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Asset Prices with Heterogeneity
in Preferences and Beliefs

Abstract

In this paper, we study asset prices in a dynamic, general-equilibrium Lucas endowment economy
where agents have expected (power) utility and differ with respect to both beliefs and their prefer-
ence parameters for the subjective rate of time preference and risk aversion. We solve in closed form
for the following quantities: optimal consumption and portfolio policies of individual agents; the
riskless interest rate and market price of risk; the stock price, equity risk premium, and volatility
of stock returns; and, the term structure of interest rates. Our solution allows us to identify how
heterogeneity in preferences and in beliefs is reflected in equilibrium asset returns. We find that
beliefs about the growth rate of aggregate endowment that are pessimistic on average lead to a
significant increase in the market price of risk; and, heterogeneity in risk aversions increases stock-
return volatility so that it is significantly higher than the fundamental volatility of the aggregate
endowment growth rate. Consequently, the equity risk premium, which is the product of the market
price of risk and stock return volatility, is considerably higher in the model where average beliefs
are pessimistic and preferences are heterogeneous, and this is not accompanied by an increase in
either the level or the volatility of the short-term riskless rate.



1 Introduction and Motivation

Two key characteristics of economic agents are their beliefs and preferences. Our objective in this
paper is to study the effect of heterogeneity in both of these characteristics on the choices of in-
dividual agents and the resulting asset prices. The main contribution of our work is to solve in
closed form for consumption policies, portfolio policies, and the stock and bond prices in a gen-
eral equilibrium stochastic dynamic exchange economy with heterogeneous agents who have power
utility.! We find that, compared to the standard representative agent model, both heterogeneous
preferences and heterogeneous (and possibly incorrect) beliefs play a significant role in improving

the ability of the model to match properties of asset returns.

The importance of studying models with heterogeneous agents rather than a representative
agent has been recognized recently by both policymakers and academics. For instance, the April 15,
2010 issue of the Economist describing the Soros-sponsored conference on “The Economic Crisis
and the Crisis in Economics” says that, “The conference rehearsed many familiar complaints,
bashing ... the use of representative agents (a kind of economic Everyman, whose behavior mimics
the macroeconomy in microcosm).” Hansen (2010) in his talk at this conference lists one of the
challenges for macroeconomic models to be “Building in explicit heterogeneity in beliefs, preferences
....” Stiglitz (2010) in his presentation at the same conference also criticizes the representative agent
model and highlights the importance of heterogeneous agents as a key modeling challenge. Sargent
(2008), in his presidential address to the American Economic Association, discusses extensively
the implications of the common beliefs assumption for policy, and Hansen (2007, p. 27) in his Ely
lecture says: “While introducing heterogeneity among investors will complicate model solution, it

has intriguing possibilities. ... There is much more to be done.”

A key contribution of our paper is to demonstrate how one can obtain a closed-form solution
to the consumption sharing rule for agents with heterogeneous beliefs and preferences without
restricting the risk aversion of the two agents to special values.? In the case of two agents, the
consumption-sharing rule is a non-linear algebraic equation, which reduces to a polynomial of
degree 7 if the ratio of the risk aversion of one agent to that of the other is a natural number. If 5
equals two, three or four, then this polynomial equation can of course be solved in closed-form. We
show how to construct a closed-form solution for all real values of 1. Central to our approach is a
theorem due to Lagrange. Given the ubiquity of nonlinear sharing rules in solutions to problems

in economics and finance (see Peluso and Trannoy (2007) for examples of such problems), the

'In particular, we obtain the following quantities in closed form: the equilibrium consumption allocation across
agents and its dynamics over time; the optimal portfolios of individual investors; the state price density and its
dynamics, which are characterized in terms of the riskless interest rate and the market price of risk; the stock price,
the equity risk premium, and the volatility of stock returns; and, the term structure of interest rates and the term
premium.

20ur work can be viewed as complementary to that of Calin, Chen, Cosimano, and Himonas (2005), who provide
an analytic representation (that is, a convergent power series) for the price-dividend function of one state variable in
an economy with a single representative agent whose utility function displays habit formation.



approach we develop can be applied also to other problems, which previously would have called for

numerical methods.

The paper that is closest to our work is Cvitanié, Jouini, Malamud, and Napp (2009), which
also studies asset prices in an economy where agents have expected utility and differ with respect
to both beliefs and their preference parameters. Their paper provides bounds on asset prices and
characterizes prices in the limit when only one agent survives. However, it does not provide closed-

form solutions for these quantities. In fact, Cvitani¢ and Malamud (2009b, p. 3) write that:

“when risk aversion is heterogeneous, SDF [stochastic discount factor] is the solution
to highly non-linear equation (1) [in their paper], and no explicit solution is possible,

except for some very special values of risk aversion; see, for example, Wang (1996).”

In contrast to Cvitanié, Jouini, Malamud, and Napp (2009), we provide a closed-form solution
for the stochastic discount factor without restricting the risk aversion of the two agents to special
values. In particular, we show how the stochastic discount factor can be expressed as a weighted
average of stochastic discount factors from a set of underlying single-agent economies, each with a

constant market price of risk and risk-free rate.

Most of the other papers in the existing literature with heterogeneous agents allow for either
differences in beliefs or differences in preferences. We first discuss the literature that considers het-
erogeneity in beliefs and then the literature that considers differences in preferences. Essentially,
there are two ways to generate heterogeneity in beliefs. In the first approach, agents receive dif-
ferent information. This is the classical approach, adopted in the early noisy-rational-expectations
literature (see, for instance, Grossman and Stiglitz (1980), Hellwig (1980), Wang (1993), and She-
frin and Statman (1994)). In this class of models, one group of (informed) agents receives private
signals and then there is a second group of agents (noise-traders), which trades for exogenous rea-
sons and thereby prevents the price from fully revealing the private information of the informed
agents. The second approach for generating heterogeneity, which is the one we adopt, is to have
agents who “agree to disagree” about some aspect of the underlying economy, and in this class of
models it is assumed that agents do not learn from each other’s behavior. Morris (1995) provides
a good philosophical discussion of this modeling approach. Recent papers using this approach in-
clude Zapatero (1998), Veronesi (1999), Basak (2000), Cecchetti, Lam, and Mark (2000), Gallmeyer
(2000), David and Veronesi (2002), Duffie, Garleanu, and Pedersen (2002), Scheinkman and Xiong
(2003), Berrada (2006), Buraschi and Jiltsov (2006), Kogan, Ross, Wang, and Westerfield (2006),
David (2008), Gallmeyer and Hollifield (2008), Yan (2008), Dumas, Kurshev, and Uppal (2009),
Borovicka (2009), and Xiong and Yan (2009).% Excellent reviews of this literature are provided in
Basak (2005) and Jouini and Napp (2007).

3Yan (2008) also studies a model where agents have both heterogeneous beliefs and preferences, but he solves for
asset prices in terms of exogenous variables only for the case where both agents have the same risk aversion, which
is a natural number (see his Proposition 3).



We now discuss the literature on the effect of heterogeneous preferences on asset prices. The
effect of different time-discount factors on efficient allocation of consumption is studied in Gollier
and Zeckhauser (2005). The effect of heterogeneity in risk aversion on asset prices is examined in
several papers, most of which assume that investors have expected utility. For example, Dumas
(1989) studies the riskfree rate and the risk premium in a production economy; Wang (1996) ex-
amines the term structure in an exchange economy; Basak and Cuoco (1998) and Kogan, Makarov,
and Uppal (2007) analyze the effect of constraints on borrowing and short-sales on the equity
risk premium in an exchange economy; Bhamra and Uppal (2009) and Tran (2009) examine the
volatility of stock market returns; Benninga and Mayshar (2000) and Weinbaum (2001) study op-
tion prices; Longstaff and Wang (2009) investigate the relation between open interest in the bond
market and stock market returns; Cvitani¢ and Malamud (2009a,b,c) consider equilibrium with
multiple heterogeneous traders who maximize utility of only terminal wealth; and, Garleanu and
Panageas (2008) study the effect of heterogeneous preferences in an overlapping-generations model
that leads to a stationary equilibrium. In contrast to these papers that assume investors have
expected utility, Chan and Kogan (2002) and Xiouros and Zapatero (2010) study asset prices in
an economy where agents have “catching-up-with-the-Joneses” preferences, where habit formation
ensures that the model is stationary. And, finally there are papers that work with Epstein and Zin
(1989) recursive preferences that allow for a distinction between risk aversion and the elasticity of
intertemporal substitution. For example, Guvenen (2005), studies asset pricing in a model with
heterogeneity in elasticity of intertemporal substitution, Isaenko (2008) studies the term structure
in a model where agents differ in both their risk aversion and elasticity of intertemporal substitu-
tion, and Gomes and Michaelides (2008) study portfolio decisions of households and asset prices in
a model where agents are heterogeneous not just in terms of preferences but are also exposed to

uninsurable income shocks in the presence of borrowing constraints.

When there are multiple agents who differ in their risk aversion, there is no paper in the litera-
ture that provides a complete characterization of equilibrium that is exact and entirely analytical.
For example, for the case of expected utility, Wang (1996) provides closed form expressions for only
particular parameter values; Kogan and Uppal (2001) characterize the equilibrium in production
and exchange economies approximately using perturbation analysis in the neighborhood of log util-
ity; Bhamra and Uppal (2009) and Tran (2009) study stock-market-return volatility, but without
solving explicitly for volatility; Dumas (1989) solves numerically for the interest rate in a produc-
tion economy; for the case of “catching-up-with-the-Joneses” preferences, Chan and Kogan (2002)
rely on numerical solutions, and the working-paper version of Chan and Kogan (2002) provides ap-
proximate analytic results in the neighborhood of log utility using perturbation analysis. Xiouros
and Zapatero (2010) provide an expression for the value function of the central planner assuming

a Gamma distribution for the risk tolerances of the investors, but asset prices are obtained using



numerical methods. The models in Guvenen (2005), Isaenko (2008), and Gomes and Michaelides

(2008) are also solved using numerical methods.

To summarize, the main contribution of our paper is that, in contrast to the existing literature

on general equilibrium models of asset pricing that considers either heterogeneous preferences or



2 The model

In this section, we describe the features of the economy we are considering. Below, we explain
our assumptions about the information structure and the endowment process, the financial assets
in the economy, the beliefs and preferences of agents, the definition of equilibrium, and how this
equilibrium can be identified by solving the problem of a central planner, whose utility is a weighted

average of the utilities of the individual agents, where the weights are stochastic.

We consider a continuous-time, pure-exchange economy with an infinite time horizon. There is
a single consumption good that serves as the numeraire. It is modeled as an exogenously specified
endowment process. There are two types of investors, k € {1,2}. We adopt the convention of
subscripting by k the quantities related to Agent k, where k € {1,2}. Each investor has constant
relative risk averse utility (CRRA). The two types of agents are allowed to differ in their rates of
time preference and relative risk aversions. Furthermore, the two types of agents have different
beliefs about the expected growth rate of the endowment, which they do not update. In summary,
our model differs from the standard Lucas (1978) model along two dimensions: one, preferences
are heterogeneous; two, agents may not have the correct beliefs, and the beliefs of one agent may
differ from those of the other.

2.1 The information structure and endowment process

The uncertainty in the economy is represented by a filtered probability space (Q, F,{F;},P) on
which is defined a one-dimensional Brownian motion Z. The economy is modeled as being endowed
with a single non-storable consumption good. The true evolution of the aggregate endowment, Y,
which in our model is equivalent to both aggregate dividends and aggregate consumption, is:

dy;

7:#ydt—|—0’ydzt,yz)>0, (1)
t

in which py and oy are constants.

2.2 Financial assets

There are two financial assets in the economy: a risky asset (stock) with one share outstanding
and a locally riskfree bond in zero net supply. The stock is a claim on the aggregate endowment.
The price of the stock, which can be interpreted as the market portfolio, is denoted Sy, and its

cumulative return, Ry, which consists of capital gains plus dividends, is described by the process:

dS; + Yidt

S = th = MRt dt + OR,t dZt (2)
t



The price of the locally riskfree bond is By, and it’s riskfree return r; is described by the process

dB
?tt == 'rt dt (3)

The expected return on the stock, pg ¢, the volatility of stock returns, o ¢, and the locally riskfree

rate, ¢, will be determined endogenously in equilibrium.

2.3 Beliefs of the two agents

Agent k believes that the expected growth rate of the endowment process takes the constant value,

ty - Agent k’s beliefs can be represented by an exponential martingale & ¢, given by

gk,t _ eféggyktJrUg‘th, (4)
where
_ My E — py
o= ML, (5)

The exponential martingale, {;, defines the probability measure P* on (Q, F), via
P*(er) = Eiflep&rr], Vt, T € [0,00), t < T, (6)

where er is an event which occurs at time 7' and P*(er) is the probability of its occurrence based
on information known at time ¢. Hence, by Girsanov’s Theorem, Agent k believes that the process

for aggregate endowments is
dY;
7t = py dt + oy dZy, (7)
i
where Z; = Z; — o¢ it is a standard Brownian motion under P*. Hence, we see that under P*,

which represents Agent k’s beliefs, the expected growth rate of aggregate endowment is ,uy,k.G

We quantify the level of disagreement between the two agents via the process, &, defined by

St
= 22 S
“ §1,t (8)
Hence,
é.t = 6_%(02,2_02,1)t+(0—572_05,1)Zt7 (9)
and
d
ét = Mgdt + UgdZt, (10)
where
He = oen(og2 = ocn), (11)
0¢ = (05,2 — 0'571). (12)

SNote that the measures P*, P? and P are all equivalent; that is, they agree on which events are impossible.



2.4 Preferences of the two agents

The consumption of Agent k at instant u is denoted by C}, and the instantaneous utility from
consumption is assumed to be time additive and given by a power function:

1=k

C
U(Cr) = e P Bt (13)
I =k
where [y is the constant subjective discount rate (that is, the rate of time preference) and - is the
degree of relative risk aversion. Without loss of generality, we assume that Agent 1’s relative risk

aversion is less than that of Agent 2: v; < 7.

Given her beliefs, represented by the measure P¥, the expected lifetime utility of Agent k at

time ¢ from consuming C} ,, is given by

1=k

o0 c
/ e Br(u—t) “ku__ 4, , (14)
t

Viw = B L=

where Ef denotes the time-t conditional expectation operator with respect to the measure PF.

Existence of a solution requires that the integral in (14) is well defined, for which the condition is:

Be > (1 —ve)py — %%(1 — V)oY (15)

2.5 The optimization problem of each agent

Each agent k is assumed to have an initial allocation of aj shares of the stock, with a1 + ao = 1.
Thus, the initial wealth of agent k is apSy. The problem of agent k is to maximize lifetime utility,
given by Vj o in (14), subject to a static budget constraint, which restricts the present value of all

future consumption to be no more than the initial wealth of each agent:”

E§ [/ Wk’uck,udu] < aSo, (16)
0 Tk0

in which 7, is the marginal utility of investor k at date wu:

_ 0U(Cya)

Thu = T e Pk Cror. (17)

"The budget constraint for Agent k in (16) is written in terms of the state prices perceived by this agent; one
could write an equivalent expression in terms of the state prices (and expectation) of the central planner.



2.6 The equilibrium

The notion of equilibrium that we use is an extension of the equilibrium in the single-agent model of
Lucas (1978). Both agents optimize their expected lifetime utility and all markets must clear. So,
in equilibrium, the two individuals consume all of the aggregate endowment, and in the financial
market the two investors together hold all the shares that are a claim on aggregate endowment,

while their aggregate holding of the zero-supply riskfree bond must net to zero.

