-)/(000h) > 0, informational rents decrease which
mitigates the incentive problem.

These gains can be translated into consumption units through multiplica-
tion by the costate variable ;/ (") which measures the marginal cost of violating
the incentive constraint. The resulting products in (9) are integrated over all
potential realizations of ¢’ because neither the planner nor the family know the
value of ¢’ when the human-capital investment decision is made.’

The sign of the cross derivative 9?v(-)/(000h) is determined by: (i) the Frisch
elasticity of labor supply and, (ii) the degree of complementarity between hu-
man capital and ability. Both are captured by a single parameter if we assume
that the disutility of labor and the production function for output have the fol-
lowing functional forms.

Corollary 1 Assume that

[Al’]: U, l) =u(c) —v(l), wherev () = (l*, with{ > 0anda > 1,
[A2]: Y (h,1,0)=A(0,h),
with A (6, h) = [€0X + (1 — &) XX, x € (o0, 1] and € € (0,1) .

Then 9*v(y, 0, h)/ (000h) > 0 ifand only if x > —a.

The Frisch elasticity of labor supply is measured by the parameter « and the
degree of complementarity by the parameter . If the production function is
Cobb Douglas, x = 0. Hence, negative x imply more complementarity between
ability and human capital than in the Cobb-Douglas case. Corollary 1 shows
that informational rents are decreasing in human capital when the sign of xy + «
is positive, that is when the Frisch elasticity of labor supply « is greater than the
degree of complementarity y (implied by a possibly negative y) between ability
and human capital.

This result is most easily explained using Figure 2 which plots the disutil-
ity v(-) as a function of supplied labor. The vertical lines display the values of
[ = y/A(6, h) resulting from different combinations of  and h for a fixed level
of output y. The differences reported on the vertical axis measure the values
of Av(h;) = v(y,02,hi) — v (yg,61,h;) < 0, with 6, > 60,. The derivative of the
incentive constraint is given by 0v(y, 02, h;) /00 = limg, 9, Av (h;) / (02 — 01) and
the cross derivative 9*v(g, 0o, ha)/ (000h) is of the same sign as Av (hy) — Av (hy)
when both §; — 60, and h; — hs. Note that Av (h;) < Av (hy) < 0in Figure 2.

9Remember that the costate variable 11/ (') contains weights of the density function f (¢') .
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The first noticeable feature of Figure 2 is that an increase in A shifts the ver-
tical lines to the left: more human capital means that a given unit of output can
be produced with less labor. Since the disutility of labor is convex, it is less sen-
sitive to changes in [ for smaller /. The size of this effect is proportional to the
convexity of v (-) and thus increasing in the elasticity parameter «.

Although human capital reduces the informational rents through its effect
on labor supply, this effect may be offset because higher human capital also af-
fects the sensitivity of labor supply with respect to changes in ability. If human
capital and ability are strongly complementary for labor productivity, at higher
levels of human capital 4, much less labor is needed to produce a given out-
put y if ability 0, is also higher. Visually, this means that the interval Al (h;) =
[(y, 02, h;) — (g, 61, h;) reported on the horizontal axis may be much larger at
he than at h;. The figure makes clear that a sufficiently large difference be-
tween Al (hy) and Al (hy) can offset the labor supply effect discussed above.
To sum up, when human capital is not too complementary to innate ability,
0?v(9, 02, he)/ (000R) > 0 so that the incentive compatibility constraint is mit-
igated by a marginal increase in human capital.

3 The wedges
We now compare the optimality conditions in the laissez faire and constrained-

efficient allocations. In the laissez faire each family solves the maximization
problem

W (0,b,h,t) = max {U(c,l)+5/W(@’,b’,h’,t+1)dF(9’)}
(€]

{b',0 1}
st.t = (I14+r)b—c—e+y,
y = Y(h0,1),

h' = h'(e,h)sothate = g(h', h),
where b is the bequest. Below we extend this problem by introducing a con-
straint that restricts assets (bequests) of families to be non-negative. For clarity

we first derive results abstracting from such a constraint.

Proposition 2 The laissez faire is characterized by the following first-order con-

12



ditions for bequests, human capital and labor supply:

ou (c,l) ou (¢, 1)
o = B(l+r)E {T] ,

dg(h',h) OU (¢, 1) oy oU (1) ,
on' dc ﬁ/ L%’ aoc ]dF(Q)
dg(h",n") 0U (1) ,
_5/[ — - ]dF(é’),
0U(¢,l) _ 0ydU(c])
ol Al dc
We assume preferences and technologies for production and human capi-
tal accumulation such that the conditions in Proposition 2 are necessary and
sufficient.!® Then the results of Propositions 1 and 2 can be combined to de-
rive interpretable conditions for the wedges between the choices in the laissez

faire and the constrained-efficient allocation of the planner. We start with the
following definition.

Definition 1 The wedges for bequests T,, labor supply T, and human capital T,

are
n o _ 44 Ou(c)/Oc
) = 1 SR G (@) joeT 10
N dv(y,0,h)/dy
n() = 1= 00 (1)
_ B 2aA (oY dg(n' ) ,
(8 = i @[8“) (%‘T) dF(0)-1.  (12)

Wedges are defined as the deviations from the laissez faire. In general, the
wedges depend on the whole history of shocks since the allocation {c, /', y} is
a function of ¢’ which we suppressed in the notation for convenience. In the
following we denote the wedges as 7; = 7, (#") and the corresponding leads and
lags of the wedges as 7, = 7/ (¢"*") and r;_ = 7;_ (#"""), j = b,1, h. The wedges
have a useful interpretation: constrained efficiency requires that the planner
reduces (increases) bequests, labor supply or human capital, respectively, if the
optimality conditions which characterize the social optimum are such that r; >
0(r; <0),j=0b,h,l

19Note that human capital is chosen for the next generation (current human capital is a state
variable) so that the productivity gains from human capital accumulation accrue for the next
generation and thus do not imply a direct intratemporal substitution effect for labor supply of
the current generation. This timing assumption, which is plausible in our setting with families
who invest into the education of their children, avoids possible non-concavities discussed in
Bovenberg and Jacobs (2005), Section 2.2.
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Proposition 3 Under assumption [A1], the first-order conditions of the planner’s
problem imply

T, = 1— , (13)

E |:('9ulc’ 1 E
ac’

_QP(y,0,h) 41 (0)

—~
—

i 200y F(0) (14)
o= A+ A A, (15)
with
A,z@ /@ g—%rng(e’),
_ 1 i dy'  dg(h",n)
o st o[- 5

dg(h’ ,h) du(c) oc T on on/
oW dc

1 N
AiE—LCOU< LICALE )> .

A (3U(C’) oy’ 8g(h”,h’)),

Ag(h',h) Au(c’)’ oh'
oh’ ac’

By Jensen'’s inequality, we obtain the standard result that the wedge for be-
quests 7, > 0. The planner reduces intergenerational transfers to discourage
double deviations in which parents leave bequests and their children shirk. The
expression for the labor wedge 7, is also standard: as long as ability increases
productivity, 0%*v(y, 0, h)/(000y) < 0 and it follows that 7; > 0 if the incentive
constraint is binding (1 (#) > 0). The intuition is that an additional unit of
required output tightens the incentive compatibility constraint, increases the
information rents and thus allows for less redistribution. Families do not inter-
nalize this effect when choosing their optimal labor supply. Corollary 2 below
shows that the labor wedge in our model is analogous to the wedge in Mirrlees
(1971).1

I'Note that compared with Mirrlees (1971), the multiplier \ is in the numerator since the
shadow price ) is in units of marginal utils and not of public funds of the planner. Furthermore,
limg_g o (6) = 0 and lim, 5 4 (¢) = 0 imply that

o 1 ol
/0 A~ Zuteay | @) = /9 Butee)

dc(x) Oc(x)

dF(z).
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Corollary 2 Under assumption [A1’] and [A2]

1—r,_ YA 0f(0)

du(c(z))

Oc(x)

RCTTTYY R P
0

where o = ¢! + 1 and ¢ denotes the Frisch elasticity of labor supply.

Human capital wedge—Our contribution is to derive an explicit decompo-
sition for the human capital wedge 7. As shown in Proposition 3, 7, consists
of three components. The first component A, relates the human capital wedge
71, to expectations about the labor wedge 7;. These expectations are weighed by
the marginal product of human capital. To see why 7, positively depends on
future labor wedges 7, note that the first-order condition for human capital in
the social optimum (6) and the definition of the labor wedge (14) imply that'?

dg(', h) / N Oy Og(h", 1) ) / s 0y 0N
- = 1—7)—=— ——— "2 |dF (0 0 —= " _2d§¢'.

ah, q o ( Tl) ah/ ah/ < )_I_q G)lu ( ) aelah,
(16)

Since B 0 9
E {(1 -7 8_%’} =(1-E[r])E {a—z/} — cov (7’2, 8—%/) ,

equation (16) shows that the benefits from human capital accumulation for the
social planner are smaller when the labor wedges 7 in the next generation are
on average larger. If the next generation is expected to supply more labor in
the laissez faire than is socially optimal (E [7;] > 0), then the planner wants par-
ents to invest less into the next generation’s human capital which would make
that generation more productive.!'® This effect is dampened if the covariance
between the wedge 7, and the return to human capital 0y’ /0h’ is positive, thus
reducing the riskiness of net returns to human capital (1 — 77) 9y’ /O}'.

12To derive equation (16), we have used results from the proof of Remark 1 in appendix A.2
showing that
ov (y', 0, h’) v (y’, v, h’) oy’

ol 8y o

13In Section 4 we discuss that this result is not at odds with Bovenberg and Jacobs (2005) who
show that human capital should be subsidized to offset the distortions of labor income taxation.
Our findings differ from Stantcheva (2014), corollary 1, since the definition of the wedge for hu-
man capital in Stantcheva (2014) already configures a positive relationship between the wedge
for human capital 75 (notation of Stantcheva) and the wedge for labor 7;. For the interpretation
note that in Stantcheva the wedge 75 is defined such that agents accumulate too little human
capital in the laissez faire if s > 0. This case would correspond to 7, < 0 in our model.
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The second component A, relates the wedge for human capital to the wedge
for bequests 7. The first term in A,

on’ on'

oh/

1 875(//)
ag(h’,h)E ﬂaié(c) —4q

E[(?_y_ag(h ,h)]

is positive:

Ou(c)

acl .
E 58u_(c) —QI >01f7'b>0,
dc
and the marginal product of human capital

Oy’ 9g(h", )

5

o~ on

because dg(h”, h')/OR’ < 0, as shown in Remark 1 in appendix A.2. Intuitively,
if the planner discourages bequests, constrained efficiency also involves dis-
couraging human capital accumulation since education is an alternative way of
transferring utility from the current to the future generation. The difference is
that the return to human capital depends on ability and is thus risky. This effect
is captured by the second term in A, which depends on the covariance between
the return to human capital and the marginal utility of consumption. The co-
variance is negative if both the return to human capital, dy'/0h' — dg(h”, 1)/ O}/,
and consumption of the next generation increase with ability 6. In this case,
the planner is less inclined to discourage human-capital investment because its
returns are riskier.

The components A; and A, show that the wedge for human capital accu-
mulation depends on the wedges for labor supply and bequests which is in-
tuitive since education alters the marginal product of labor and transfers re-
sources across periods. The last component A; captures the effect of human
capital accumulation on the incentive-compatibility constraint. A; depends on
the covariance between the impact of human capital on the disutility of labor
for the next generation and the response of consumption of the next generation
to marginal changes in utils.

The incentive wedge A; for human capital.—In order to understand the eco-
nomic intuition captured by A;, it is useful to rewrite it as'*

. q s o Py 000

14See the proof of Proposition 3 for a derivation of equation (17) .
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As explained in Section 2.3, the integral on the right hand side measures by how
much a marginal increase in human capital is expected to relax the incentive-
compability constraint for the next generation. This benefit is ignored by the
families because they take the allocation as given and thus ignore the impact
that their human-capital investments have on the incentive-compatibility con-
straint. Families do not internalize the effect of human capital on the infor-
mational rents, which drives a wedge between the optimal choice of the family
and that of the planner. Whether this wedge is positive or negative depends on
the elasticity of labor supply and complementarity between human capital and
ability.

Corollary 3 Under assumptions [A1’] and [A2], 9*v(y',0', 1)/ (00'0K') > 0 if and
onlyifx > —a. Then A; < 0, showing that the planner has a motive to increase
human capital accumulation in order to relax the incentive compatibility con-
straint.

Informational rents provide a rationale for educational subsidies when x <
—a. For a plausible Frisch elasticity of labor supply ofe = 0.5, =71 +1 =3
(Chetty, 2012, Table III). In order to gauge whether a value of xy > —3 is empir-
ically plausible, we refer to empirical results by Cunha et al. (2006) who report
in Table 3, p. 748, that the marginal return to college, in percentage terms, of
an individual from 5th percentile of the ability distribution (according to the
Armed Forces Qualification Test) is 50% of the return of an individual from the
95th percentile. In competitive labor markets this marginal return corresponds
to increases in productivity. In terms of our model

DA(6,h)

Oh
A(0,h) |0=05 5
HA(6,h) —

oy [0=00s
where 6, denotes the j-th percentile of the distribution of ability §. Given as-
sumption [A2], there is a simple relationship between the ratio of percentage
increases in productivity and the ratio of productivity levels which depends on
the complementarity parameter y:

DA(B,h)

LM:H A 9 h B —X

e _ (A0 o ) 1)
o A0, 1) [o=005

A(0,h) |9:995

In the Cobb-Douglas case, y = 0 so that the ratio of productivity increases is
one. With A (6, h) [9=o, < A (0, ) |9=¢,, and
DA(6,h)

oh
A(0,h) |0=05
HA(0,h) ’

oh
A(0,h) |o=60s
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as reported by Cunha et al. (2006), x < 0: ability § and human capital / are more
complementary than in the Cobb-Douglas case.