2.7 The central planner

Given our assumption that investors can trade in a stock and a locally riskfree asset, financial
markets are dynamically complete relative to the filtrations of the two agents. When markets are
dynamically complete, one can solve for equilibrium consumption policies using a “central-planner,”
whose social welfare function is a weighted average of the value functions of individual agents, as
shown in Basak (2005). In contrast to the case of identical beliefs, if agents have heterogeneous
beliefs, Basak (2005) shows that the weights used to construct the central planner’s utility function

are stochastic. The central planner’s utility function is given by

2
sup Z )\kﬂg Uk(Ck,t)a where )\k,t = )\k,ng,t- (18)
C1+Ce<Y 7

3 Equilibrium Consumption Allocations and Stationarity

In the first part of this section, we derive exact closed-form expressions for equilibrium consumption
allocations and also characterize the dynamics of the equilibrium consumption-sharing rule. In the
second part of this section, we identify the conditions under which the equilibrium is stationary,

that is, both agents survive in the long run.

3.1 The consumption-sharing rule and its dynamics

The first-order condition for optimal consumption, from the central planner’s problem in (18), gives
the consumption sharing rule, which shows how aggregate consumption is allocated between the
two agents in equilibrium:

Aige PO = Agge OGP, (19)

Ao e O = (Mo o) e ™0y )%



In order to solve explicitly for the equilibrium allocations, we write Agent k’s consumption

share as vy ; = Cth»t’ where 0 < 1 <1, and v; + v5 = 1. Then the consumption sharing rule is

-Gt~y 71 —Bat, —V2v 72
Aobre ™ v YT = Ao0bae P2 vo Yy (20)

which can be rewritten as

7?('17tV1_7;yl = ﬁQ’tyizQ. (21)
where®
Tre = Apolpge PHY; (22)
A 152 )
= Apoe e 20kt=0k 2t (23)

In the expression above, 7, ; is the state-price density when Agent k is the sole agent in the economy,

and 7, and 0, are the risk-free rate and market price of risk in this single-agent economy:

. 1

e = B+ Velyk — 5%(1 + k)oY, (24)

A my — pyk

0 = oy + ————. (25)
oy

Thus, the consumption sharing rule in (21) can be expressed as

v Ar = v, (26)
where
no= /m, (27)
1
A= (27 (28)
ot
Tt Bty M0 (29)
Tt /\2,0

When 7 € {1,2,3,4}, the above equation can be written as a polynomial of degree 4 or less, thus
allowing us to solve for the equilibrium consumption allocation in closed-form in terms of radicals,

using standard results from polynomial theory, as pointed out in Wang (1996).

Because polynomials of order 5 and above do not admit closed-form solutions in terms of
radicals, it would be appear that going beyond the results in Wang (1996) by solving for the
consumption-sharing rule in closed-form when 7 is a natural number greater than or equal to 5 is

not possible. However, when 7 is a natural number greater than or equal to 5, the consumption

8Equations (23)—(25) are obtained by applying Ito’s Lemma to 7, in (22) and using the standard asset-pricing

result (see, for instance, Duffie (2001)) that Dkt — _pydt — Or :dZp 1.

Tkt



shares can be obtained in closed-form by using hypergeometric functions. We go further still by

showing that when 7 is any real number, it is possible to derive closed-form, convergent, series

solutions for the sharing rule.” The series solutions are derived using a theorem of Lagrange (see

Appendix C), which to the best of our knowledge has not been used before in finance or economics.

However, Lagrange’s Theorem does not provide the radius of convergence for the series, which is

essential if we want to use these series to study the long-run behavior of the consumption shares.

We show how to find the radius of convergence, and this is done in the proof of Proposition 1.

Proposition 1 Agent 2’s equilibrium share of the aggregate endowment, vs = Cyit’t, s given by

n R
S, R () (s) Bt R
n=l1 n Tt n—1 ) ot ?

bt = "

1 _22021 (—)ntt <m>ﬁ (n%) : 7:T1,t < R,

n frzyt T2t

V2 V2= — 1)\
)T ()
Yoo \MN n

and, for z€ C and k €N, () = H?:l# is the generalized binomial coefficient

where

™

1,
— T
Tt < Ro

The proof of the proposition shows that, depending on whether

(30)

Tt
> R, 00



Equivalently, the aggregate risk tolerance in the economy, 1/Ry, is the consumption-share weighted

average of individual agents’ risk tolerances, 1 /.

Proposition 2 The true evolution of the sharing rule is given by:'!

dv
L=y, dt + 0y, ,dZ, (33)
V1t
where
11
One = ViR |2 =)oy — g, (34)
Y1 Y2
11
Py, = Vor——Ry (B2 — 1)+ (2 —m)py (35)
Y172
1 2 2
Hy — 5yl + py2 Var Vi, 1 1
+ 1 3 ) <2t - lt> R < - >] (ky2 — py1) (36)
Oy 72 gi! Y72
1 R? >2 1(vi, vi\ R?
b (=) [ — —2) o2 4o [ 2L - ) B2t 37
2 (7 71) (7172 Y2 V2 71 Y172 ¢ ( )

From (34), we see that the volatility of the sharing rule, o, ,, is driven by differences in risk
aversion and differences in beliefs, but not differences in subjective discount rates, which have only
a deterministic effect and so appear only in the expression for p,,,. The expression for o,,, in
(34) shows that, if agents have identical beliefs (o¢ = 0), then an increase in heterogeneity in risk
aversion leads to an increase in the volatility of the consumption share of Agent 1 because of an
increase in consumption risk sharing. Similarly, if agents have identical risk aversions (y; = 72),
then an increase in heterogeneity in beliefs leads to an increase in the volatility of the consumption

share of Agent 1.

However, when both risk aversion and beliefs are heterogeneous, then the effect of an increase in
the heterogeneity in either one of these factors on the volatility of the consumption share depends
on whether it reinforces or counteracts the effect of the other factor. From (34) we observe that
oy, > 0if and only if

Hy2 — py1

Y2— 7 > .z (38)
Y

that is, if the more risk averse agent is not too optimistic relative to the less risk averse agent.'? If
this condition is satisfied, then we see from the definition of aggregate risk aversion in (32) that Ry

will be countercyclical, because when the aggregate endowment has a positive shock, the weight on

1The expressions for what each agent believes to be the evolution of the sharing rule are given in the appendix;
see Equations (A47) and (A48).
1211y the case where agents have different risk aversion but the same beliefs, ov, . is always positive.

11



the risk aversion of Agent 1 increases, and so the aggregate risk aversion in the economy decreases.
Therefore, the heterogeneity in risk aversion and beliefs can generate countercyclical aggregate risk
aversion endogenously. Moreover, if Agent 2, who has the higher risk aversion, is also the more
pessimistic agent, then the heterogeneity in beliefs reinforces the effect arising from heterogeneity
in risk aversions. This countercyclical behavior of aggregate risk aversion has previously been
recognized in the multiagent models of Chan and Kogan (2002) and Xiouros and Zapatero (2010),
where agents have heterogeneous risk aversions but homogeneous beliefs, and this feature appears
in the single-agent model of Campbell and Cochrane (1999) as a consequence of the assumption of

habit-formation.

Equation (35) shows how p,,, depends on differences in subjective discount rates and risk
aversions (or, more accurately, the inverse of the elasticities of intertemporal substitution). The
impact of differences in beliefs is given in (36), where we see that disagreement impacts the drift
of the sharing rule only if the equally weighted arithmetic average belief does not equal the true
growth rate, %(NY, 1+ fy2) # py, or there is heterogeneity in risk aversion, 1 # 2. We also see
how p,, , is affected by the volatility of aggregate endowment growth, oy, and the volatility of the

disagreement process, o¢, both of which appear in (37).

The discussion above illustrates the benefit of having the closed-form results in Propositions 1
and 2. Because we have explicit expressions for the sharing rule and its dynamics, we can understand
exactly how these are affected by the parameters for preferences, beliefs, and the endowment
process. In the absence of closed-form results, numerical analysis could be used to characterize the
sharing rule, but it would be difficult to understand precisely the relation between the different

forces driving the results.

3.2 Survival of agents and stationarity in the economy

In this section, we derive the conditions under which both agents survive in the long run. We
say that the economy is stationary if both agents survive. To formalize the concept of survival,
we introduce two complementary concepts of survival: almost-sure (a.s.) survival with respect to
a particular measure, and mean survival with respect to a particular measure. The definition of
almost-sure survival is the same as in Kogan, Ross, Wang, and Westerfield (2006). The concept of

mean survival is novel to this paper.

We define almost sure survival as follows.

Definition 2 Agent k survives P-a.s. if

lim v, > 0, P-a.s. (39)
t—o0

12



Similarly, Agent k survives PJ-a.s. if

lim v, > 0, P/-a.s. (40)
t—o00

To understand the above concept of survival, note that if an agent’s consumption share is strictly
above zero with a probability of less than one, under P say, then she does not survive P—almost
surely. Furthermore, the probability measure is important, because an agent may believe she
survives almost surely (with respect to the measure representing her beliefs), when in fact, she

almost surely does not survive under the true measure P.

We define mean survival with respect to a particular measure as follows.

Definition 3 Agent k survives in the mean with respect to P if

lim Eth:,t—&-u > 0. (41)
U—00

Similarly, Agent k survives in the mean with respect to PJ if

lim EJvg 4y > 0. (42)
uU—0

The economy is stationary if both agents survive. Each concept of survival leads to a corre-
sponding concept of stationary: almost sure stationarity under a particular measure, and mean
stationarity under a particular measure. We now determine the conditions for these two concepts
of stationarity. Start by recalling the standard result that if @ > 0, then lim_ o e®*1%%t = oo, P-
a.s., while if a < 0 then this limit is 0. Moreover, when a = 0, then limsup,_ .., e’?* = oo, while
lim inf;_, o €?4* = 0. From the above results it follows that to ensure that lim;_,.o e®%%¢ is strictly
between zero and infinity, we need to have both a and b equal to zero. Now, substituting for Y;
and & in (26), we get

A Lo o L s 1/m

A, <y0<vz Vl))\;vﬁe(&ﬂl)teg(Ug,g—vg,l)t-ﬁ-(%l—Us,z)Zte(w71)[(/wgﬂy)t+UYZt]) e (43)
Thus, both agents survive almost surely under the true measure P, and the economy is almost surely
stationary under P, if the exponential decay rates of the deterministic and stochastic components in
the expression above equal zero. We can also show that these two conditions are not only sufficient,

but are also necessary. Formally, we have the following result.

Proposition 3 The economy is almost surely stationary under P if and only if

(ty2 — py1) = (y2 — m)o¥, (44)

13



and
(yve — pva) (py — 5 (0v + pyv2))
oy

P2 — P — + (2 —m) <,uy - ;a%) =0. (45)

Agent 1 believes the economy is almost surely stationary if and only if (44) holds, and

(B2 — p1) + %Ug + (y2 — 7)) (py1 — %032/) = 0. (46)

Agent 2 believes the economy is almost surely stationary if and only if (44) holds, and

1 1
(B2 — 1) — 505 + (v2 —71) (by2 — 50%) = 0. (47)
For mean stationarity we need to find the conditions under which lim, .o Etv 44, > 0 for both
agents. As we show in the proof of this proposition, the only condition required for this is that the

exponential decay rate of the deterministic component of (26) be equal to zero.

Proposition 4 The economy is mean stationary under P if and only if the condition in (45) is
satisfied. Agent 1 believes that the economy is mean stationary if and only if the condition in (46)
is satisfied, and Agent 2 believes that the economy is mean stationary if and only if the condition
in (47) is satisfied.

The consumption sharing rule, 114, is a constant in the P-a.s. stationary economy, and so risk
premia and return volatilities will be the same as in a homogeneous-agent economy. In contrast, in
the P-mean stationary economy, v1 4, is a function purely of the Brownian motion, Z;. Consequently,
v1 ¢ is stochastic, and so risk premia and return volatilities will not be the same as in a homogeneous-

agent economy.

The following corollary shows that when preferences of the two agents are identical, but there

are differences in beliefs, the economy can still be mean stationary.

Corollary 1 Suppose agents have identical preferences, but different beliefs. Then the economy is

mean stationary under P if and only if

By,1 + By,2

5 = py- (48)

The above corollary tells us that if agents have identical preferences but different beliefs, then
the economy is mean stationary if and only if the equally weighted arithmetic mean belief equals
the true expected growth rate of the economy. For example, if both agents have incorrect beliefs
about the expected growth rate of the economy, which are on average correct, then both agents will

survive in the mean. Equivalently, the disadvantage of having incorrect beliefs that are optimistic
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about the growth rate of aggregate endowment relative to the true growth rate is the same as that

for beliefs that are pessimistic.

We conclude this section by giving an exact closed-form expression for the conditional proba-
bility density function of the consumption share v4 ¢, and deriving its long-run behavior when the

economy is mean stationary under P.

Proposition 5 The density function for vi4,y, conditional on vy is denoted by py, ., (v|vi),

and 1s given by

hi(v)
1 N — MAU) Y172
1% == : ) 4
p 1,t+u(U‘V1,t) oA\/ﬂ¢ O'A\/a U(l _U)Rt(’U) ( 9)

where ¢(z) = \/%e_%zg is the standard normal density function, pa and oa are the drift (under

P) and diffusion components, respectively, of In %,
L, L,
pa = Pr=DBit (e —m) | wy - 50y | = 50, (50)
on = (2 —m)oy —og, (51)
P (o) = 07 (1= v) ", (52)
and
R = (vt ra-nl)” (53)
v)=|v— —v)— .
' ! 72
If the economy is mean stationary under P, that is, uan = 0, then
. 1
m py, ., (v[r1e) = 5 (6(0) +0(v - 1)), (54)
U—00 2

where 6(-) is the Dirac-delta function.

4 The Equilibrium State-Price Density

In this section, we first define the aggregate rate of time preference, the aggregate beliefs, and
the aggregate prudence in this economy, all of which will appear in the characterization of the
state-price density. Then, we determine the dynamics of the state-price density, and hence, the
equilibrium riskfree rate and market price of risk. Finally, we derive an expression for the level
of the state-price density, which is expressed as an average of state-price densities of single-agent

economies.
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Definition 4 The aggregate rate of time preference in the economy, B,, is given by the weighted
arithmetic mean of individual agents’ rates of time preference, where the weights are the consumption-

share weighted relative risk tolerances of the two investors:

By = wigfr+ way P, (55)
%kyk,t
wy, = ——————, and w; + wy = 1. (56)

1 I
VL + S5 V2t

Definition 5 The aggregate belief, py,, is given by the weighted arithmetic mean of the beliefs of
individual agents, where the weights are the consumption-share weighted relative risk tolerances of

the two investors as defined in (56):

My = Wit fby,1 + Wa g fhy,2. (57)

The prudence of an individual investor who has power utility is given by (1 + 7). Below, we

define aggregate prudence.

Definition 6 The quantity P; is the aggregate prudence in the economy:>

R:\> R:\?
P,=(1+v) <fyt> vit+ (1412) <fy2t> vt (58)

1

4.1 The riskless interest rate and its volatility

The central planner’s state-price density, 7, is given by'4
=\ —Brt *’YkY*'Yk 59
Tt k,t€ Vet Yt . ( )
From standard results in asset pricing (see Duffie (2001, Section 6.D, p. 106)), the evolution of the
central planner’s state-price density, m, is:

@ = *T’tdt - gtdZt, (60)
Tt

and the evolution of Agent k’s state-price density, 7, ¢, is:

d
Tkt pydt — O yd 2. (61)
Tkt

13Note that aggregate prudence may be larger than the prudence of either agent; that is, aggregate prudence is not
necessarily bounded between the prudence of the individual agents. Consequently, the interest rate in the two-agent
economy, which depends on aggregate prudence as shown in Equation (62), may not be bounded between the interest
rates in the economies with only one of the two agents, as observed in Wang (1996). For a further discussion of this
result, see Tran (2009, Proposition 2).

Because financial markets are effectively complete, marginal utilities of consumption are equal across agents for
each state, and therefore the first order condition for consumption in (19) ensures that the expression in (59) is the
same for k € {1,2}.
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Note that each agent has her own market price of risk; however, because the instantaneously riskfree
bond is a traded security, the two agents must agree on its price, and hence, on the interest rate.

The following proposition gives the closed-form expression for the riskfree rate.

Proposition 6 The locally riskfree rate is given by:

1
e = By+Ripy, — ERtPtU)Q/

1 R, 1 1
— R (1-—)o2— R I——-— — 62
+ 2w1,tw2,t t < 7172) O¢ — W1 tW2 Iy R (MY,l .LLY,Q)a (62)

where the weights wy, are defined in (56).

The corollary below gives the riskfree rate for the special cases where agents differ only with

respect to their risk aversions or their beliefs.

Corollary 2 If agents have identical and correct beliefs, then the locally riskfree rate is given by
1 2
ry = Bt + Rt/LY - iRtPth‘ (63)

On the other hand, if agents have identical relative risk aversion, y1 = v3 = 7, but different beliefs

and rates of time preference, then the locally riskfree rate is given by

2 2

1 1 1

e = E Vi tBk + E Vit e = 57 (147) 0y + SUL (1 - 7) of. (64)
k=1 k=1

To interpret the expression for the interest rate, recall that in an economy where all agents have
correct and identical beliefs, and identical preferences, the expression for the interest rate is

1
r=B+any = 571 +7)0t. (65)

From the expression above, we see that the interest is positively related to the rate of impatience,
(; positively related to the growth rate of aggregate endowment, uy, scaled by risk aversion « (that
is, the inverse of the elasticity of intertemporal substitution); and the third term arises because of
precautionary savings in the face of aggregate endowment risk, which leads to a drop in the interest

rate, where the magnitude of the drop depends on (1 + ), the prudence of agents.

Equation (63) of the corollary shows that if only risk aversions are heterogeneous but beliefs are
homogeneous and correct, then the riskfree rate has the same form as that for a single-agent econ-
omy, but with aggregate quantities 3;, Ry, and aggregate prudence, Py, replacing their single-agent
counterparts. On the other hand, if only beliefs are heterogeneous but preferences are homoge-

neous, then we see from the last term in (64) that if v < 1 the differences in beliefs will decrease
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the interest rate, or equivalently, increase the price of the instantaneously riskless bond. This effect
is similar to the premium (“bubble”) in asset prices that has been studied in Harrison and Kreps
(1978) and Scheinkman and Xiong (2003) for the case of risk neutrality (v = 0) in the presence
of shortsale constraints; over here, we get a similar effect for agents who are risk averse without
needing to constrain shortsales. However, if v > 1 then the price of the bond decreases with

heterogeneity in beliefs, an observation made also in Dumas, Kurshev, and Uppal (2009).

When agents have both heterogeneous beliefs and preferences, the risk-free rate in given by
(62). The terms in the first line of (62) correspond to the three terms in (63); note, however,
that because the weights used to construct these aggregate measures vary over time, the aggregate
measures will be time-varying rather than constant. The first term in the second line of (62) arises
because of volatility of the differences in beliefs, o¢, and corresponds to the last term in (64). This
term increases the risk-free rate when the aggregate risk aversion is less than the square of the
geometric mean of risk aversion; that is, Ry < 7172, which is true if and only if 4; > 1.1° It follows
that if 997 > 1 (91 < 1), then heterogeneity in beliefs increases (decreases) the risk-free rate. The

second term in the second line of (62) arises because of differences in both risk aversion and in

beliefs; that is, (% — %) (ty,1 — py,2). When the less risk averse agent is also the more optimistic

agent, that is, uy,1 > py,2, this term decreases the risk-free rate.

One of the limitations of the representative-agent general-equilibrium model of asset pricing is
that, when risk aversion is increased in order to improve the match of the equity risk premium in
the model to that in the data, the riskfree interest rate in the model becomes too high relative to
the data; this is the “riskfree rate puzzle” identified in Weil (1989). From the discussion above,
we see that both heterogeneity in beliefs and preferences have the potential to reduce the interest
rate relative to a homogeneous agent economy. Using the parameter values listed in Table 1, the
riskfree interest rate is plotted as a function of the consumption share of Agent 1 in Figure 1.
From this figure, we see that the riskfree rate in the homogeneous agent economy is more than
6% p.a. However, in the data it is about 1% p.a. (see Campbell (2003)). The figure shows that
heterogeneity in both risk aversion and in beliefs reduce the interest rate, and when both sources

of heterogeneity are present, the interest rate is about 2% p.a.

We can also derive an explicit expression for the volatility of the instantaneously riskless interest
rate. This is an important quantity because often models that can generate a sufficiently high equity
risk premium run into the problem of having a volatility for the real riskfree rate that is too high
relative to its empirical value of about 1.7% p.a. The gap between the low volatility of the real
interest rate and the relatively higher volatility of real stock returns (about 16% p.a. in the data)
is called the “equity volatility puzzle” in Campbell (2003).

Note that since R; < 72, Ry < 7172 if and only if 71 > 1.

18



Proposition 7 The volatility of the instantaneously riskless interest rate is:

o = {m—nx@—m>+<w—m<1+m<1+w>({f}n—l’ffm) (60

3R? 11
+ (2 L —Ry < + —+ 1>> [2(72 —71) (kv — py2) + (2 — 71)205/ + 02]
Y172 72

Ri(R; —71)(R¢ — 72)
Ty2(72 — )3

1
t5+m +72)0'§} [(v2 =)oy — o¢l.

For the special cases where either risk aversions are the same, or beliefs are the same and are

also correct, the expression for the volatility of the riskless interest rate simplifies to the following.

Corollary 3 If the two agents have identical risk aversion, y1 = vo = 7y, then the volatility of the

interest rate in (66) reduces to

2

V14V — 1\ 1 _

Oy = V2t Y1 — Y2 (Br — o) + Yy — prya) — (g — o) (1 _ ) L (“‘/1“”) .
Y oy v) 2 oy

(67)

On the other hand, if the two agents have identical beliefs, j1y,1 = py,2 = py, then the volatility

of the interest rate in (66) reduces to

— 3R 1 1 R; (R; — R; —
- (ﬁz B by R, [ ¢ ( L 1)] 0}2/) t (Re —71) (Re W)Jy- (68)
Y2 —m 27172 o2 Y172

From the expressions for the volatility of the riskfree interest rate for the two special cases in
(67) and (68), or the general case in (66), we see that heterogeneity in beliefs and heterogeneity
in preferences (both rates of time preference and risk aversions) contribute to the volatility of the
riskfree rate. The low volatility of the real riskfree rate in the data, about 1.7% p.a., imposes
discipline on our model, by limiting the differences across agents in our choice of the parameters
for preferences and beliefs. In Figure 2, we show the volatility of the riskfree rate of interest as a
function of the consumption share of Agent 1 (using the same parameter values listed in Table 1).
We see from the figure that heterogeneity in beliefs has only a small effect on the volatility of
the riskfree rate, but heterogeneity in risk aversions increases the interest rate. However, for the

parameter values we consider, the maximum volatility of the riskfree rate is less than 0.4% p.a.

4.2 The market price of risk

From (60), we see that the volatility of the central planner’s state price density (also know as the

stochastic discount factor) is given by the market price of risk, ;, while from (61) we see that the
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volatility of the state price density for each individual agent is given by the perceived market price
of risk, 05 +. The following proposition gives the closed-form expressions for these market prices of

risk.

Proposition 8 The market price of risk of the central planner, 0y, is:

v —
0 = Ryoy + [w] ) (69)
Oy
and the market prices of risk perceived by the two agents are:
V [R—
6. - R, <UY L et [WIMD , (70)
Y2 oy
V —
6o, — Ry <0Y L [/M/MD _ (71)
st oy

The corollary below gives the market prices of risk for the central planner and the two agents

for the special cases where agents have identical preferences or identical beliefs.

Corollary 4 If agents have identical and correct beliefs, then the central planner’s market price of
risk, 0y, and the market price of risk perceived by the two agents, 0, are given by:
0,5 = Hk’,t = RtO'Y. (72)

On the other hand, if agents have identical relative risk aversion, v1 = 2 = v, but different

beliefs and rates of time preference, then the central planner’s equilibrium market price of risk is

By — M
= yoy + |1t (73)
oy
and the market prices of risk perceived by Agents 1 and 2 are given by
1y, 1 — Wy,
b1 = oy + oy {12] ; (74)
oy
v,2 — My,
Oy = oy + v [/‘2“1] . (75)
Oy

To understand the expressions for the market price of risk in the above corollary and proposition,

note that in an economy where alan



hand, if preferences are identical but beliefs are heterogeneous, then we see from (74) and (75) that
agents do not agree on the market price of risk. From (74) we see that if Agent 2 is pessimistic
relative to Agent 1, pty;1 > py2, then the market price of risk perceived by Agent 1 will be increased.
The magnitude of this increase depends on the consumption-share of Agent 2, 1o, because this
determines Agent 2’s influence on equilibrium stock market returns. For the general case in (70)
where both beliefs and risk aversions are different, we see that the increase in the market price of
risk perceived by Agent 1 will depend on the consumption share of Agent 2, 1o, and the agent’s
risk tolerance, 1/v9, relative to aggregate risk tolerance in the economy, 1/R;, because these are
the two factors that determine the size of the position Agent 2 takes in the stock market. Finally,
from the expression in (69) for the general case where there is heterogeneity in both preferences
and beliefs, we see that the market price of risk for the central planner will increase if average
beliefs are pessimistic; that is, uy > py,. The intuition for this is that, if agents are pessimistic
on average, then the compensation for bearing risk must be relatively higher than what it needs to

be in an economy where agents have the correct average beliefs.

We now discuss the implications of heterogeneity in preferences and beliefs for the market price
of risk in the data. From Corollary 4, we see that in a model without heterogeneity of beliefs, the
market price of risk is given by R; oy, the product of aggregate risk aversion and the volatility of
aggregate endowment. But, in the data the volatility of aggregate endowment is about 3% p.a.,
which means that to obtain the empirically observed market price of risk of about 30%-50%, we
need aggregate risk aversion to be about 10-17, which is much higher than what many people
view as reasonable. More importantly, increasing risk aversion leads to a riskfree rate that is high
(because investors wish to borrow in order to consume today rather than in the future), but in the
data the riskfree rate is only about 1% p.a., and thus choosing a high value for relative risk aversion
would lead to the “riskfree rate puzzle” of Weil (1989).

On the other hand, in a model in which average beliefs do not coincide with the true beliefs, the
expression for the market price of risk in (69) has a second term, (uy — pty;)/0y, which contributes
to the magnitude of the market price of risk. In the second term, the volatility of aggregate
endowment divides the difference between the true growth rate of aggregate endowment and the
average belief about this in the economy. Thus, if investors are pessimistic on average, uy > py,
even small differences between the true expected growth rate and the aggregate belief about the
expected growth rate will have a large impact on the magnitude of the market price of risk implied
by the model.'® Figure 3 plots the market price of risk against the consumption share of Agent 1.

The figure shows that while heterogeneity in risk aversion (or beliefs) does not increase the market

%For example, if the difference between the true growth rate of aggregate endowment and the average belief about
this in the economy is 1%, then dividing this by the volatility of the growth rate of endowment of 3% will contribute
an additional 33% to the market price of risk. So, for instance, if the average risk aversion in the economy is 3, then
the first term in (69) is 9%, and the second term is 33%, for a total market price of risk that is 42% p.a.
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price of risk relative to the homogeneous-agent benchmark, incorrect beliefs that are pessimistic on

average lead to a significant increase in the market price of risk.

Note also that the market price of risk is countercyclical in the data and in the model of
Campbell and Cochrane (1999). This will be true also in our model if R; is countercyclical, which
requires that the more risk averse agent not be too optimistic relative to the less risk averse agent—
the exact condition is given in Equation (38). Therefore, to obtain a market price of risk which is
close to the data in both its level and cyclical behavior, we need both heterogeneity in risk aversion

and average beliefs that are pessimistic.

4.3 The state price density

In the section above, we have characterized the dynamics of the state price density for the central
planner and also for each individual agent. We now give the level of the equilibrium state-price
density using convergent series, where the individual terms depend solely on exogenous variables and
are written in terms of the state-price densities of single-agent economies, that is, 74, k € {1, 2},
defined in (23).

Proposition 9 The equilibrium state-price density is given by

00 A= o e
> o ap 17 4 27723, ' Tk O R,
Ty = n n (76)
00 A AT T Tt
Ym0 @Z,zﬂlﬁf Tt b Fox R,
where ap 1 = ap o =1 forn =0, and
_1)"+1 n’y—l — Y1 — 1
U — ( 72
a = y— néeN 7
n,1 Y n n—1 ) 9 ( )
_1)n+1 n2 — Y2 — 1
U — ( ga!
a = yp— n € N. 78

To interpret the expression for the state price density, observe that in (76) the term on the first

line can be written as!?
1-r 1-r n, 1 n, 2 _pn,
ﬁ-l,t 72 ﬁ;ﬁt _ )\17072 )\gfoefr 1t6 é(é’ 1) t—0 1Zt7 (79)
where
ot = <1 - n) 01 + —0s, (80)
72 72
1 R R
rvl = <1 — n> 71+ ﬁfg + = (1 — n> 2(91 - 92)2. (81)
V2 V2 2 Y2/ V2

'"The interpretation for the second line of (76) is analogous, and the expressions corresponding to (80) and (81)
are given in equations (A111) and (A112) of the appendix.
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Thus, the above proposition shows that the equilibrium state-density in (76) can be expressed as
a linear combination of state-price densities from a set of underlying economies with a constant
market price of risk and risk-free rate. Note that the market price of risk, 8™, is itself a weighted
arithmetic mean of the market prices of risk in the economies where Agents 1 and 2, respectively,
are the sole agents, and the risk-free rate, r™!, is the weighted arithmetic mean of the individual
agent economy risk-free rates but with an additional term, (él — é2)2. This term appears because
both heterogeneity in beliefs and risk aversion give risk to an additional demand for precautionary
savings. When n < g, the additional term is positive, leading to a premium (“bubble”) in asset
prices relative to the representative-agent setting, and negative when n > 72, implying a discount

in asset prices.

The expression for the equilibrium state-density in (76) can be simplified if agents have the
same risk aversion, 1 = 9 = 7, and a further simplification is possible if v is a natural number.

These simpler expressions are given in the corollary below.

Corollary 5 Suppose agents have identical risk aversion, that is, y1 = v2 = 7, but different beliefs.

Then the equilibrium state-price density is given by

n _n
[e'e) TAY A ~ A ~
ano ApTo 4T 5 T2t < Tt
T = n n (82)

00 mamy AlTT L .
Dm0 ATy T, Ty o > Wiy,

where, denoting by Ng the set of natural numbers that includes 0,
af = <7> ,n € Np. (83)
n

If relative risk aversion, v, is a natural number, then the equilibrium state-price density can be

further simplified to a finite sum:

b 1—n n
— Ta™ YAy
T = § AnTye Mot (84)
n=0

Observe that using Newton’s Binomial Theorem (for non-integral powers), we can rewrite the

series expansion in (82) as'®
1 1\7
T = (ﬁﬂt + ﬁ£t> . (85)

The expression for the equilibrium state-price density in (85) is a power mean (with exponent %)

of the individual agent state-price densities.!?

8When ~ is a natural number, the expression in (85) also follows from (84) by using the Binomial Theorem for
integral powers, and one could also obtain (85) directly from the first-order condition for consumption in (21).