Equation (18) and the estimates by Cunha et al. (2006) imply that y > —3 if
the ratio of productivity levels

A (0, h) lo=os 1
—— < (0.53 = 0.79.
A (97 h) ‘9=995 N

Hanushek (2006), p. 871, reports that an increase of standardized AFQT test
scores by one standard deviation increases earnings by 12%. Using AFQT test
scores to approximate ability and assuming that ability is normally distributed,
this implies A (6, h) |g—=s, /A (0, h) |9=gos ~ 2/3 for individuals working the same
amount of hours with average productivity A normalized to one. Then

~ In(0.5)
X T T n(2/3)

~ —1.71.

This suggests that x > —3 is empirically plausible so that human capital accu-
mulation relaxes the incentive compatibility constraint.

Comparison with the literature.— Our finding that human capital alleviates
incentive constraints for empirically plausible parameters differs from Stantcheva
(2014) since we consider the effect of human capital accumulation on incen-
tive compatibility through changes in labor supply. This effect is important
because the planner can choose output but cannot directly control the labor
supply of families. Thus, optimal redistribution has to take into account how
human-capital investment affects incentives to produce a given level of output
by changing labor supply. Considering this effect we find that human capital
mitigates the incentive problem if y > —q, instead of x > 0 as in Stantcheva
(2014).

3.1 Liquidity constraints

In this subsection we show how our results modify if we impose the constraint
that assets (bequests) of a family cannot be negative. In this case parents cannot
require children to make transfers to them and children within a family cannot
take on debt obligations.
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In the laissez faire each family solves the maximization problem

W (0,b,h,t) = max {U(c,l)—l—ﬁ/W(@',b',h’,t—I—l)dF(Q')}
e

(v b7 1}
st = (I1+r)b—c—e+y,
Vo> 0,
y = Y(h0,l),

R = h'(e,h) sothate = g(h', h),

where v/ > 0 imposes that bequests cannot be negative and the multiplier > 0
if this constraint is binding.

Proposition 4 Ifbequests are required to be non-negative, the laissez faire is char-
acterized by the following first-order conditions for bequests, human capital and
labor supply:

W) B“+TW{QQ§;Q}
8g(ale,h) <8Ua(cc,l) _n) _ B/ Bz/au C,l ]dF(Q’)
—5/ {@g;/h/ aU(;Z 1)]dF(9,)
oen _ m@en )

The modified definitions of the wedges are as follows:

Definition 2 If bequests are required to be non-negative, the wedges for bequests
¢, labor supply ¢ and human capital 7§, are

g 0u(e) e —1n
TC = ]. , (19)
’ BE[0u(c) /oc]
e _ ,_ Ov(y,0,h)/0y
o= ou (c) /Oc —n (20)
. i 873(60/') dy  dg(h",K) /
Th = ag0rh) [au(c> —o\aw T o dF (0') — 1. (21)
on’ Oc

Combining the results of Propositions 1 and 4, we then find:
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Proposition 5 If bequests are required to be non-negative, the first-order condi-
tions of the planner’s problem imply under assumption [Al] that

1
o= 1- T (22)
au C, 2 u\c
B {auh»] E[ a(c')} QE{ 9c' ]
ac’
ov(y,0,h)
o _,u(e) 82U(y,9, h) B n g—y 23)
L du(c) Bu(e)
f(0) 000y ue) ) Oul
T = A+ A +HATHA, (24)
with
c — q ay/ o
Al = dg(h' k) %TIICZF (9/)»
o 7®©
8%(0/) a / a h/, hl
Ae = L plger | gl 99" I)
b —  ag(W,h) Au(c) On oh'
Oh' Oc
B ou (CI) ay/ 8g(h”,h’)
Yoo\ "o o~ aw )
oh/ dc
c_ __a 1L ouy, 0, K)
Ai == - 8g(h’,h) Ccov <au(c/) 9 ah, 9
on’ oc’
Au(c) ’ -
_ n s 5o (Oy  Og(h' 1)
AC = 8u(c) . 8g(hl,h) lau(c) <% - T dF (0’) .
Oc n Oh' He

Thus, if the liquidity constraint for a family is binding (n > 0), the wedge on
labor decreases ceteris paribus as the planner encourages more labor earnings
to alleviate the constraint. The wedge for savings and human capital increase
ceteris paribus since a binding liquidity constraint implies that the future gen-
eration has more resources than would be socially optimal.

4 Implementation of the constrained-efficient allo-
cation

An important question is how the socially optimal allocation of the planner’s
problem can be implemented in a decentralized economy. Stantcheva (2014),
Section 6, shows how to achieve this with different combinations of instruments.
One possibility is to rely on loans for human capital accumulation with pay-
ments that are contingent on the history of loans and income. The socially opti-
mal allocation is then implemented if these history-dependent loan repayments
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are combined with taxes on labor income and bequests that condition only on
current income and current bequests, respectively.

Stantcheva (2014) also applies results of Albanesi and Sleet (2006) to show
that, with i.i.d. ability ¢, the history dependence of the tax system becomes
much simpler since the history can be summarized by two state variables: be-
quests and human capital. It is then possible to implement the constrained
efficient allocation, for example, either with means-tested grants that depend
on labor income y, human capital accumulation »’ and condition on the initial
state variables b and h; or with loans for human capital accumulation featuring
repayment schedules that depend on y, //, condition on b and / and are com-
plemented with labor income taxes which only depend on current income .

For concreteness, let us illustrate how marginal taxes for labor and human
capital relate to the respective wedges (see Stantcheva, 2014, and Kocherlakota,
2010, ch. 5, for how taxes on bequests implement the savings wedge). Assume
the tax schedule 7'(b, h, y, h’) so that agents solve the maximization problem

W (0,b,h,t) = max {U(c,l)Jrﬁ/W(Q’,b’,h’,tJrl)dF(Q’)}
€]

v h 1}
st = (1+r)b—c—g(h',h)+y—T(b h,y,h'),
y = Y(h,0,0),

h' = h'(e,h) sothate = g(h', h).

The first-order condition for labor supply and the definition of the labor
wedge (11) imply that the labor wedge equals the marginal income tax: 7, =
J0T'(-)/0y. The first-order condition for human capital

dg(h',h)  OT(-) 8U (c,l) / 8T’(-) ou (d,1') ,
( on " omw =) lam oy o0 | 4F(0)
dg(h", ') 8T’(-) ou (d,l') ,
b / K on’ on’ ) oo |0
and the definition of the wedge for human capital (15) imply

aT(-)  dg(W',h _5/ oy oT'() | OT'() oule)
o oW on' oy on 8%5(0)

dF (0.  (25)

As pointed out by Stantcheva (2014), a positive wedge for human capital
does not necessarily imply a positive current marginal tax on human capital ac-
cumulation in a dynamic model. The second term on the right-hand side shows
that this also depends on how the marginal tax rates in the next period are cor-
related with the marginal utility of consumption. If the change of the marginal
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tax rate resulting from additional human capital accumulation, gz, ar'e) 4 85;1(, ),

is negatively correlated with marginal utility of consumption, human capital
hedges consumption risk. Then the current marginal tax on human capital ac-
cumulation 97'(-)/0h’ can be positive although 7, is negative.

Equation (25) allows us to relate our results further to Bovenberg and Ja-
cobs (2005) who show that human capital should be subsidized if taxation of
labor income distorts the decision to accumulate human capital. We recover
the analogon of this result in our model, if human capital accumulation is so-
cially optimal in the laissez faire without tax distortions as in Bovenberg and
Jacobs (2005). Then 7, = 0 in equation (25) and locally

oT() _ﬁ/ oy 9T'() | OT'() 2ulc)
on’ ooy " ow ) 2@

oy OT'() aT'()] . [ B
BE[% oy " ow || @

oy OT'() | IT'() %55
Beov <% 3y + BTN 7873—530) .

dF (0')

Thus, the current marginal tax on human capital accumulation 907'(-)/0h’ is neg-

Oy OT°() | 9T'()
oW "oy’ o' |
resulting from an additional marginal unit of human capital. Compared with
Bovenberg and Jacobs (2005), this tax change does not only consist of the ad-
ditional marginal income tax but also of the change of taxes due to the higher
human capital stock of the next generation. Moreover, the returns to human
capital are uncertain in our model so that it matters whether the tax changes
reduce consumption risk. Human capital accumulation should then be subsi-

dized if E gz: ag;(,.) + 85—;(,') > 0 and the future tax changes caused by human
capital accumulation do not reduce consumption risk too much (i.e., the co-
variance is not too negative).

This is not the whole story in our model, however, since 7, # 0 in the lais-
sez faire without tax distortions because of the incentive effect of human cap-
ital accumulation derived in Proposition 3. Thus, we have an additional term
in equation (25). The incentive effect is not present in Bovenberg and Jacobs
(2005) since the assumption of a Cobb-Douglas production function implies

= 0 and the effect of human capital on labor supply in the incentive com-
patibility constraint is not considered. Making explicit that the planner chooses
output but cannot choose labor supply directly reveals this effect in our model.

atively related to the expected tax change for the next generation, E [

Existing tax and subsidy systems for student loans in continental Europe
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and Anglo-Saxon countries contain elements which resemble the tax sched-
ules analyzed above. These schedules condition on bequests and human cap-
ital which roughly corresponds to grants or repayment schedules for student
loans in the real world that condition on parents’ permanent income (which is
highly correlated with human capital) and parents’ wealth (which is correlated
with bequests). We have discussed above that the relatively simple tax schedules
T(b, h,y, k'), which condition on all relevant history through the state variables
b and h, allow to implement the social optimum if ability ¢ is i.i.d. An interesting
question for further research is how large the persistence of ability across gener-
ations has to be so that the simple tax and subsidy schedules observed in reality
imply sizable deviations from the social optimum and thus substantial welfare
losses.

5 Conclusion

We have shown that human capital investment by families is not constrained
efficient if the ability of generations in a family dynasty is not observable. The
wedge for human capital accumulation implied by the solution to the planner’s
problem depends on the labor wedges for the next generation, the wedge for
bequests and an incentive term. We find that, for plausible parameter values,
the planner has a motive to increase human capital accumulation in order to
relax incentive compatibility constraints. The reason is that more human cap-
ital reduces the slope of the disutility of labor in unobservable ability and thus
reduces the information rents of high ability types.
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A Appendix

A.1 Data sources

This appendix contains information about the data used in Figure 1.

Marginal income tax rate is the marginal tax for a worker who earns 133%
of the average production wage including social security contribution rates. We
use the average of available observations per country in the period 2000 to 2007.
The source is Table 1.4 in the OECD Tax database 2013 available at

http://www.oecd.org/tax/tax-policy/Table%201.4_Mar_2013.xlsx

Marginal inheritance tax rate is the marginal tax for a spouse or child with an
inheritance of 250,000 Euro. The data source is the compilation by the CESifo
group for 2007 available at

http://www.cesifo-group.de/ifoHome/facts/DICE/Public-Sector/

Public-Finance/Taxes/inheri-tax-rate-07.html

For countries with missing data in 2007 we use information for 2010 avail-
able at http://www.cesifo-group.de/ifoHome/facts/DICE/Public-Sector/

Public-Finance/Taxes/inheritance-taxes-key-characteristics-european-union.html

For Poland, the U.S. and Iceland we obtain data from the following sources.
The Polish data are available at

http://www.finanse.mf.gov.pl/web/wp/abc-podatkow/asystent-podatnikawe.

For the U.S. we use information on federal taxes available in Figure D, p. 122
in http://www.irs.gov/pub/irs-soi/ninetyestate.pdf.

For Iceland the data are from

http://www.pwc.com/is/is/assets/document/pwc_tax_brochure2013.pd{%20.

Note that the rate we use for Greece applies for real estate; for other assets
the tax rate can be higher at 10%.

Tertiary education is the total share of the adult population with tertiary ed-
ucation. The source is the OECD database Education at a Glance. We use the
average per country in the time period 2000-2007. The data are contained in
the publications for the years 2002-2009: in Table Al.3a for 2005-2009, Al.1 for
2004, A2.3 for 2003 and A3.1a for 2002.
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A.2 Proofs

Proposition 1
Proof. Since the planner’s Hamiltonian reads

Ho o= [c(w(®) =pV'(0),y(0),0,h) +g(h'(0),h) =y () + ¢ (V' (0),h'(6),t + 1) £ (0)
AV —w(0) f(0)]
+1 (0) [OU (c (w (0) — BV () ,y (0) .6, h) ,y (6),0,h) [00],

the first-order conditions are

dc(#) | o (V'(6),n(0),t+1) B U(:) 9c(8)

{av' @) 1 v’ (0) ]f O =-n®) aeac(e) vy %Y
Dg(k(6).h) | T (V'(0).H(B).t+1)] 0
[ on(9) ¢ on'(0) ]f (6) =0, 27

FU() de(8)  U() aL©®)] _ [de(6)
* oy

(6) [aeac () oy (0) "~ 9001 (0) N 1} f©). @8

The costate variable satisfies

ou(0) [50(9) g f(0) 0*U () dc(8)
90 9w (0) 7(0) 900c (0) 0w (0)

} f(0); (29)

with the usual boundary conditions limy_.g ¢t (#) = 0 and lim, 5 1 (6) = 0. We use
assumption [A1] to invert the utility function

c(w(®) =BV (0),y(0),0,h) =u" (w(0) — BV (0) +v(y (6),0,h)).