191t follows from well known properties of the power mean, that the state-price density in Equation (85) is increasing
in relative risk aversion, . The intuition for this is that more risk averse agents will be more willing to pay for a
unit of consumption in a given state. If v = 1, the power mean reduces to the arithmetic mean; if v — oo it reduces
to the geometric mean; and, if v — 0, it reduces to the maximum of the individual-agent state-price densities.
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The special case considered in Corollary 5 where 41 = 5 = 7, with + being a natural number,
is similar to the model studied in Dumas, Kurshev, and Uppal (2009, Equation (35)), where they
obtain a similar expression for the state price density. Because v needs to be a natural number,
this special case does not allow one to study the case of risk aversion smaller than one. Our
Proposition 9, in contrast, allows for different risk aversion parameters for the two agents and does

not restrict their values to be natural numbers.

5 Prices and Risk Premia of Stocks and Bonds

In this section, we derive the stock price, the equity risk premium, the volatility of stock market
returns, and the term structure of interest rates. We then use these results to analyze how hetero-
geneity in beliefs, rates of time preference, and risk aversion impact the equity risk premium, the

volatility of stock market returns, the price-dividend ratio, and the term premium.

5.1 The equity risk premium and volatility of stock market returns

The price of the stock, which pays out the cash flow Y; in perpetuity, is given by

P =Yl (86)
where the price-dividend ratio p} is:
[e.e]
Y Ty Yu
=F — —du. 87
R e (57)

The risk premium on equity, which pays Y; in perpetuity, is given by the standard asset pricing

equation:

Y
5 [dPt + Yidt (58)

dry dPY
PtY — Ttdt:| = —Et |: :| .

iy Pty

Applying Ito’s Lemma to PtY = Y}pf and using Equation (88) leads to the following proposition.

Proposition 10 The volatility of stock market returns, J}%w 18

Y
Y Vit 8pt
opy =0y +o0 : , 89
Rt Y vt pz/ 8V17t ( )
and the risk premium on equity is
ny — Ky
e —ri= oy = (Reay + [0 o (90
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Agent 1’s perception of the risk premium is given by

Vot | HY,1 — Y2
Ng,l,t -1t =Ry <UY +— []) U%,ﬁ (91)
72 oy
and, Agent 2’s perception of the risk premium is given by

vy, Y,2 — Myl
Wy — 1= Ry (w ] [“ f ]) oo (92)
71 oy

In a model with a single representative investor, stock return volatility, cr; is equal to funda-

mental volatility, oy. From (89) we see that in a model with heterogeneous investors, stock market

Y
o . o .. Py .
return volatility is the sum of fundamental volatility, oy, and excess volatility, o,, % aull;t , which
+ )

depends on fluctuations in the price-dividend ratio. When demand for precautionary savings is not
too large, the price-dividend ratio is monotonic and countercyclical, and so excess volatility is pos-
itive, as in the data. Figure 4 shows the stock market return volatility or as a function of the
consumption share of Agent 1. We see from this figure that the excess volatility generated by
heterogeneity in beliefs is not significant,? but the excess volatility arising from heterogeneous risk
aversions is substantial. Overall, in the model with heterogeneous investors, stock return volatility

is 2—4 times higher than volatility in a model with identical investors.

We now discuss the equity risk premium. From Proposition 10, we see that while agents agree
on conditional stock return volatility, they may disagree on the conditional risk premium. The
central planner’s view of the conditional risk premium is given in (90), which is the product of the
market price of risk, 6;, and the volatility of stock market returns, Ug,r The risk premium will be
high when: (i) in aggregate, agents are pessimistic, py; < py; (ii) the aggregate risk aversion in
the economy, Ry, is high; and (iii) stock return volatility, ag’t, is high. Quantitatively, the first and
third channels are the most important for generating a risk premium that is high relative to the
risk premium in an economy where agents are homogeneous.?! This can be seen in Figure 5, where
the equity risk premium is substantially higher than what it would be in a homogeneous-agent

economy.

20This is partly because the value of risk aversions for the two agents in the base case is specified to be 3; if risk
aversion was less than 1, belief heterogeneity would have a larger effect on stock market return volatility.

2INote that if stock return volatility, Ugt, is higher than fundamental volatility, oy, the risk premium can be
higher than in either of the two homogeneous agent economies.

22 Above, we have seen that the market price of risk is about 40% p.a., while stock market return volatility is 2-4
times fundamental volatility, so 6%—12% p.a., and therefore, the product of these gives an equity risk premium that is
as much as 2.4% to 4.8% p.a. In contrast, in the homogeneous agent economy the equity risk premium would be the
product of fundamental volatility, 3% p.a., stock market return volatility which in the homogeneous agent economy
is also 3% p.a., and average risk aversion, which we have assumed to be 3, for an equity risk premium that is only
0.27% p.a.
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5.2 Price-dividend ratio for equity

We derive an exact closed-form solution for the price-dividend ratio, p} , by using the series expres-

sion for the state-price density in Proposition 9 to directly evaluate the expectation of the integral

in the right-hand side of (87). Because the state-price density is one of two linear combinations of

state-price densities from a set of underlying economies with constant risk-free rates and market
1t

prices of risk, depending on whether =, 2 It the price-dividend ratio p} in (95) is a sum of two

weighted averages. The first is a weighted average of price-dividend ratios from a set of underlying

economies with constant risk-free rates and market prices of risk conditional on :;Z > R, and the
second is a weighted average of price-dividend ratios from a set of underlying economies conditional

on =t < R.

T2t

To identify the price-dividend ratio for equity, we first identify the price-dividend ratio C}; 1

((3;277&) for a claim that pays Y; in perpetuity if % >R (% < R); that is,

n n
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Closed-form expressions for C}; 1+ and C};’ o are given in (A154) and (A155) in the appendix.?> We

now express the price of equity in terms of the prices of the two claims described above.?*

Proposition 11 The time-t price of equity, which pays the cash flow stream, Y; in perpetuity, is
given by PY = p!Y;, where

) 00
Y Y Y
b = an,l,t n,1,t + anQ,t n,2,ts (95)
n=0 n=0

23Recall that in each of the n economies above, the riskfree rate is given by ™! or ™2, and the market price of

risk is given by ™' or §™2 which are defined in Equations (80), (81), (A111) and (A112).

24Observe that this result is valid when Y is any stochastic process, such that the optimization problems of individual
agents are well defined and markets are complete. When Y is Markovian, we can derive a differential equation that
the price of the claim must satisfy. The price-dividend ratio, pi , depends on the distribution of consumption across
the two agents in the economy, and hence, is a function of the consumption share, that is, p} = p¥ (v1,t). The

differential equation has natural boundary conditions: p¥ (0) = m and pY(l) = m7 which are
9y THY, Ty THY,

a consequence of the equation’s limiting behavior at v, = 0, k € {1,2}. Using the further assumption that Y is a
geometric Brownian motion, this differential equation can be transformed into an inhomogeneous second order linear
differential equation with constant coefficients, which can be solved exactly in closed-form in terms of the Gaussian
hypergeometric function. The latter function can be defined as an infinite series, so we can verify that this result is
a special case of (95), together with (93) and (94).
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where the weights wy 1,1, n € No, and w24, n € No, are given by

1—n n
wnie = api(1}) 02 (v33)72, m €Ny (96)
n 1—n
wnat = apo(vy) 1 (vgy) 1, n €N, (97)

and each set of weights sums to one:
o0 oo
an,l,t = an,Q,t =1 (98)
n=0 n=0

Note that the price-dividend ratio can be non-monotonic. This is possible, because the expres-
sions for the risk-free rates in the underlying economies, given in (81) and (A112), are weighted
arithmetic means of the individual agent economy risk-free rates plus an additional term, arising
from demand for precautionary savings. When demand for precautionary savings is high, the price-
dividend ratio will be non-monotonic. From (81) and (A112), we can see this will occur when the
individual-agent economy market prices of risk, given in (25), are more heterogeneous. We can see
from (25) that heterogeneity in the market prices of risk will be higher when the more risk averse

agent, Agent 2, is also more pessimistic relative to Agent 1.

Finally, we consider two special cases: the first where the two agents have the same risk aversion,
Y1 = y2 = 7, and the second, where the two agents have the same risk aversion and + is a natural
number. For these two special cases, the price-dividend ratio for equity is expressed in terms of

C}; 1 (C}f 2ﬂt), which is the price-dividend ratio of the claim which pays the cashflow stream, Y, in

perpetuity, provided 1t > 1 (”12 < 1):

T2t o,

— n on -
o0 7/.\[. 77’.‘[."/
Y 1u 2u Ly
Cn,l,t = Et / - =n 71 frl,u>1 du , N € NO, (99)
R T SHROR E v
— n n -
o0 ,ﬁ-"/ ,ﬁ- vy Y
Y Lu”2u u
Cn,Q,t = Et / T —n 71{7}1 u<1}du , N S N(]. (100)
t ~y &~ v It =
7T'Lt7T R T2,

Closed-form expressions for ng/,l,t and C};Q’t are given by (A158) and (A159) in the appendix. We

now give the price-dividend ratio for equity.

Corollary 6 When risk aversions are identical, v1 = ~v2 =y, then

0 o]
pL= D wntilnng + ) wn2aCuag (101)
n=0

n=0
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where

onae = ()02 F03)% 0 e mg (102)
Wnat = (Z)(uit):(yg’t)l_:,neNO. (103)

If in addition to risk aversions being identical, v1 = v2 = v, we also have that v € N, then the

above expressions simplify further to:

g = (1 - Z) B+ (:) B2, (107)

uy = <1 - Z) v + <Z> Byas (108)
_n n\7

ot = (1) (miid) (109)

From (104), we see that the price-dividend ratio in the economy with heterogenous beliefs is

Y
plo= ) wniph, (104)
n=0
where
pn = (" ooy —pg) (105)
1 1/n n
= - g+ 1 () (1-2) o2 (106)

a weighted sum of the price-dividend ratios in 1 + 7 homogeneous agent economies, where in the
n’th such economy, the agent has a rate of time preference given by (3,, and her beliefs about the
expected growth rate of the endowment are a weighted average of the beliefs in the heterogenous
agent economy, where the weights are 1 — % and %, respectively.?> The special case considered
in Corollary 6 is similar to the model studied by Yan (2008, Proposition 3), where he obtains
closed-form results for only the case in which the risk aversion parameter « is identical across agent
and 7y is a natural number, which then excludes the case of risk aversion smaller than one. Our
Proposition 11, in contrast, allows for different risk aversion parameters for the two agents and

does not restrict their values to be natural numbers.

25The n’th weight in the sum is given by the expression in (109); observe that the weights sum to one, because

AR AY .
Z n (VM y2,t) =it +12:) =1

n=0
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5.3 Valuation of risky and riskless zero-coupon claims

In the previous section, we studied the price of equity, which is an asset that pays a stream of
cashflows in perpetuity. We now derive a closed-form expression for the time-f price of a zero-
coupon (risky) claim, which has a single payout of Y at time 7. We then use this price to identify
the yield on the security.

The price of this zero-coupon claim, denoted V%/_t, is:
iy =Yror_, (110)

where the price-dividend ratio of this claim is
P O [] : (111)

Observe that if uy = 0 and oy = 0, then the price of the above risky zero-coupon claim reduces to

the price of a riskfree zero-coupon bond.

To identify the price of this zero-coupon claim that is risky, we start by finding d)il,t (6Y,,),

94y

which is the price-dividend ratio of the claim that pays Yr at date T only if nr SR (?LT < R):

w2, T T2, T

ro1-r T
o V2 472

7 VI v

Y 1,T 2T IT

¢n,1,t = b - oy 1 #1T du| , n € No, (112)
AT v a2 Tt ~—>R

L M1t "oy 2T J

nooqj_mn .
ﬁ_"/l 71‘, 71 Y-

Y . 1,772,T T
¢n,2,t - Et noo_n Y;g 1{7?177« <R}du y L E NO' (113)

72, T

Exact closed-form expressions for Qb}z/,l,t and qﬁiu are given in Equations (A178) and (A179) in the
appendix. Recall that in the n’th economy above, the risk-free rate is given by 7! (r™?2), and the

market price of risk is given by ™! (6™2).

Proposition 12 The time-t price of the zero-coupon claim, which pays out Y units at time T, is

given by V%:t = v}:tY}, where

o o
Y Y Y
Uy = an,l,t(ﬁn,l,t + an,lt@bnz,ta (114)
n=0 n=0

where the weights wp 1+, n € No, and wp 2+, n € No, are given by (96) and (97), respectively.
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We now explore the term structure of zero-coupon risky and riskfree claims in the presence
of heterogeneity in beliefs and preferences. We start by defining the yield on a risky zero-coupon
claim, y%_t:

Y
Y 1 Vi

-
yT—t T—tn }/%

(115)

The following proposition describes this yield when the maturity of the claim is infinite, that is,

the “long-term” yield.

Proposition 13 The long-term yield on the risky zero-coupon claim, y%_t, which pays the cash

flow Yp at time T is given by
Th_{féo yy_, = min (71 + 71 0% — iy, P2+ Y200 — fiys) . (116)
The long-term yield on the riskfree zero-coupon discount bond, y%_t, as T — oo is

. 1 . A oA
jlgréo Yr_, = min (f1,72) , (117)

and the limit of the term premium, the difference between y%ft and the short rate, ry, is:

lim yp_, — ¢ = min (f1,7) — 7. 11
Jim yg_y = min (7, ) — 1y (118)

Observe that each term inside the min operator in (116) has the following interpretation: 7y is
the riskless interest rate in a homogeneous-agent economy where the agent is of type k; the term
Yk 0'32, is the adjustment to the riskless return for bearing risk in this economy, so the sum of the
first two terms gives the expected return adjusted for risk; and, the last term is the growth rate
expected by Agent k. Together, the three terms give the “discount rate” used by Agent k for

valuing risky cashflows.

Proposition 13 implies that the long-term yield will be set by whichever agent has the lower
discount rate, and not necessarily the agent who survives P-almost surely in the long run. The
intuition is that even though an agent may not survive in the long-run in the almost-surely sense,
she may still be the dominant agent in rare states of the world, which are also high marginal utility
states for this investor, and thus important for asset prices, as explained in Kogan, Ross, Wang,

and Westerfield (2006).

Corollary 7 Suppose agents have identical preferences, and Agent 1 has correct beliefs, whereas
Agent 2 has incorrect beliefs about the expected growth rate of the economy. Then the economy is
P-a.s. non-stationary, since Agent 2 (with incorrect beliefs) does not survive P-a.s. The long-term

yield, y¥._,, is set by Agent 2 if and only if (i) pys < py and vy > 1, or (ii) pys > py and v < 1.
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Empirically, the nominal term premium (for riskless bonds) is smaller than the equity risk
premium (see Campbell (2003)), while there is little empirical evidence on the magnitude of the
real term premium. In our model, we also find that the term premium is smaller than the equity
risk premium, though the difference is not as substantial as in the data. From Figure 6, we see
that the term premium is around 1% in magnitude over most of the state space. The figure also
shows that heterogeneity in risk aversion alone would generate a very large term premium, but

heterogeneity in beliefs plays an important role in reducing the magnitude of the term premium.