It follows that
dc (0) 1 dc (0) 1G]
)

Ou (c(0)) /0c(0)" OV' (6)  du(c(0)) /0c(0)’

>
— ~—

) _ @) 0.1/0(0) 3e0) _ uly(®).0.0/0h
Ay (0) Ou(c(0))/0c(0) ~ Oh Ou (c(0)) /9c(0)

Condition for V': Since [A1] implies 9°U (-) /(900c) = 0, equation (26) sim-
plifies to

I T OR (ORI BN
Ou(c(0)) /0c(O) P oV’ (0) g

where we have used the envelope condition oT" (V, h,t) /OV = A.

Condition for y: Using 02U (-) /(0001) = — 2 Z0woh) i (28) vields

al 900y
L 0(y(0),0,1)/0y (0) _ p(0) 9Pu(y(0),0,h)
Ou (c(0)) /0c(0) f(0) 000y (0)
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Condition for I': The following envelope condition for human capital is ob-
tained after substituting consumption using the promise-keeping constraint,
noting that there is a continuum of incentive-compatibility constraints for all 6
and that 9?U (-) / (0c () 90) = 0:

O (V, h, 1) oc(0)  ag(h'(6),h) 02U ()
on /@< on T on )dF<9)+/@“<9) a0an %

_ / ((%(y (6).0.h)/0h 8g(h’(9),h))dF (0)_/M(Q)a2v(y 0),0,h)
(S (S

Ou (c(0)) /0c(0) oh 000h
Note the last term which captures the effect of human capital on the incentive
compatibility constraint. Note further that for deriving the envelope condition

we have inverted //(e, h) and substituted in e = g(#’, h) and we have used that
for all 6

dc (0) QU () dc(9) = 9*U(-) oL(O) ]\ oy(0)
(( Dy 1) JO)+ 4 9) [@980 @ oy ) "ot ay@]) on ~
9g(h'(0),h) O (V'(0),1'(0))) oK'
( G0 ant )
by (27) and (28). The envelope condition for human capital can then be inserted
into the optimality condition for human capital (27) to obtain

dg(h'(0),h) v (y'(0'),0',1') Jon'  dg(h"(0'),h) )
owey /@< du(c (@) joc@)  ow )dF ()

0%u(y (0), 0, I
+Q/M/(0,> U(y( )7 ) )del.
©

= 0

00'on’'
For 92U (-) / (0c () 99) = 0, equation (29) implies
o 1
0= [ |y + ] ore o
]

Remark 1 Assume that the technology for human capital accumulation is given
by
[A3]:  }(e,h) = [¢e’ + (1 — ¢) h?]"* withp € (—o0,1] and ¢ € (0,1) .
Under assumptions [A1’], [A2] and [A3], we have
Ovly,0,h) _, 0v(y,0,h) dv(y,0,h)

oh Y oy
ov(y,0,h) . ov(y,0,h)
D > oy D T
200 0iffx == —5p5,— <0
dg(h', h) Ag(h', h)
o > g <o
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Proof. Inverting the production function y = Y (h,[,0) = A(0,h)[, we getl =
y/A (0, h) with A (0, h) = [€0X + (1 — £) hX]"/X so that

du(y, 0, h) Qv (A(e h>) d (1) 1

y - oy Y Z>O’
ov(y,0,h) (Awh)) Cu(l) y A9, h)
oh - oh ol A2 Oh
(), 2R gy () .
= ol = Rl - AT <,
du(y,0,h) 3@( eh)) v (l) y 9A(9,h)
Bl N Bl ol A2 08
DA(6,h)
— _av(l)l 00 — av(>lé-ex IA X<0
ol A ol

Differentiating these expressions a second time, we get

o%v(y,0,h) 9 U( 9h)> () y 9A,h)  Bu(l) 1 DA(0.h)

900y 900y o2 A3 90 ol A* 00
B a0 L@ jory e
A(0,h)? 0l v (1) /ol A 9l ’

and

9?v(y,0,h) B 0%v (A(Zel,h)>

200n 000k
0 (i)Z DA (0,h) DA (6, h)
oz \A2 a0 on
L0012 DA 0, DA, ) v (1) y P*A(0,h)
ol A> o0 oh ol A2 900k

_ () y 2AW0OAO.N) |, WD) /o FAGL) A (9, h)

ol A3 90 Oh av (1) /ol 6A<3h) DA@H)
Additional term Stant ch eva (2014)

v (1) y 61 (1 — &) et
T Ol A Ax AX (%) -

Thus, 9%v(y, 0, h)/ (000h) > 0 iff y > —a. Inverting the production function for
human capital

R (e h) = [¢e” + (1 — ¢) h?]"/*
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with p € (—o0, 1] and ¢ € (0, 1), expenditure is given by

= g(I', h) = max { l% (W) — ! ; gbhﬂ} 1/p;o} .

The expenditure function g(4/, h) has constant returns to scale in 4’ and h at an
interior solution where

89(h/ah) - 1 np—1 / 1—p
ag(h/7h> _ 1— (b p—1 / 1-p
e hPlg(h' h)P < 0.
|
Corollary 1

Follows immediately from Remark 1.

Proposition 2
Proof. Savings. The first-order condition for savings reads

oW (O W)
5/ - WOV ) 1 g1y = o,

which, reinserting the envelope condition

oW (6,b, h ou (¢!
yields the Euler equation
ou (c,l) ou (¢, 1) ,
o = Bt )T dE (0)
B ou (¢, 1)
= ﬁ(l—i—T)E[ D0 ] :

Labor supply. The first-order condition for labor supply reads

oW (0,6, 1) By
ﬁ/[ o al}dF(&) 0.

The results above imply

oW (0,0, 1) dy n_ 9y oU (1)
5/{ oy 8l}dF(9)_ al Oc
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so that the first-order condition for labour supply simplifies to the standard in-
tratemporal condition

dU (¢, 1) N Oy ouU (c,l)
ol o dc

Human capital. The first-order condition for human capital accumulation is

Ag(W' h) OW (6,0, 1) OW (0,0, 1) ,

F = 0.

P / [ o T aw | HEO)=0
The envelope condition is

OW (0,6, 1) 9y dU (1)  dg(h",h') U (¢, 1)
o on ¢ on' ac

oW (0, )
ac _B/ o dF(9>

then implies that the first-order condition for human capital simplifies to

09!, 1) 0T (e.) _ / ou (¢, 1) {fly _ M} iF ().
e c

on’ Jc on’ on’

Noting that

Proposition 3
Proof. The wedge 7, evaluated at the solution of the planner’s problem fol-
lows immediately by using the definition for 7, in the first-order condition (7)
of the planner. To derive the analogous expression for 7,, we recall that \'(9) =

E [%] and rearrange the definition of 7, to substitute du (c) /Jc in condi-
tion (5). The wedge for human capital implied by the solution to the planner’s

problem is obtained by adding 7, on both sides of condition (6):

du(y',0",h) "o
_ q Oh' ag(h' 7h ) /
Th — Tk — —Bg(h’,h) /@ (— du(d) - YA, dF ((9 ) +1

oh’ oc’
q / / 821}(?//7 0/7 h/) /
~gim [, O g
Ooh/
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Substituting in the definition of the wedge 7,(6) on the right-hand side, we get

52 oy _ogun)
™= g || aa \aw ~ e ) |4F 01
oh' oc
Ov(y',0’',h') "ot
q 5 Og(h",n") )
RIS
q ooy Py 0 )

which can be rearranged to
ov(y',0',h")
q 83/, oy’ /
Th = Bty / o (1 e ) dF (6
on /® ac’

1 815(51) ay/ @g(h”, h/) ,
+3g(h’,h) /@ (6 815_(0) -9 (% - Oh! ) dF (0)

on’
q 1 32U(y’78/,h’) /
g ) /e“ O om0
on

The first term equals A; using the definition of the labor wedge (11). The second
term equals A, using that E (zy) = cov(x,y) + E (z) E (y).

In the remaining part of the proof, we focus on the last term of 7, to derive
A,. Integrating the integral of the last term by parts,

Pu(y', 0 1) ov(y', 0, 1) 5 o' (0" dv(y', 6" 1)
"0 ——=5Ldl = i (0") =220 — 1~ df'.
/@“( TR WOl = | 5 on’

The first term on the right-hand side is equal to zero because of the boundary
conditions for ' (¢'). Thus, using (29) imposing assumption [A1], the last term
of the wedge 7, becomes

q o' (0" ov(y', 0", 1)

w0 ow
Oh'
. q 1 | OO L
) 898;;;“/@{%((:')/&' NOF g 1O
Since by (5),



we get

g 1 E vy, 0", 1) o
Ai= W /@ L?u(c’)/@c’ qou (c) /80} on' J()do
The integral simplifies since it is equivalent to
ou () /oc  qdu(c)/dc on'

N < 1 B B ov(y, 0, h'))
U\ ou () Joc  qdu(c) /Oc’ on'

1 ov(y,0,n)

oc’

where the second equality follows from the reciprocal Euler equation

. [au <c'1) joc "~ qdu (€> /acl -

This concludes the proof. m

Corollary 2
Proof. To compare the labor wedge in our model with the literature, we use
definition (11) to derive
1 _ 8v(y797h)/8y
Tl . Ou(c)/dc

1—7 - Ov(y,0,h) /0y
Ou(c)/de

Ju (c) /Oc .
vy, 0,h) /oy "

Thus, (14) implies that at the solution of the planner’s problem,

T Ou(e)/0c Pu(yb,h)p(0)
L—7 Ov(y,0,h)/dy 900y f(0)
By Remark 1,
T Ou(c) /0cE0 v (l)au (9)
1—m7 ‘975(;) LAt 9l f(0)
_ £0%0u(c) /Oc /9 1
= x —Hf (9) ] A — —873(0((:;)) dF(x),

31



where we have substituted in ;(0) using (30). =

Corollary 3
Follows immediately from Remark 1 and Proposition 3.

Proposition 4
Proof. Savings. The first-order condition for savings reads

aUcz B/ oW ( gb/b h) JF (6)) + =0,

which, reinserting the envelope condition

oW (0,b,h) AU (¢, 1)
Tl Ch e went

yields the Euler equation

ou (c,1) ou (d,l) ,
E» = ﬂ(l—l—T)TdF(e)—f—??
ou (¢,
= B +nrE {%} +1n

Labor supply. The first-order condition for labor supply reads

(D) o / oW (0,6, 1) Oy
ol o oy ol

}dF(@) 0.

The results above imply

oW (0',b', 1) Oy o Oy (0U(c,l)
5/[ oy az}dm@)_a( oc

so that the first-order condition for labour supply simplifies to the standard in-
tratemporal condition

JU (¢, 1) 0y (0U (¢,1) B
Bl +az( oc 1) =0

Human capital. The first-order condition for human capital accumulation is

ﬁ/ Og(. ) OW (0,1 1) | OW (6., 1)
on’ o on’

} dF (¢) = 0.

The envelope condition is

OW (6.6,1) 9y dU(,1)  dg(h", 1)U (¢, 1)
on oW oc on’ ac
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Noting that
aU (c,1) ﬁ/ oW ( gblb h') IF (@)

then implies that the ﬁrst—order condition for human capital simplifies to

aggz; h) <8U 8(06 ) n)

B ou (¢, 1) [oy  dg(h", ) ,
- B/@ % {Oh’ o | 1E )

Proposition 5
Proof. We derive the wedge 77 evaluated at the solution of the planner’s prob-
lem using the definition for 7§ in the first-order condition (7) of the planner.

Condition (7) implies

ov(y,0,h) ov(y,0,h) Ov(y,0,h)
L 5 o oy 1(0)Pu(y,0,h)
w R, T, ) oy

which, using the definition of the wedge 7¢, becomes

v(y,0,h) v(y,0,h)

TC:—“(Q) 821}(’3/,9, h) + dy . oy
R O R

Simplifying, we get

ov(y,0,h)
o O Puy.8.h) Bl
'TTT0) ooy B o

where 8“8(6) —n > 0since [ awg#d}? (6') > 0. To derive the analogous ex-

pression for 7, we recall that \'() = E {ﬁ and rearrange the definition of 7§

to substitute Ju (¢) /Oc in condition (5). Condition (5) implies

du (c) .

de '
T

ac!

The definition of the wedge 7§ can be rearranged to
ou(c) Joc=(1—1}) §E [Ou (") /O] +n
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so that substituting out du (¢(0)) /0c(0) yields

SIS

o B

@ =(1-79) P [0u () /O] + .

Bu(c’))
oc’

Solving this expression for 7§ results in

1 n

Tg - 1 - + / /
T sowan R

oc’

The wedge for human capital implied by the solution to the planner’s problem
is obtained by adding 7¢ on both sides of condition (6):

du(y’,0',h") AN,
c c q Oh' 89(]1 ) h ) /
T, = Tp— ag(h' k) /(; <_ u(c) - on dF (9 ) +1

oh'! oc!
q 1l 82U(y,a 9I7 h,) /
~ Sal /e,u (0" “avan de’.
oh'!