6 Conclusion

In this paper, we study an endowment economy where there are two types of agents, each with
expected (power) utility. The two agents are heterogeneous with respect to their preference param-
eters for the subjective rate of time preference and relative risk aversion, and also with respect to
their beliefs. The two agents can invest in a stock, which is a claim on endowment, and a instanta-
neously risk free asset, which is in zero net supply. Our main contribution is to solve in closed form
for the equilibrium in this economy and to identify the optimal consumption-sharing rule, without

restricting the risk aversions of the two agents to particular values. We use this closed-form solution



A Appendix: Proofs for Propositions and Corollaries

Proof of Proposition 1: Consumption-sharing rule
Equation (26) is equivalent to
At(l — I/Lt)n = Vl,t7 (Al)

which implicitly defines v1; in terms of A;. To solve explicitly for v, we apply Theorem C2,
expanding around the point v1; = 0, with

fz) = 2(1=2)7", (A2)
p(z) = (1-2)" (A3)
9(z) = =z (A4)

after showing that f is complex analytic in some neighborhood of 0. We know from the binomial
series expansion that for z € C, such that |z| < 1,

(1-=3 ()= (45)

n=0

where (37) = Hg?:l_"%kﬂ is the generalized binomial coefficient. Therefore, (1 — z)~" is complex
analytic in the open ball {z € C: |z| < 1}. Since z is complex analytic for all z € C, it follows that
f as defined in (A2) is complex analytic in the open ball {z € C : |z| < 1}. It therefore follows
from Theorem C2 that

0 n gn—1
o= A0y, (46)
n=1
Since
n—1
= = (= (= 2) . — (= 2)(1— ) D (AT)

it follows that

vy = _i(it)” <nn_n1>7 (A8)

oy = 1+%:(At)n< m ) (A9)

We shall now determine the radius of convergence of the above series. From d’Alembert’s ratio
test, it follows that the above series converge absolutely for all A € C s.t. |A| < R, where

(")

(n(nJrl))

_ 1
R lim "

n—oo  n

. (A10)

We wish to evaluate the above limit for all € R such that 7 > 1. Hence, (,"",) and (77(";1)) are

positive and real, and so
— . n + 1 (nnfl)
R= lim — (1D
n

(A11)
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z—k+j

We note that the generalized binomial coefficient, (Z) = H§:1 , can be written as

(z) _ I'(z+1) (A12)

k) T(z—k+1L(k+1)

where T'(z) is the Gamma function, which for R(z) > 0 (where R(z) denotes the real part of z),
has the integral representation,

['(z) = / e tdt. (A13)
0
The Euler Beta function, B(z,y), defined by
1
B(z,y) = / t* 11 — )y Ldt, (A14)
0
can be written in terms of the Gamma function as follows,
I'(2)I'(y)
Blz,y) = —29 Al5
(@) = g (A15)

Together with (A12), the above expression implies that the generalized binomial coefficient is given
by

z 1
= . Al6
(k) (z+1)B(z—k+1,k+1) (A16)
Hence,
— 1 1 1B((n—1 1 1
o iy ALt +1B((-Yn+1)nt+l) (A17)
n—oo M nn + 1 B((n—1)n,n)
To evaluate the above limit, we start by recalling Stirling’s series for the Gamma function
1
I'(z) = V2me s <1 +0 <>) , (A18)
z
which together with (A15) implies that
(=D D))"=V (1) (D=3
= 1 )+1 (- (=D (n+1)+(n+1)) -}
7 lim " +1nn+1) + 1 (-1)(n+1)+n+1) o Ly (A19)
n—oo m nm+1 (p=)n) ("D~ 3" 2
((n=1)n)n) (= Dn)+m)= 5
Simplifying the above expression gives
(n—1)(=D(n+1)=1/2(p 4 1)n(nt+1)—1
T o~ qim " +1lnn+1)+1 (g D)7+ D172
o n1—>120 n nn +1 (7]_1)(7]*1)71*1/2”7]7171
(nn)mm—1/2
(=D )—1/2(py 4 )~ 1/2
g Inn+1)+1 () nn<n+1>—1/£n :
o n1—>I20 n nn + 1 (1771)(’1—1)”—1/%—1/2
1771”—1/2
, n+1nn+1)+1(n—1)7"1 n
= lim
n—oo m nn +1 n" n+1
— 1)1
S = (A20)
1777
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Since Ay is a geometric Brownian motion, it is positive and real. Hence, the right-hand side of (A9)

-1
is absolutely convergent for A; < (77_;%77 )

We now derive a series expansion for vo; in terms of A;, which is absolutely convergent for

A > (7’_;%71 We start by rearranging (26) to obtain

vay = Ay (1L = va) . (A21)

To find v, we apply Theorem C2, expanding around the point v5; = 0, with f, ¢ and g, defined
as below

f(z) = z(1—2)"/n (A22)
p(z) = (1—z)'" (A23)
g(z) = =z (A24)

We can show that our newly defined f is complex analytic in the open ball, {z € C : |z] < 1}, in
the same way as for (A2). Hence, Theorem C2 implies that

0 A—l/ﬂ n gn—1
=3 A ], (2

Because

it follows that

1
SIS
D D VR

By comparing the above expression with (A8), we can see that (A27) is absolutely convergent if
1

1
1) .. —1)n—1 .
%7 that is, if A; > =" T4 summarize, we have
n

—1/n
At < 77”7

3=

—{ -7 W(ﬁ) A >R, (A28)

Vot

n=1 nA n—1 -
14y G (mny 4, < R,

where R is given in (A20). Using (28) we can rewrite the above expressions for the sharing rule as
(30).
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Proof of Proposition 2: Dynamics of the consumption-sharing rule

We first derive a stochastic differential equation satisfied by v ; by treating v1; as a function of ¢,
Y and . Differentiating (20) implicitly with respect to t gives

1 Oviy 1 Oviy
B — ot A29
B1+m v ot B2 — 72 T (A29)
Solving for dvy ;/0t, we obtain
ov 11
8? = %%Vl,tylt (B2 — B1) Ry, (A30)

where Ry is the average relative risk aversion in the economy, defined in (32). Differentiating (20)
implicitly with respect Y; and solving for dvy ,/0Y; gives

0 1 1
Yt V17t = < — ) 1/17151/27th. (A?)].)

Y, 0 B

Partial differentiation of each side of (A31) with respect to Y; and solving for 9%v ;/0Y;? gives

2 1 1 2
Yt28 V12,t = ( — ) 1/17tl/2’th (Rt — 2> . (A32)
Y, o2 M2

Differentiating (20) implicitly with respect to £ gives

—Bity—71,,—71 2! 8V17t> _ —Baty —72,,— 2 1 —Baty —71,,— 2 ( 2 8V27t)
aie Y v - = ase Y v — + aqe Y v -
! BoTLE ( v 0& 2 N gtft 2 b Ve b Vot O&
e 1 7 Ong
Vit aft &t Vot 3&5
3V1 Y: _
Y < moy e ) I
8ft Vit Vot
B -1
ne & Mg (A33)
&t Y1Y2
Therefore,
821/17'5 - _ 1 i[é‘_ly v R]
2¢  qpog ot MR
1 5 _10(v1,v2,1Ry)
e R — - S T A34
7172[ & viave Ry + & o€, ( )
Now note that
8(’/1 tV2 th) OR: Ova Ovy ¢
AN U L T 1R Yyt )
9%, V12t 9%, + Ry | vig o€, + oy o€,
R Ov
= Vl,t”2,t¥: + R 851: (I/Zt —I/Lt). (A35)
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OR:¢ .
We now compute o€

Therefore,
8(V1,tV2,th) _

&

Hence,

321/1715 o 1 |:
o7 Y172
1
Y172

—2 —2
= [ft vV, Ry + & “vr oy

1

= 7515 VltVQth[

Y172

The mixed partial derivative,

(‘?Rt 2 ( 1 8V1t 1 8V2t>
- _R _ ’ _|_ . )
& 7 0& Y2 0&

1 1 81/115
(i
"\ ) 04

1 1\ ov oy
_Vl,tVQ,tR% ( - 72) SN R; ! (var — Vi)

7 & &
ov 1 1
R, (—Vl,tl/zth ( - ) +vop — V1,t>
& T

_ R? 11
=& 1V1,t7/2,t7t <—V1,tV2,th < — ) + ot — V1,t> .
Y172

Y172

71 V2

R; 1 1
—vigo Ry | — — — | Frvop—vig || -
Y172 72

62
8Y8§ is given by

821/1’1} 1 0
oY 9& 7172 0 (& v Re]
1 4, 0
= —%72 ¢ lay (V12,4 Ry
0 OR;
= 71725,5 { 6Y 14v24] + V1ot oY, }
Hence, we compute
8 [V l/ ] 8V1’ty + 81/27,51/ . 8y1’ty _ 8y17ty . 81/17t (U _ )
8Y 1,612t Y, 2,t aY, 1,6 = Y, 2.t 78)/} 1,6 = aY, 2,t 1,t)s
and
8Rt _ —R2 <1 81/1715 4 18V27t> _ —R2 <1 _ 1) 61/1775
oY, "\ 0y, oy OV "\ /) oy
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R? 1 1
t <_V1,tV2,th < — > + o — Vl,t>:|
Y172 7172

(A36)

(A37)

9 9 R? 11
=& rigve Ry — & v e —— | e Ry | — — — | ey — vy
Y172

(A38)

(A39)

(A40)

(A41)



Thus, we obtain

= = —— R
oY 9&; Y172 & { 8Y [Vl tV2 t] + v —— Y }
_ 1 -1 aVLt ) 1 8V1’t
= _’YI’Y2 §t {Rt 8Y} (l/z,t - I/1,t) — lll,tyz’th _ - aYt

(var —vie) — V1o Ry

]. —1 8V1 t 1 1
— ’ i) — R, (——-—
- ft t Y, (V2,t Vl,t) Vit el " -
-1, 1 1 1 1
= —y gt < - ) vi v RE {(Vz,t — 1) —vieRy ( - ) } (A42)
Y172 Y72 2
From Ito’s Lemma
oy ¢ Ovig 23 V1t o2 (9 Vit o2 vy 2
d = : Y; Y dt
V1t ( o ay, v +§t 85 e + 21 gy oy + ft o ¢ T &Y ' E,0Y, 8Y oy o¢
oy )
Y; dZ, A43
—I—( té?Yt ft (% ) t (A43)
which under measure P! becomes
81/1,5 81/1,5 28 Vit v 2
d = : Y; Y Y dt
Vit < ot + Y; Y, Myl + o1t 8Y2 y ft 3ft + & t85 8Y oyo¢
Ovyy vy
Y; : : dZ A44
+< oy, oy +& 7, Ug) Lt (Ad4)
and under measure P2 is
Ovy 4 vy 23 Vit 52 8 V1t 2 8V2
d = Y; Y dt
Vit ( ey +Y oY, MY2+5t § 5% ayg v+ 2& 28 e + &Y ' BE,0Y, aYtUYQ
31/1t Ovy
Y, : dZs . A45
< t o 8Y} y +& 9, Ug) 2.t (A45)

Substituting the partial derivatives into these equations, followed by some straightforward algebra,
leads to the results stated in the proposition.

Similarly, one can show that Agent k believes the evolution of the sharing rule is given by

din
J = l/l tdt+UV1 tdet7 (A46)
Vit
where
Pl
Huypp = Moy + 0100, ¢
R viy Vi 11
= v {(52 = B1) + (2 =)k — ( 2L M) R} < - > (ty2 — py1)
2 T m QT
1 R? ) 2 1 2 V%t V12t R152
302 =\ 55, T2 ov el | 5, T, +1 A47
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and

IP)Q
/“Llllyt = lu'Vl,t + 0-6720-V17t
R V2 I/2 1 1
= vy {(52 = B1)+ (v2— M)y — (Qt — = t> R} < - > (Hyz2 — py;)
")/1’72 ,72 /71 ’71 ’72
1 R? > 2 1 2 V22t 1/12t R?
+ i, R R - L T B A . A48
2 (72 '71) (71,72 Y 2 f 72 /71 71»’)/2 ( )

Proof of Proposition 3: Almost-sure survival

Equation (26) can be rewritten as

V2 _(72_71))\2’0 —(B2—B1)t ,— (02,02 )t+ (o 2—0e1)Zs —(va—v1)[(ny — 202 t+oy Ze], M
v =Y, rOe ( Jte=3(0E270% £270¢,1) % o~ ( Ny —30%) ]Vl,t' (A49)
Thus,
7 a1 A20 (Bt~ (02 p—0? it (e a—oe )2 —(ra—yn)(ay — b0ty 2] |
V2,t: YO S e 2Pt eT 2927 % 1 (3 [3) e 2—71 Y —50y Y 4t Vit
1,0

(A50)
which implies that

{52—&— (HY,2_HY,1)(M:Q—%(uy71+uy’2))
Y

12
) A +(72—"/1)(MY—20y)]t HY1—Hy,2 _
Y] YO(’YQ ) 1’06 6[ +(72 'Yl)O'Y]Zt

Vot A2 oy =V
(A51)
Now, recall the standard results that
R R ) (a5
and
lim sup ePZt = oo, (A53)
lim inf ePZt = 0. (A54)

From the above results it follows that to ensure that lim;_, . e®tb%t ig strictly between zero and
infinity, we need to have both a and b equal to zero. It then follows from the expression in (A51)
that both agents will survive P-a.s., that is, the economy will be stationary almost surely under P,

if and only if (45) and (44) hold.
Under P!, (A51) becomes
n (r2—m) AL (B2—B1)t 2o2t+(oe1—0¢2) 2t (va—71)[(py 1 — 202 t+oy Z1 4] o
Y, AL (B2=P1)t 30gt+(0e1-0¢,2) Ze (2 =71 (v, — 303 )+ oy Z1 e = vy, (A55)

V.
2.t
A2

It follows that the economy is almost surely stationary under P! if and only if (46) and (44) hold.
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Under P2, (A51) becomes

1/m
Vg,t <YO(’Yz 'Yl)ilg (B2— ﬂl)te 5 §t+(05,1_05,2)zt6("/2’Yl)[(ﬂY,Q50%)t+ﬂyz2,t]> =iy (A56)

It follows that the economy is almost surely stationary under P? if and only if (47) and (44) hold.

Proof of Proposition 4: Survival in the mean

First we compute E;vg i1y, Etll/27t+u, and Et21/2,t+u- Then we take limits as u — oco. Thus,

o0 ~ n
(_)n+1 T\ 72 [ NI
Et V2 ¢ = Et = . 72 1 Py
el = B2 ) 021 )
© _ \ntl /4 o 2
LB, 1_2( )" <7Ar1,t+u>71 (n% )1 )
= n T2 t+u n—1 {ﬁ;::“d%}

1
The infinite series in the expressions above are complex analytic functions of (%) "2 for {ﬂ eC: |2 > R},
1 T2 )
1

and (%) M for {% eC: |%| < R}, respectively. Therefore, term-by-term integration is valid, and

. n
(WQ,t-i-u) 72 1
R {on)
n_
1 )t nw > T1t4u Ty
Tlittu _ 2 : t 1 ttu ’
n—1 Mo ¢ T g
ffz,t+u - situ 72, t4u

o n+1
E V2 t+u Z (n h 1>Et

n=1

+E;

From Lemma B2 in Appendix B it follows that

) = (ma—303)u
ovu

In (
By [AP Ly, cry] = Aper(pan—30d)ugn®bug —noavau |, (A7)

and

2, o —ln<%)+(u,4—%0124)u

_n — n 1 k3
Ly |:At+nul{At+u>R}:| = A, ”6_5(“*‘_50‘2“)"6("> 7at - %UA\/E )

(A5S)

where A is given in (28), ua and o4 are the drift (under P) and diffusion coefficients, respectively
fdd je.
A

— 1 1 1
pa = 52% b1 +(n—1) </1,y — U%) — —lag + 50124, (A59)

1
o4 = (n—1oy — ’705' (A60)
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Since A is given by (28), we can rewrite (A57) and (A58) in the following more symmetric form:

R

. n . n 9 In ( w1t ) — HAU
1t 71 1\ n 20 7 n
<A : +u> 1 S = (A > e “Aue<71> TAY g 2t — —GA\/E ,
Y R 71

UA\/E

(A61)

and

R
R " R " , —ln<ﬁl’t>+uAu
2.t 2 Mot \ 72 —n n\ 52, = n
<A s +u> 1 S — ( ’ ) e vz’u’Aue(’m) A CI) il — 70’A\/a
T, t4u { . >R} Y

T2 ttu

Ey

(A62)
where pa and oa are the drift (under P) and diffusion components, respectively, of In %, and are
given in (50) and (51).

Therefore,

Ewsiru = oA/ (A63)
00 ( )777, Y2 = 2 In ("Il%f> T Hal
— 7?‘—1 t\ "t A (L) TAU 72,0 n
" 2 ETa 71 A%p - =
+n§::1 n <”1) (ﬁ2t> o oaVu gl Tave

We can show that lim, .o, and ) o2, can be interchanged (details are available upon request),
which implies that

1n(ﬁi>_,u'Au 0 7HA>O7

. T T2t o 1 _

Jim By [vo 4] = lim @ Y =4 35 »ka=0, (AG4)
1 ,pua <0.

Therefore, the economy is mean stationary under P if and only if ua = 0; that is,
1 1

B1—PB2—(v2—m) (,uy - 20’%) - 5(05272 —0¢,) =0. (A65)

Similarly, we can evaluate E}vo: and E?voy, and obtain necessary and sufficient conditions for
mean stationarity under P! and P2, given in (46) and (47), respectively.
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Proof of Corollary 1: Mean stationary under identical preferences

Suppose 1 = o = 0, 71 =72 =7, and py,1 # py2. Then (45) reduces to (48).

Proof of Proposition 5: Distribution of consumption share

Note that

The cumulative distribution function for v; ;4,, conditional on v; is given by

et = hy(v1y). (A66)
Pr(visyu <vly) = Pr(hl_l(eAt) < v|Ay)
Pr(e®t < hy(v)|Ay). (A67)

The previous line shows that we shall not need to compute the inverse function hl_1 (). Coupled with

the fact that A is a geometric Brownian motion (a consequence of Y being a geometric Brownian

motion), this means deriving the cumulative distribution function is straightforward:

Pr(eft+s < hy(v)|A,) =

Pr(Apy <Inhj(v)|Ay)
Apyu — (Ar + pau)
P <
' ( oaVu -
o Inhy(v) — (Ay + pau)
oAU ’

In h1 (U) — (At + /,LA’LL)
oAU

)

(A68)

where ®(-) is the standard normal distribution function. The density function p,, , ., (v|v1,) is given

by

Preya (VlV12)

Since

it follows that

Puiiyn (U|V17t) =

A (1nh1(v2f;(j%+uAu))

dv
B 1 Inhy(v) — (A¢ 4+ pau)\ by (v)
= ot (M) (469)
hi(v)  me v
)~ o= o) (470)
1 In hl(v) — (At + MAU) Y172
vt (A ) R, (A7)

which can be rewritten as (49). Taking the limit of (49) as u — oo when v € (0,1) gives zero.
When v = 0 or 1, the limit is infinite, but symmetry and the fact that p,, ., (v|v1;) is a probability
density function (and hence integrates to one) implies that limy oo py, ., (v = 0lv1,) = £6(v) and

1

My o0 Py gy (0 = 1|v1) = 56(v — 1).
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Proof of Proposition 6: Riskfree rate

Agent 1’s state price density, 71, is given in (17). Since C1 ¢ = v1,Y;, it follows from Ito’s Lemma
that

dm 1 1
bt [51 + 7 (um + by 4+ ffYUm,t) —5n(L+m)(oy + o) | db

Tt
— 1 (oy +0u,t)dZy 4. (AT72)

Hence, from (61), we have

: 1
e = f1+m (MY,1 + iy e + UYUW&) —5mnd+m)(oy + T ) (AT73)

Substituting the expressions for ;ﬁﬁ’;t and oy, ¢+ from (A47) and (34), respectively, into (A73) and
simplifying gives (62).

Proof of Corollary 2: Riskfree rate with correct beliefs or with identical risk
aversions

Equation (63) follows from (62) after setting py,1 = py,2 = py, and simplifying.

Proof of Proposition 7: Volatility of the risk-free rate

Applying Ito’s Lemma to r¢, we obtain

drt = /Lr’tdt + O'r,tdZt, (A74)
where
Hrt = Vl,taTuMuht + §Vl,t8712¢0u1,t (AT5)
or
Ort = l/LtaT;O'yl’t. (A76)

Substituting (62) and (34) into the above expression and simplifying gives (66).

Proof of Corollary 3: Volatility of the risk-free rate if risk aversions or beliefs
are identical

If the two agents have identical risk aversion, 713 = 72 = =, then the volatility of the interest rate in

(66) reduces to the expression in (67). On the other hand, if the two agents have identical beliefs,
Wy,1 = py,2 = [y, then the volatility of the interest rate in (66) reduces to (68).
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Proof of Proposition 8: Market price of risk

Equation (A72) gives the dynamics for Agent 1’s state price density, m1 ;. Hence, from (61), we
have

0= (oy +0u, 1), (ATT7)
Substituting the expression for o, ¢ from (34) into (A77) and simplifying gives (70).

Proof of Corollary 4. Market price of risk with correct beliefs or with identical
risk aversions

Equation (72) follows from (70) after setting py,1 = py2 = py, and simplifying. Equations (74)
and (75) follows from (70) after setting ;1 = 72 = 7, and simplifying.

Proof of Proposition 9: State-price density

The equilibrium state price density is given by (59). To find a closed form expression for the
equilibrium state- prlce density, we find series expansions for I/k , k € {1,2}. To find a series

expansion for 1/2 , note that
v, ?2 =(1—wv14) 7, (AT8)

and use Theorem C2 to expand around the point v ; = 0. To do this we define
g(z) = (1—2)772, (AT9)

which is complex analytic in the open ball {z € C : |z| < 1}. Hence, with f and ¢ defined as in
(A2) and (A3), respectively, Theorem C2 implies that

g(vie) = (1—V11t)_72
An dn— 1 "
= +Z n! dxn— 1 ,l‘)@(l‘) ]xz()
An dn 1 o
- 1+Z oy (e —a) e (AS0)
Since,

dnfl 1
W%(l — )" (A81)

= ="t —e =) (=72 —2)... () — 72— (n— 1)) (1 — )"~ 071,

it follows that
nn—y2—1
V2t =1—" g < "1 ) (A82)

D’Alembert’s ratio test implies that the above series converges absolutely for all A € C such that

|A| < R, where
= on+l (M)
k= nh—>r20 n (77(”+1)*’72*1) )

(A83)
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Using (A16), we rewrite the above expression as

= . n+177(n+1)—723((77—1)(n+1)—72—1,n+1)'

R = lim A84
n—oo 1 nm =72 B((n—1n—-12—1n) (A84)
Hence, using (A15) and (A18), we obtain
( ) [(n=1)(n+1)—(142)] = DD = (472) 7172 (g )t —1/2
= _ .o ntlnpn+1)—"7 [1(n+1)— (14~2)] 1D = (TF72)=1/2
R o T'LILIEIO n nn — /'yz [(n—l)n—(1-'-')/2)](’7_1)”_(1“")’2)_1/271”_1/2 (A85)
[ —(142)] = (H72) =172
We now simplify the expression
[(n=1) (n+1)— (L4y2)| 1= DD = (H72) 71/2 (g 1) n1 172
[n(n+1)—(14y2) 7 FD-F2)~172 (A86)

[(n—1)n—(14~2)] (1= Dn=0+72)~1/2yn—1/2
[nn—(1+42)]1m— (A +72)—1/2

Simplifying the numerator of the above expression gives

(7= D)(n+1) = (L4 )] VD) s (g g 1yt
[+ 1) = (14 ) 1D =(2)

D (ng1)— _1 11 (n=1)(n+1)=(r2+1)~3
(= 1)(n + D=0 (4 1= [1 - e ] 2

}n(n+1)—(v2+1)—§

n+1)— 1)-1 1+
[n(n + 1)1 =024 D=2 [1 ~ A

(17— 1) DD O DS (1)) [ L
n—1)(n

}n(n+1)—(wz+1)—§

} (n=1)(n+1)—(y2+1)—3

1D =02 D)=5 (5 4 )0+ = (1) [1 _ ?zﬁ)
n(n

- - _1 (nt1)\ (=1 —(14+72+3)
AR (= o i I L |

i Tt =Gas=3 (1 — et [N g 70D (A87)

n—+1n 2 [ —n(n+1)} [ _n(n+1)j|

Similarly for the denominator of (A86)
[(n—1D)n — (1 4 79)] (1= Dn=(1472)=1/2yn=1/2
[nn — (1 4 ~)]m—(472)-1/2
my (1=1) —(14+72+3)

(n— D)o Dn=tw=g (1 - e

= ({ (n=1) } ) { (n—1) } . (ASS)

1
SO —3 ({1 — Wfﬁir)n {1 — 7?7;1}_(”72*5)
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Therefore,

-1 1
(n_l)(n—l)(n+1)—(“r2+1)—%([1 vp+1 ]<"+1))(" )[1 PES! ]—“*72*?

BRCESICERY) ERCESVICESY)
nt1)— -1 (n+1)\" —(1+y2+%)
S R Eo PR Gk i N ) A
= m
- (n=1) ( H
n—oo M nn —my2 (n_l)(n*1>n*(’)’2+l)7%([1_(7';/2_41—)1"] )n 1 [1_(3241_)2] 11+’Y2+2
b (] ) o]
(nt1)\ (1) ~(4+72+3)
(=)0~ 1)([1 i ) -y
1 ("+1> 1 1-+ra+d)
li \/mﬁ(nJrl)—v 77”([1 71272;1) ) [1_77’(%11)] :
= lim
n—oo n n — 1 (n—1) 1 (1+’Yz+l)
mem (-esw]) " [-os] 1 :
([1_7%:1] )"7[1_7%:1] (1+72+g)
+1 (n+1)\ (1=1)
([1_(”312)%] )
CESW
m-nen (b))
- T nh—>nolo yo+1 (n—1)
([1_(77 l)n] 2 .
([-501)
—(v2+1)
_ =10V o At
N V=T (A89)
e—(v2+1)
since e = lim,, .o (1 + %)n Hence,
_ — 1)n-1)
R= u (A90)
7’77

Since A; is a geometric Brownian motion, A; is real and positive, and so the right-hand side of
A82) is absolutely convergent if A; < M = R. Hence,
( y g o

vyt =1- 22 <"’7_72_1>,At<3. (A91)

n—1

Using (23) and (29), we can rewrite the above expression as

n

0 ~ e Y2 Y2—71
v;f:ZaZQ(””) Lol (2o) T (A92)

T T
0 2,t 2t V2 it

where ay 5 is defined in (78). Therefore, the equilibrium state-price density is given by

= iaﬂ PSP SN (72 - >WMI . (A93)
Z n27 1t T2t > o ,yv "
To find an expression for the state-price density when A; > ("7172#, we find a series expansion
for 1/1 , which is absolutely convergent for A; > % Note that
vt =1 =) (A94)
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and use Theorem C2 to expand around the point v5; = 0. To do this, we define
g(z)=(1—2)™", (A95)

which is complex analytic in the open ball {z € C : |2| < 1}. Hence, with f and ¢ defined as in
(A22) and (A23), respectively, Theorem C2 implies that

grar) = (1—wge)™™
A—l/n qn—1 .
- o0+ 3 A @),y
B 0 (A7 1/?7)n qn—1 - I
- 1+nZ::1 . [71(1 )" L:o' (A96)
Because,
n_ n n n (e
l=2)i 7 =y (2o -1) (Bom—2) (B - - D) )i,
n n n
(A97)
it follows that
_1/"7 n n __ - 1
—1—MZ ) (A98)

By comparing the above expression with (A82), we can see that (A98) is absolutely convergent if

1
(-1 71

A7 < 17); ie. if Ay > <’7‘$)7"” = R. Thus,
1
n
_1/77 ﬁ*’}/lfl o
Vlt —1—’)/15 (nn—l ),At>R. (A99)

Using (23) and (29), we can rewrite the above expression as

0o A N Y2 Y2—"1
- x (T2t \"2 Tit 7 72
ST SN (AR o Y (a1

s
=0 2,t Yo 71

where ay, ; is defined in (77). Therefore, the equilibrium state-price density is given by

_ ~ Y2 Y2—71
ZanQﬁ For w Mt (72 - 1> . (A101)

5
T2 Y9t \M

The expressions in (76) follow from (A93) and (A101).

Now observe that

m e = (B () O ()0 B )50 (50
) ( (1-2) m+%fz]+é{(1—%)(91)2+%(92)2—[( ~3 ) o3t })t (A103)
N [ e (S e (A104)



Therefore

AR o iz,
where
gl = (1 — n> él + —09
Y2 Y2
rn’l = (1—n> T1+£722
72 Y2
1 n ~\ 2 n /~\2 n A n 2
+= {(1 — ) (91) + — (92) - Kl — ) 61 + 92] }
2 Y2 Y2 2 V2
Since,

N2 N2 . 12 . .
O T (B R0 S O E
72 72 72 Y2 72/ V2

it follows that

Thus, we obtain (80) and (81). Similarly, the term on the second line of (76) is

o 1= - 1= 2 —L(o 2)2 g2
AV AT Y2y Y2 —rtt —5 (™) -0 2,
T Ty = Mg o€ e 2 )

where
971,2 = ﬁél + (1 — n) ég,
it il
1 ~ .
T”’2 = ﬁfl + (1 — n> To + — (1 — n> ﬁ(91 — 92)2.
M 7 2 /) m
with 7, and 6 defined in (24) and (25).

Proof of Corollary 5: State-price density under identical risk aversion

a
lim <7+a —1> —1.
a—0 Y

Therefore, setting v; = 9 = - implies that

Y2 Y2—N
L (72 = 1> =1.
T2 \M

First we note that

Also note that after some tedious algebra, we can show that

(50

Therefore, when ;3 = 9 =7, (77) and (78) reduce to (83).
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Proof of Proposition 10: Risk premium and volatility of risky assets

Rather than considering equity, we shall derive results for a more general risky asset, which is a
perpetual claim to the cash flow process, X, where the evolution of X is given by

dX;

< = pxdt + o3¢*dZ, + o'¢dz}?, (A116)
t

where Z} is a standard Brownian motion under P, orthogonal to Z;. Under measure P*, k € {1,2},
the dynamics of the cash flow process are given by

dX . .
Xt = pxxdt + o dZ) + o'¢dZie, (A117)
t
where px i is given by
Xk — MX Y,k — MY
pxk —BX _ BvkZ Y (A118)
Oy oy

Then, to get the risk premium and the volatility of the stock market, we will set ux = uy,

sYys __ id __
oy =oy,and o¢ =0.

The risk premium for the claim paying X in perpetuity is given by the standard asset pricing
equation:

dPX + X,dt ] [dm dPX]
E | ————— —rdt| = —E, | ——L-|. A119
t PtX t t 7Tt PtX ( )
Applying Ito’s Lemma to PX = X;p{* gives
dPX _dX dpX  dX;dp
P Xe o opt o X pf
SYs id 1 apX
= det—i-a' Y dZ; + o de + 76 Vl t(,LLl,ltdt—i-O'Vl tdZt)
11 ant 2 1 8p
dt + o — - by At A120
2pt a 1t l/1t + piXaVLtyltUlt ( )

Thus, the total volatility of the return on the claim that pays X in perpetuity, 01)%( +» is given by

o, = \/( §595)2 + (aﬁgd) . (A121)

where the idiosyncratic component of the volatility of the claim’s returns is given by

opit =¥, (A122)

and the systematic component of the volatility of the claim’s returns is given by

Vg OpX
o =0+ ons 81/15{ (A123)
Hence, substituting (A120) into (A119) gives
Wity — Tt = 9tUR s (A124)
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where

AP + X,dt]
X _ t t
Substituting (69) into (A124) gives
i, —re = <Rt oy + {”Y ;Y“ i ) oY (A126)

Also, Agent k’s perception of the risk premium for the claim paying X in perpetuity is given by
the standard asset pricing equation:

dPX + X,dt dmyy dPX
EF th —redt| = —EF | TR . (A127)
Pt 7Tk7t Pt
Hence,
PR s — Tt = Ora0 ™, (A128)
where .
dP, Xydt
W3t ot = Ef {tPJFXt] : (A129)
t
Substituting (70) and (71) into (A128) gives
X Vot | Hy,1 — HY2 X,
Pric— Tt =Ry (ay+ - [UY D ori”s (A130)
Agent 2’s perception of the risk premium is given by
Y,2 — My,
Loy — Tt =Ry (ay + —= {“ 2/ 1D f,ffys, (A131)
71 oy
Setting ux = py, oy’ = oy, and oi¢ = 0 in the above expressions gives the results in the

proposition.