Substituting in the definition of the wedge 7¢ on the right-hand side, we get

du(c’) / /AN
c B oc’ 83/ ag(h >h) !
Th = dg(h’,h) o Ju(c) % B oh' dF (0 ) —1
on’ oc
dv(y',0",h") /AnN]
_q ) _ dg(h", ') /
Dg(h 1) /@ ( du(d) o' dr(0') +1
oh’ ac’
q s S0 00
RZICID) /9“ ) g
oh'
which, using
8;(3’) 315(5’) 315(3’)
du(c) - du(c) + du(e) du(e)’
dc U dc dc dc
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can be rearranged to

q ay, ov(y 8)0’ h')
o= / o (1 BT ) dF (¢')
o 7®©

oc’

Ou(c) ’ "o
1 o0 Oy’ Og(h", h) :
+8g(h’,h) /@ (6 Ou(c) _q> <% o oh' dr’ (9)
oh’ Oc

q / / aQU(yl7 0/’ h/) /
) J @

dF (0').

Lon 2D oy dg(h".w)
du(c) dg(h',h) o du(c) Oh! oh'
oc 1 " ow de

The first term equals A using the definition of the labor wedge (11). The second
term equals A§ using that E (zy) = cov(z,y) + E (z) E (y). The third term of 7§
can be shown to yield A§, as derived in the proof of Proposition 3. The fourth
term equals A.. =

A.3 Persistent types

We now turn our attention to the general case where types are correlated from
one generation to the next. The analysis with persistent types draws on results
by Kapicka (2013), applied to dynamic optimal taxation problems by Farhi and
Werning (2013), Golosov et al. (2013) and Stantcheva (2014). Following Pavan,
Segal and Toikka (forthcoming), the envelope condition in the problem with
persistent shocks is:

dw(0) OU cy,eh 6/ afe’\e
00

d&’. 1)

This condition serves as local incentive compatibility constraint in the relaxed
problem based on the first-order approach. The recursive formulation with per-
sistent types requires that A and V' are treated as state variables where

A(9) = /@w (0) %d@,

Ow (0)  0U (c,y,0,h)
o0 06
As before we consider the relaxed planner’s problem, with local constraints eval-
uated at the truthful equilibrium reports, and apply optimal control techniques.
The recursive problem is

so that
+ BA'.
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I'(V,A,0_,h,t) (32)
= min {/ lc+g(h, h) —y(0)+ql (VA0 1t +1)] dF(6’|9_)}
{c,y,h! , A"V} I )
st.w(@) = Ulcey,0,h)+ BV,

Vo= /w(ﬁ)dF(H),

B af(6]0-)
A = /ew(e)aTde,

ow ()  0U(c,y,0,h) /
50 50 + BA'.

As before, we substitute consumption with the promise-keeping constraint,
defining consumption ¢ (w (0) — 5V, y, 0, h) as an implicit function of other con-
trol and state variables. This enables us to write the Hamiltonian associated
with the planner’s problem as

Ho= [c(w(®)=AV',y,0,h) + g(W', h) —y +qU (V!, A, 0,1 ¢ +- 1) f (6] 6-)
+M9>W>«mmfww;n+7w>[A_M4@§ﬂﬂﬁﬁ]

00_
ou 0)—BV,y,0,h 0,h
—'—ILL<9) (C(w() B 7y7 Y )7y7 Y )+6A/ )
a0
The costate variable satisfies
af(0]6_
O [ @) 2UQ de |
00 ou (c) /oc N f(016-)  f(010-) 000c Ow (0) e
(33)
with limy_y 1 (#) = 0 and lim, 5 () = 0. The first-order conditions read
OH(-)  [oc o (V! A 0,0 t+1) ?U () dc
v~ |av T v’ JO10-) 1) 5550 g7 =0
OH() [T (VA6 t+1) B
A _C] EIN f(O10-) +Bu(d) =0,
OH()  [oc QU ()oc  RU(Yal]
oy _8y_1} fO16-) + 1 (9) [ D00c oy 000l oy|
OH () Gg(h’,h)+ or (V',n';t+1) _0
o~ ow 1 o/ o
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For the optimality condition for human capital, we use the envelope condi-
tion

or(V,A,0_,n,t) dc dg(h', h) 0?U (+)
h = /@<%+ o )dF(9|0_)+/e,u(0) 5000 db
duly,0,h)/0h _ dg(H,h) 60(y, 0, h)
/@ ( Ou (c) JOc * oh ) dE(019-) - /@u(@)wdﬁ

0?*u () Oc
Imposing [A1] and using the envelope conditions O () /0V = A(f-) and 0T (-) /OA =

~(6_) allows us to derive the system of first-order conditions analogous to Propo-
sition 1 but with persistent types:

T = [ Camy O] 100 =0, (34

TCL 0 0) 10162) + 3 6) =0, a5

av;_;.) - {W—ﬂf<@!@>—%§3—£’%<e>:o, (36)

mo o [ (S )
= q/@u’ (") %de’:a

The system of equations is similar to the system derived for i.i.d. types but
note that persistence of types alters the multiplier of the incentive compatibility
constraint y (#). Using (33) to substitute out x(#) in equation (36), we get

7 2 0 o£(816-)
Oy _ 0%v(y,0,h) 1 (ol
lﬁ _1] MOV = 000, ), | " Oy |

As in Farhi and Werning (2013), we can then characterize the dynamics of
the labor wedge.

Proposition 6 Under assumptions [A1], [A1’] and [A2], the labor wedge saftisfies
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the following condition

77 qOu(c) /80_7T
/@(1—759) 3 0u(c) Joc (0) £(6]6-)do
I A LA ULE
= e [ ”

00 _
ozf qOu(c_)/dc.)
S [ﬁ dufeyjoc 1| A0

for any given function 7 (0) with 11 (9) being the primitive of = () /6'~X.

Proof. Under assumptions [Al], [A1’] and [A2], the derivatives in the proof of
Remark 1 imply

00y Ax al A YA oy

Poly,0,h) O TTau()1 0 ou(y,6,h)

Substituting this equality in (36) and using the definition of the labor wedge as
before, we obtain

ov(y,0,h _

PET n0) Polyon)  p(0) 0 0u(y.0h)

oud " f(0100) 000y F(016)" A oy

1—

or, using the definition of the labor wedge (11),

du(c) P X1
ac f016-) | ] f016-) _ £0
[au(y,e,h) - 1] 2uc@) |1 7| oweeny M (6) o Ax (38)
dy dc(6) ! dc(0)
This identity implies that for any differentiable function = (9)
T\ () al m ()

Integrating by part the expression on the right-hand side and denoting with
I1 (9) the primitive of 7 () /6' X, we get

Oég 77() B Oéf N
S [eo5Ee - Swone;
L0 1 o1(815-)




The first term on the right-hand side is equal to zero because of the boundary
conditions for i (¢). We then note that the first-order condition (35) and equa-
tion (38) imply that

B op) B T 1 Axgx
=y |9-->___(1—Tf)% af

q

Furthermore, we can use the optimality condition (34) to replace A (6_) with
B/ [q0u (c(0-)) /0c(0-)], so that, after rearranging, (39) reads

L1
1 c—
TL ) 40 (6) £(6]6-)d
o \1=71) B %52

T af(0]0-) af
_ 1—719X/e (0) =50+ 3 [ TL0)

Ou(c_)

qd 0Oc_
S - 1] £(616_)d6
“Oc

The labor wedge is similar to the one derived by Fahri and Werning (2013),
Proposition 2. Notice that without persistence of 6, the first term on the right-
hand side vanishes.