Proof of Proposition 11: Prices of risky assets

Again, rather than considering equity, we shall derive results for a more general risky asset, which is
a perpetual claim to the cash flow process, X, where the evolution of X is given by (A116). Then,
to get the equations giving the price of equity in the proposition, we will set ux = py, o y =0y,

and O' =0.

To derive a closed-form expression for (87), we use (76) to write the equilibrium state-price
density as

0 n
M= apidy, PRG L, Za i, 1 f_ ) (A132)
n—=0 {a } {ﬁ,ﬁ }
Since the event {Z;Z = R} is of measure zero, it follows from (87) that
= (mX) Y, (A133)
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where

7i

00 0 1_n n 0 n n
2 : T AT Y2 A2 E T g 7
/ an,lﬂ-l,t 7T2,uXul 10 + an,27r1,u7r2,u Xul 1w du
t =——>R —0 —Y <R

n=0 frZ,u 2,0

Jt = Ei (A134)

Since the two infinite series in the above expression stem from vy /% in (A82), and vy )" in (A98),

which are complex analytic for A € C such that |A| < R, and |4] > R, respectively, we can
interchange both the conditional expectation and integral with the infinite sum to obtain

> 00 {_n n 0 © n q_n
. - ATy A g T AL~ M
Jt = g an 1 Et / Ty Ty Xl du| + g ap o Ft / T oy Xuls du
+ usp "Ly R
n=0 T2 u n=0 2,

We now rewrite the above expression as follows:

o0 o0
PR (Z<X+2¢X) | (A136)

where w1 and wy, 2 are given by

1—n n
Y2 A2
T T
1t 2.t
Wnlt = azyli, n € Ny, (A137)
Tt
nooq_n
,ﬁ.’Yl S 71
1,t "2t
Wnot = azaﬂi, n € Ny, (A138)
t
and Cﬁfu and Q{Q’t are given by
_ non -
00 ,ﬁ_ 72 7?.72 X
X 1u 2,u Ay
Cn 1¢ — Et wil 1 du , € NO, (A139)
3Ly . R X ) >R
t Y2 71.72 t 7
L 1,t 2t ' i
_ n oq_n -
o g, X
X T,u”2u U
Crot = Ei / v L, du| ,n € Np. (A140)
t PP ETD, ORI g SR
Tt Tt "2, J

Equation (95) follows from (A133), and (98) follows from (76), (A137), and (A138).

We now express the weights, wy, 1+ and wy 24, in terms of the consumption shares, v ; and 2.
From (23) and (59) it follows that

Tt = 7%1’,51/1_7?1 = 7%271:]/2—7?2. (A141)
Hence, for all a € R
m = w8 O, (A142)
which implies that
frfftfr%;a = ﬂ'tljf:zl Vé}t—a)’yz‘ (A143)

Therefore, we can rewrite the weights, wy 1+ and wy 2, given in (A137) and (A138) as (96) and
(97), respectively.
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We now derive exact closed-form expressions for ¢/, , and (X, ,. Note that

7:”‘77“ Xu = e—(fk-i"YkU;?SUY—MX,k)(U—t)%, (A144)
Tk Xt Mk,t

where M}, ; is the following exponential martingale under Pk

dMj,
My, 4

= US?ded + (o 3+ Oek — VoY )dZk g, My = 1. (A145)

We can thus define the new probability measures P¥ on (2, ) via

P*¥(A) = E(QaMy 1), A€ Fr, k€ {1,2}. (A146)
It follows that
X 0 [ ke (AT
Coat = Ei /t e <At> 1{Au>§}du, n € Ny, (A147)
“ [e.e] A n
X 2 —ka(u— U
<n72’t = Et /t\ e 2( t) <14t> 1{Au<§}du, n e NO, (A148)

where EI[-] is the time-t conditional expectation operator under P! and
ki =7 +yioY oy — px, (A149)

is the discount rate used to value a security paying X units of consumption per unit time in
perpetuity, when Agent ¢ is the sole agent in the economy. From Lemma B1, it follows that

1 (A7>a1(k1)+% At < R
X = 102 (Z+az (k) (a1 (k) —a” (k1)) ’ ’
n,1,t — a* (k1)+2 .
1 A n 1
A - , Ay > R,
105 (2+a” (k) (a3 (k) —a (k) (R> 105 (24ar (k) (2+a% (k) ) !
(A150)
and
a* (k2)—n _
_ 1 1 A\
X _ ) T IAma () n—ai (k) | ToA(nat (k) (@ (ha)—a” (k2)) (%) A< B,
n,2,t 1 <&) * (k2)—n A>E
To% (n—a* (k) (a7} (k2)—a” (k2)) \ R =
(A151)

where 114 and o4 are defined in (A59) and (A60), respectively, and i is the drift of In % under
]f”i, i.e.

sys

iy = pa+ (0% + 0ci — vioy)oa, (A152)

1
— — *JA + /(4 *U 2 4 2k;0>
a’(k;) = \/ S = (A153)
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We can rewrite the above expressions in the following more symmetric form

w1\ o+ (R)+o0
1 72t 1.t
Y y < R7
X %”QA<%+a+(k1))(a+(k1)—a7(k‘1)) R ) T2t
Cn,l,t - L af(kl)—i—%
1 2.t _ 1 Tt R,
%UZ(%-l—af(lﬂ))(a+(k1)—a,(k1)) ( R ) %UZ(%‘F‘M(M)) (%—i—a,(kl)) ) e =
(A154)
and
w1\ @+ (k2)— o
1 1 7ot 1t
N + : y 7 < R7
x ) AGEe-t)(Foarte) oA (F-as k)@t —a () \ T )
n,2,t — m a,(kg)—%
1 7Ar2,t ’ @ > R,
%02(%—ru(kg))(a+(k2)—a,(k2)) ( R > T2 T
(A155)
where pia and oa are given by (50) and (51), respectively, and fi%y is the drift of In #> under P ie.
fia = pa + (0 + 0c — vioy)oa, (A156)
and
—fipy £/ (H)? + 2kio}
as (ki) = = : (A157)
A

Proof of Corollary 6: Prices of risky assets under identical risk aversions

Again, rather than considering equity, we shall derive results for a more general risky asset, which
is a perpetual claim to the cash flow process, X, where the evolution of X is given by (A116).
Then, to get the price of equity, we will set ux = uy, 03" = oy, and o’¢ = 0.

By setting 1 = 71 = 7, (96) and (97) reduce to (102) and (103), respectively, and (93) and
(94) reduce to (99) and (100), respectively. Also, the closed-form expressions for Cﬁfl’t and Cﬁ{z,t in
(A154) and (A155) reduce to

1 g\ 0t (R +5 .
1.2 (n (%) ) ﬁ’t < 1;
X §‘TA<§+“+(kl))(a+(k1)*a—(k1)) * ,
Cate = ) £\ 0 (BD+D : e
152 (2 <7AT7’> T 1 2 (n n ? 7}71 Z 17
29a (?Jr“*(kl))(“+(’f1)—a7(k1)) 2t §oA<;+a+(k1)) (;—&-a,(kl)) 2,0
(A158)
and
1 1 k2= L
- + <—> , TLt o,
X 103 (2—a—(ko)) (Z-ar(ko)) S0k (Z-at(ka))(as(ke)—a— (ko)) \ 72t ot
Cn,Q,t - . o (ky)—2 )
! (2) ’ s
102 (2-alke) ) (ar (ka)—a— (k2)) \ T2t Fot 2
(A159)
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where ua, ﬂiA and oa are now given by

1
pa = Pa—pPi— 5027
filx = pa+ (05 + 0 —yoy)oa,
oA = o¢.

When v € N, (95) reduces to

vy v
X X X
z = E :Wn,l,t n,1,t + E :wm?,t n,2,t

Y
X X
= g Wnt (Cn,l,t + C’y—n,Z,t) ’
n=0

where wy,; is given in (109). It follows from (99) and (100) that
=22

T Ty o X
X X Lu M2u Ay
Gt +CGnas = E / ——7m =  du|,n€Npandn <.
PR .

W; . Xy
From (79) it follows that

5 —1(0m)*t—0"2,
Y

(1)
= 70y — — — | 0g1— —0¢2
Y ¢ Y ¢
N ()
— oy + YT HY
oy
where
n n n
py = (1—— | uy1+ —pye.
Y Y
Hence,

o0 1 2 ;K
et Ci( not = B {/ e (umt) o= 5 (0") (“_t)_Q"(Z“_Zt)“du]
IE) —n,a, X
t t

where the last step is valid, because of Fubini’s Theorem. Now note that

i

E, [e—w—aifS)<Zu—zt>+o§?<zad—zz‘d>] — o3[0" =02+ (u—t)
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~ g [ / e (x5 (07 40%) )~ (0" o) (Zu= Z0) 4o
t

(A160)

(A161)
(A162)

(A163)

(A164)

(A165)

(A166)

(A167)

(A168)

(A169)

Zfd)du]

- / e (rmenx 5 (0040wt g, om0 o3tz (=2 g,
t

(A170)



and so

o0 syYs
Gt Glnoe = / e~ (M0 —ux) (=) g
=y 1< t
_ (7’” + Gnaigs _ ,U,X)il . (A171)
From (A118) it follows that
By — By BX — Py
Y = 5YS X7 (A172)
oy oy
and so
Céfl,t + C'i(—n,Q,t = an- (A173)

where pX is given in (105). Thus, (A164) implies (104).

Proof of Proposition 12: Prices of risky and riskless zero-coupon claims

The expression for vX_, given in (111) differs from the expression for p;X given in (87) solely because
of the lack of the integral operator. Hence, it follows from the Proof of Proposition 11 that v%(ft is
given by (114), where ¢:X| 7, and ¢, 1, are defined by:

- 1 n n -

PSR %73 X
¢i1,t = Lk %YT]- #1,7 , n € Np, (A174)
_ﬁl,twﬁ;?t t {ffz,T>R}_
_frq -2 . -
¢x0y = E %%1 s _p) |7 € No. (A175)
T X {BEen]
From Lemma B2 it follows that
RY_ (1 1 ny 2 _
e an [ g (M)~ (F -5 (1r25)oh) 0o
n —t )
7 UA(T—t)1/2
(A176)

and

_[kz—n(ﬂi_%(l—n)a,%x)](T—t)q) n (‘%) B (ﬂ‘%‘ B %(1 B 2n)0i) (T'—1)

X _
Fraze=e oa(T —t)1/2 . (A177)
which can be rewritten in the following more symmetric form:
In (| - (Al g3 ) (T -t
X ~[l+ 2 (aa-s mad)] -0 ) () ih = %oR) (T -0 )
= v Y _ s
it =€ 2 2 1—@ NGETILE ||, (A1T78)
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and

R -2 2
[ n(2+1n 2)](T t) ln(m>_<ﬂA+$0A>(T_t)
oy =€ LeTmHaTz fali e — A179
¢n,2,T—t € O'A(T - t)1/2 ( )
Proof of Proposition 13: Long-term yield
Note that
Vit + it = 1. (AlSO)
Hence,
I/Lt =1- VQ,t- (AlSl)
Because 71 < 2, we have
1
vy > 11—y (A182)
Also note that since
_ 5 192 7 _
M= gVt = Apoe”Wlem 20ROy (A183)
we have
_1 _1
T ko= frk;k Ukt (A184)
1 1
ke = m " fr,z’; (A185)
Therefore,
11N 111
(m743)™ 2 1-adim e (A16)
1 1 1 1
(') > 1— Aobm P Tyg (A187)
2 a1 a1
7“7,32,5 > 7, (A188)
k=1
2 s 72
(Z fr,g;> > m (A189)
k=1
If we define 7, = max[1, 72|, then
n
l/fj >1— vy, (A190)

and so

2 iR Y2
(Z wkt> > m (A191)

Now note that
vey <1 —vig. (A192)



Therefore,

1 o1\ 2 11
<7rt £ fr;f;) To< 1-apm (A193)
111 11
Agomy Mgy < 1—wim (A194)
2 s ga!
T > (Z fr,g}t> . (A195)
k=1
If we define y, = min[1, v, then
2
l/z% <1—-uwvy. (A196)
Then,
2 i
o\
T > Zﬂ'm . (A197)
k=1
Therefore,
2 1\ 2 G\
dMoad ) zm= (Y &L (A198)
k=1 k=1
and

2 5\ 2 2 1\
(Z wki) >y > (Zﬁ,j;) : (A199)

Y2 2 1 11
> mp > (Z fr,ZIT> : (A200)

which implies that

2 72 2 \
<Z(ﬁ-k7TXT>72> 2 7TTXT Z (Z(ﬁ-k,TXT)Wl> . (A201)

k=1 k=1

Since f(z,y) = (z'/7 +y/7)7 is strictly convex (concave) iff vy < 1 (y > 1), it follows from Jensen’s
Inequality that

2 ANE 2 S\
(Z (Br [fpr X))z | = EyfmrXr) > (D (B [merXe) ™ | (A202)
k=1 k=1

Since, Ey [t X7 = e~ stmoX ox—ux )T BE(N 7] = e~ Cetwox ox—nx )T AL - where My, is
the exponential martingale under P* defined in (A145), it follows that

2 ) a1 V2 2 1 e
(Z (ef(fk+7k‘7;(ysax*#X,k)TMk’O 72) > F, 7TTXT (Z < (Pe+veoox—px, k)TMk > ) ,

k=1 k=1
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which can be rewritten as

(22: <€_kiTMi7t)"/12>72 > Eyrr Xr] > (

i=1

e

2

1
(o))

=1

where k; is
ki =i + 0% — py;.

We can rewrite VIX_ , as
X -1
VT—t = 7Tt Et [WTXT],

and so, from (115), we obtain

1 Vr— 1 1
X T—t
=— | = 1 Xy) — In By X7).
Vi =~y = g mmX) - g In Bl X7
Therefore,

lim g3, = — lim In By [mr X7].

T—o00 —oo ' —1

) 2 I\
S 7o (Z (e_kiTMi’t) Wl) '
3

Letting T — oo gives

min(kq, ko) < — In EtX [rr] < min(ky, k2),

T —1t
and so
lim y%(_t = min(kq, ko).
T—o0

)

(A204)

(A205)

(A206)

(A207)

(A208)

(A209)

(A210)

(A211)

The other results in the proposition, for the yield on riskless bonds and the term premium, follow

once we set 032, = py,; = 0 in the equation above.

Proof of Corollary 7: Survival and price impact under identical preferences and

di erent beliefs.