Specifying 7 (6) = 0~ so that 7 (0) /0" % = 1/0 and II (§) = log (#), we get

77 qOu(c_)/0c_,
L (Z5) e o
- e 91X/10g(9) —(9f(9|9_)d9
©

1—7) ~ 00 _
al q Ou(c-) /Oc_
— [ log () |=———F—~—=——1| f(0|0-)do
+55 [rog o) | 4512 — 1] peo16)
We can interpret £ %9 * on the left-hand side as a change of measure,

analogous to Farhi and Werning (2013), if productivity A(6, k) is Cobb-Douglas

. o . q Ou(c—)/0c— p—x| _ q Ou(c—)/0c_ | _
in # and & so that y = 0. In this case, F [5—(%(0 Ve 0~ ] E [B—ﬁu(c)/ac } =1.

Concerning the wedge for human capital accumulation, we find:

Proposition 7 If types 0 are persistent, and assumptions [A1] and [A2] hold, the
human capital wedge can decomposed as

Th = A7+ A + A7
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with

q ay’
on’
Au(d) / "opt
AP o= L N gy’ 9g(h", ')
b = 8gg}zl’;h) 815(0) Oh Oh'
A du(c) 9y’ dg(h", I
T\ oo aw ~  aw )’
B q 1 ov(y,0,n)
Al = " Balc) ag(i'm) O <8u(c/)’ o
oc ol o
D R R e sl
0 0407 of 1 — 7] ey ow )

Proof. Adding the wedge for human capital, analogous to the definition in (12),
on both sides of (37) and rearranging, we find that

Th = A7+ A + A7
with

_ q dy / / /
Af:w/ah/f () 0)de,
oh'

1 dulc) Yy Og(h" BN b
Ai) dg(h' ) /@ < au_(c) —q (% - on' ) f(e | e)dg

oh' Oc

1 24 g [2Y _ Og(h". 1)
— 9g(h,h) Au(c) oh' Oh'
on' ac
I6] ou(d) oy 0Og(h", 1)
+ Sgtny dute) OV o¢ o on .
on’ dc
p_— q 10! 82v(y’,9’,h’) /
Ai - ag(h' ,h) /@/‘L (‘9) aelah/ do'.
on'

While A and A} are straightforward counterparts to the respective terms that
apply if types are not persistent (see A; and A, in Proposition 3), developing A?
yields further insights. We elaborate on the term A? integrating by parts:

Po(y, 0, 1) ov(y' 0", W) & o' (0" dv(y, 9' h)
"0 ——2dl = | (0 — | |0 — dae'.
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The first term on the right-hand side is equal to zero because of the boundary
conditions for ;/ (¢"). Thus,

AP

(2

q o' (0") *v(y',0' W) 5
ERGAD) o0’ on’

C

of(0'16) RN
_ __ 4 1 Y . 80 av(@/ ,0',h ) ’ ’

Since by (34) and (35),
P (0)

7(6) = qf(0]6°)
and ;
MO = Gu o) Joco)
we get
Ay
q 1 B Bu() 2O guy, 0Ky
_8“’2’2'/”/913’523”_qaagf>+qf<0|0_>f(e'|e> A

_ y ~ — — —+ —
89((92/&) 62&6) 31(;(60,) q af ql—17f(0'0) on'

where the second equality follows from (38). In order to further simplify, note
that, as in the case without persistent types, we have

/@ {8“ (0'1> /¢ qdu (/; /ac] 6’2}(34(;}5/, fl/) f0'10)de
= ]\Elau (cfl) Jo¢  qou (i) /ac]E [81)(@/8,:,%)}

/

du(c) xpl—x p  Of(9'9) AN
q / [ dc B A 9 B Tl 00 ] av(ya07h)f<6/’0)d0/’

-~
=0

1 54 ov(y', 0" 1)
eov <8u () /o qdu(c) Joc’ on’ )

1 ov(y,0,n)
= cov | 5o o .

oc!

Moreover, the changes 91 (6’| #)/90 in the density have to sum to zero across all
0’ so that

af(6'16) af(0'16) af(@/w)
B2 | = 9 0'10)do’ = do’ = 0.
[f(f)’lf))] e 010 = [ =

41



It follows that

o duly '\ 1)

: 0'| 6)d6
o018 a0
af(0'l0 oy 0" b af(e'le PR
_m || [T | (o 900K
GDIENGE 7066 oh
———

=0

M ! n! /
= COov 6/9 78U(y,9/,h) .
7(0'0) oh

Thus,
AP
B q 1 ov(y,0,n)
= T g OV | Bu@) o
on’ ac
af( o’
. 6 AX Tl 91 Xcov fE?G i 8U(y/7 9,7 hl)
O BV ] g T— 77 F070) o '
n

Analogous to Proposition 3, Proposition 7 shows that the wedge for human
capital is affected by the expected labor wedges in the next period in term A7,
the wedge for bequests in term A} and the effect of human capital on the incentive-
compatibility constraint in term A?. Compared with the results for i.i.d types,
the effect of human capital on the incentive-compatibility constraint in A? also
depends on the current labor wedge 77 if ability types are persistent and (6) >
0. The sign of this additional effect depends on how the likelihood ratio %99"9) /f(6')0)
covaries with the effect of human capital on the disutility of labor dv(y/, 6', ') /Ol
as 0’ changes. We find:

Corollary 4 Under assumptions [Al], [A’] and [A2], AY < 0 if x > —«a and
%@lw) /f(0'|0) monotonically increases in §'. The planner then has a motive to
increase human capital accumulation in order to relax the incentive compatibil-
ity constraint.

Proof. The proof follows directly from Remark 1. m

It seems natural that 2. ‘9 91L919) s £(¢'| 0) increases in @ since this implies that the
planner is more likely to observe higher future output of dynasties that have
high current ability. See, for example, the interpretation of the monotone like-
lihood ratio assumption in Rogerson (1985). With persistence of ability types,
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the planner thus has an additional incentive to subsidize education for reduc-
ing information rents of the future generation, and this incentive is stronger the
larger is the current labor wedge 77.

Concerning the wedge for bequests, we impose assumption [Al], use equa-
tion (33) and follow the steps of the derivations of the reciprocal Euler equation

noting that E [%@’I@) ica 9)] = 0. This establishes that the wedge for bequests
74 > 0 also in the case with persistent types. See also Stantcheva (2014).
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