The corollary follows immediately from Propositions 3 and 13, after setting 5y = f2 = S and

=7 =7-

B Appendix: Two Lemmas for VValuing Contingent Cash ows

The following two lemmas, on the valuation of contingent cashflows, are used in Appendix A.
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Lemma B1 The date-t price of the claim which pays out D} units of consumption per unit time
in perpetuity as long as D, < B, where D, = Dte(“_%UQ)(“_t)+J(Z“_Zt) and the discount rate is
assumed to be ka, is given by Vo, = Varn (D), where

Vo (Dy) = Et/t €_k2(u_t)D31{Du<B}- (B1)

The date-t price of the claim which pays out D, "M umits of consumption per unit time in perpetuity
as long as D, > B, where D, = Dte(“_%gg)(u_t)+U(Z“_Zt) and the discount rate is assumed to be

k1, is given by Vit = Vin(Dy), where

[e.e]

VinlD) = Be [ 00D (B2)
t

Observe that k;, defined in (A149), is the discount rate used to value the security paying X units

of consumption per unit time in perpetuity, when Agent i is the sole agent in the economy. The

prices of the above claims are given by

- D" B" D\ a+(k2)
Vaon(D) Lo tnma— (b)) (n—ar () | S0 (n—ar () (o (hz)—a— (k) () ey (B3)
2,n = ,
B" D\ a—(k2)
102(n—a_(k2))(at(k2)—a—(k2)) (B) , D>B
and
B~ n Dy a+ (k1)
5 , D<B
V (D) %02(%+a+(k1)) (a+(k1)—a,(k1)) (B) (B4)
1,n = ,
7 B_% pya— (k1) D_%
5 - .D>B
%ﬁ(gﬂ_)(u(m)w_(kl)) (5) %02(%+a+(k1)> (%Jra_(kl))
where
(1= 30%) £ /(= )7 + 20
at+(k) = < ) (B5)
Proof

We start by defining 6 = InD, b = In B, and so (B1) can be rewritten in terms of the arithmetic
Brownian motion e, i.e.

o0
Von(61) = By / exp(—ka(u — 1)) exp(ndy) s, <pydu. (B6)
t
The Feynman-Kac Theorem implies that V5 ,,(J) satisfies the following set of ordinary differential
equations
1 2y /1 1 2 /
50’ V2,TL -+ o — 50' ‘/2,71 - k2v27n == O7 6 2 b, (B?)
1 1
5021/'2’7’” + (u — 202> Vo — kaVan 4 exp(nd) =0, 6 <b. (B8)
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We also have the following boundary conditions

0 < 5hm Van(0) < o0, (B9)
li = 1 B1
Jim Von(9) = lim V3n(8), (B10)
Jm V3, (6) = lim V;,,(6), (B11)
0 < lim Vb,(d) < oc. (B12)
The general solution of (B7) is
Von(0) = Ky — exp(a—0) + Ky + exp(a49), (B13)

where K, + are constants of integration and a4 are the roots of the characteristic equation %O’QCLQ +
1 2 —_0-
(,u—ja )a—kg—().

—(p—30?) £ \/(u — 102)2 4 2ky0?
ay = 5 . (B14)
o

The general solution of (B8) is

-1
Von(0) = Kq— exp(a—d) + K4+ exp(a4.6) — (;Uznz + (u - ;0’2> n— k) exp(nd), (B15)

where K4 + constants of integration. The boundary conditions (B9) and (B12) imply that K, y =0
and K4 _ = 0, respectively. The boundary conditions (B10) and (B11) imply that

1 1 -
Ky _e*t=— <202n2 + <u - 202> n— k:> e 4 Ky e+t (B16)
1 1 -
a K, e~0=—-n <202n2 + <u - 2a2> n— k:> e 4 ay Ky e, (B17)

respectively. Writing the above linear equation system in matrix form, we obtain

ba_ ba —1
e —ell+ K, _ 1 155 15 nb
( a_e=  —ayebar ) < Kq ) B ( n > (20 R 27 )" k) oem (B18)
eba- —eba+ o 1 1 -t N
_ ( o eba- —a+eba+ > < n > <2o'2n2 + </~L — 20'2> n — k> enb
1

1 < _a+eba+ ebaJr

_eba, a+eb‘1+ + eba+ G;_eba* ba_ ba_

—a_e (& >
- e (0 2)(2)
- eb(a++a,)(a__a+) _q_eba-  gba- n
1
(a-

el ) (gt - an- >)

_eb(a++u7) a _a+) ( (TL*Q_)

S

isls

3

~_
I

1 o(n—a_)b
- - noa- . B19
30%(ay —a_) ( it ) (B19)

n—a4
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Therefore,

_ e’ emb a4 (6—b)
+ 1 et , 0 < Db,
Voult) = BT R ) 52 (B20)
l02(71—a,)(a+—a,)e P =
Hence,
D" B D\%+
| "eemeoeme T e () P<B
1o62(n—a_)(ay—a_) \B ) ==
The expression in (B2) can be rewritten in terms of the arithmetic Brownian motion 0:
& n
Vin(6) = Et/ exp(—ky(u —t))exp (_775u> L¢s, >bydu. (B22)
t
The Feynman-Kac Theorem implies that Vj ,(e) satisfies the following set of ordinary differential
equations
L ocn 1, / n _
5 Vi, + B350 Vin—kiVin+exp|——0)=0,0>0, (B23)
b b /r’
1 Ayl 1 2 !
i Vip+ (- 3 Vip—kaVipn=0,8 <b. (B24)

We also have the following boundary conditions

0 < 5lim Vin(6) < oo, (B25)
li 2(0) = 1 n(0), B2
Jm Vi (6) Jim V2, (9) (B26)
lim V/ = lim VJ B2
Jim Vi,(8) = lim V;,(), (B27)

0 < lim Vi,(6) < ooc. (B28)

The general solution of (B23) is

-1
1 2 1
Vin(6) = Ky — exp(a—0) + Ky 4 exp(a4d) — (202 (:;) - <,u - 202> % - k1> exp <—Z§) ,

(B29)
where K, + are constants of integration and a4 are the roots of the characteristic equation %0’2(12 +
(u—%az)a—kl =0:

—(pu— %02) + \/(u — %02)2 + 2k102
ay = p . (B30)

Thus, we can rewrite the general solution of (B23) as

Lo? (24 a+1) (2+a) o <_Zd) - B

Vl,n(5> =Ky eXp(a_é) + Ky exp(a+d) —

The general solution of (B24) is

Vin(0) = Kq— exp(a—d) + K44 exp(a4-9), (B32)
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where K4+ constants of integration. The boundary conditions (B9) and (B12) imply that K, ; =0
and Kq_ = 0, respectively. The boundary conditions (B10) and (B11) imply that

1
Kg et T 7 - exp (—Zb) + Ky e, (B33)
3 (5 +as) (5 +0-)
1
a Kyt = M o (—”b) fa K, et (B3Y)
n§U (ﬁ_‘_a—l-) (E—FG_) n

respectively. Writing the above linear equation system in matrix form, we obtain

bay __sba_ 1 1 _n
‘ ba ‘ ba _ Kd7+ = n € "b. (B35)
ape’t —a_e Ky - /) 12 (ﬂ + a+> (E +a )
2 U] Ui -

Hence,
% —a+b n
o B i R (B36)
Ku,_ o 1%B—OL,I) ar —a_ .
37 (5 +0-)
Therefore,
exp(i%l) exp (CL+<5 _ b)) 7 § < b,
Vin(6) = : %“;<2+a+)<a+—a> )
) exp f%b B B exp(—25)
%Uz<%+(z,>(a+—a,) exp (a— ((5 b)) %02(%+a+)’<%+a7> ,0>0b.
Hence,
5 (B)™ D<B
B ) 5
Vin(D) = Bzégg<”+a(+])3(;:a_) on . (B38)
s (e Jara) P o () () T T

Lemma B2 The date-t price of the zero-coupon claim which pays out D7 units of consumption at

time T if Dy < B, where Dp = Dte(uféaz)(T%H”(ZT*Z’f) and the discount rate is assumed to be
ko, is given by Lo n ¢ = Lo, (Dy), where

Loy (Dy) = Ete_kQ(T_t)D?“l{DT<B}~ (B39)

/n

The date-t price of the fundamental financial security which pays out D;n units of consumption

at time T if Dy > B, where Dy = Dte(“féaz)(TftHU(ZT*Zt) and the discount rate is assumed to

be k1, is given by L1 n s = L1n(Dy), where
Lin(Dy) = Ee P00 "My . (B40)
The prices of the above zero-coupon claims are given by

n(£) = (n+ @0 -1 (T -1)

_ nn —[kg—np,—ln(n—l)UQ](T—t)
Lan(Dy) = Die ? ® o(T — )12 ’

(B41)
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and

Lon(Dy) = D el st ()]0 || g n(£) - (n-14(1+22)0?) T -1)

Proof
We start by defining 6 = In D, b = In B, and so (B39) can be rewritten in terms of the arithmetic
Brownian motion §:

L2 n(6t) = Erexp(—ka(T —t)) exp(ndr) 15, <by- (B43)
We now evaluate the above expectation directly.
L27n (5t) — Ete—kQ(T—t)enﬁT 1{6T<b}

_ Ete—kz(T—t)e(n(6t+(T7t)(u,f%02)+0(ZTth))

1{6t+(T_t)(M_%02)+0’(ZT_Zt)<b}

—ko(T—t) n(6:4+(T—1t)(p—Lo2 n(o(Zr—2,
e 2( )e ( ( )(N’ 2 ))Ete (o(Zr ))1{0—(ZT—Zt)<b—(61,+(T—t)(,u—%0’2)>}'

Now note that

Eten(U(ZT*Zt)) 1{U(ZT,Zt)<b7(5t+(T*t) (“7502))}

1 _Lle2 no(T—1)1/2¢
- / e 2 ene(=h) Lo (roty1/2ect— (5,4 (T—1) (—102)) L 9

—oo V2T
b= (3¢ +(T-1)(n=30%)) .
o(T—t)1/2 L2 no(T—t)1/2e
= e 2% de
o V2r
b—(6t+(T—t)(u—%02))
_ e%nQUQ(T—t) o(T—1)1/2 1 efé(efncr(Tft)l/Q)zd6
oo V2r
b7(6t+(T7t)(p,f%02))
—  ein?*(T—t) o(r-1)1/2 et e 3% de
oo V2m
1 _2
_ e%nQUz(T—t)q) b— (5t + (T — t) (,U, — 329 )) B 7’LO‘(T B t)1/2 ] (B44)
o(T — 1)1/

Therefore,

1
Lo n(ét) — e—k‘z(T—t)—i—n(&t—i-(T—t)(u—%aQ))—i-%nQUQ(T—t)(I) (b B (5t + (T - t) (:u - 50—2)) . TLO'(T . t)1/2>

_ enéte[—k’z—&-n(,u—%JQ)—i-%nQaQ](T—t)(b b— 515 - (M - %02 + TL0'2) (T - t)
(T — )12

en(ste[_k2+"“+%”(”_1)02](T_t)@ (b — 0 — (M - %02 + TL02) (T — t))

o(T —t)1/2

— en(ste[*k2+nu+%n(n71)02](Tft)q) b—o — (M + %(27& - 1)02) (T B t)
o(T —t)1/2

— en(stef[kgfnufén(nfl)oz](Tft)(b b—o— (M + %(27& - 1)02) (T B t) . (B45)
o(T —t)1/2
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Hence,

(B46)

By _ 1 _ 2 _
Lo n(Dy) = EPe~[k2mna=in(-o?|T-0)g, (1“(1%) (pt3@2n—1)0%) (T t)>.

o(T —t)1/2
Also,

Ll,n(Dt) = Ete_kl(T—t)D;n/nl{DT>B} (B47)
Ete—kg(T_t)e(*T"(5t+(T—t)(u—%a2)+a(zT—zt)))

1{5t+(T—t)(u—%02)+a(ZT—Zt)>b}

— RT3 ((5t+(T—t)(u—%UQ))Ete—%O'(Z !



Definition C1 If U s an open subset of C and f : U — C is a complex function on U, we say
that f is complex differentiable at a point zg of U if the limit

. z) — f(z
z—z20 2 — 29
exists. The limit here is taken over all sequences of complex numbers approaching zg, and for all
such sequences the difference quotient has to approach the same number f’'(zp).

Definition C2 If f is complex differentiable at every point zg in U, we say that f is holomorphic
on U. We say that f is holomorphic at the point zo if it is holomorphic on some neighborhood
of zog. We say that f is holomorphic on some non-open set A if it is holomorphic in an open set
containing A.

Definition C3 A function f is complex analytic on an open set D in the complex plane if for any
zo tn D one can write

F2) =3 an(z— 20)", (C2)
n=0

in which the coefficients ag, a1, ... are compler numbers and the series is convergent for z in a
neighborhood of zg.

Theorem C1 A function f is complex analytic on an open set D in the complex plane if and only
if it is holomorphic in D.

We are now ready to state the theorem that allows us to find closed-form series expansions for
the sharing rule and complex analytic functions of the sharing rule.

Theorem C2 (Lagrange) Suppose the dependence between the variables w and z is implicitly
defined by an equation of the form

w = f(2), (C3)

where [ is complex analytic in a neighborhood of 0 and f'(0) # 0. Then for any function g which
is complex analytic in a neighborhood of 0,

x w” n—1
o) = 90+ 3 57 | s et (1)
n=1 T=

z

where (z) = 7o

Note that the above theorem does not provide a radius of convergence for the series (C4). While
the original proof of Theorem C2 due to Lagrange is not very straightforward, a relatively easier
proof can be obtained by using Cauchy’s Integral Formula.
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D Appendix: Wealth and Portfolio Holdings of Individual Agents

The approach we have used to identify the equilibrium prices in this model is to first identify the
utility function of a “central planner” or “representative agent” (see Equation (18)), then solve
for each agent’s share of optimal consumption (Proposition 1), and then use this to identify the
state price density (Proposition 9), and finally use that to identify asset prices (Proposition 11).
Alternatively, one could have solved for the competitive market equilibrium, where each agent
solved recursively the problem of maximizing lifetime utility by choosing at each instant the optimal
consumption and portfolio policies subject to the dynamic wealth constraint. In this section, we
show how one can still determine the wealth and optimal portfolio policy of each agent by applying
the insight from Cox and Huang (1989) and using the already identified consumption-sharing rule
and state-price density.

Observe that the financial wealth of each agent at date t, Wy, for k € {1,2}, is the present
value of that agent’s future consumption:

T T
Wit = E, [ / “C’kvudu] =F, [ / “ukvuYudu} ) (D5)
t Tt t Tt

Now, this looks very much like the problem of finding the value of a claim with payout Cy; = vy, Y,
and we can use the same approach as the one we used in Proposition 11 to obtain the price of a
risky asset, which leads to the following result.

Proposition D1 Agent k’s wealth at time t is given by Wy, = w,{tY}, where

o oo oo
w{t = Vit (Z €n,1,t¢;17t + Z 5n,2,tCr§L/,27t> + Z(wn,&t - 67%2715)(2:,2,15 (D6)
n=0 n=0

n=0 —
00

o0 o0
Y Y Y Y
Wyr = Va2 (E :en,l,t nit T E €n,2,t n,2,t> + E (Wit — en,Lt)Cn,l,t’ (D7)
n=0 n=0 n=0

where the weights €51+, n € No, are given by

—_n n

1
(Vg?t) 72 (Viy,lt) 2o

Enlt = V1y n,1s (DS)
n 1_n
(}) 1 (vp3)
oz = (D9)
and by 1 = by =0,
_\n+1 7o
o= Sen("E ) e (D10)
’ n n—1
(=) n2 —m
Ty = -1 i N D11
n,2 n (72 ) n—1 y M E ( )
and where both sets of weights sum to one:
o0 [e.0]
D et =) enpi=1. (D12)
n=0 n=0
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Proof
We start by deriving expressions for each agent’s financial wealth at date ¢, denoted by W}, ; for
ke {1,2}. Since Wi+ Wo, = Pty, we need only derive an expression for Wy ;. We know that

Wi = Ey [ / MCLudu]. (D13)
t T
Hence,

Wl,t = 71';1 (Et [/ 7%2-,1!1/2,3201’“1{A,U<R}du:| + E; |:/ ﬁl,uyLzchul{Au>R}du:|> , (D14)
t t

which can be rewritten as

Wy, = *1E/ u wYulp, d +E/ Yo d . (D15
o= (] et ] 8| [T Rl g 1)
1 o0 o0

E T2, ul. 1—vou)Yulgsin du| + FE / 7ruuu YWoliraa du])

(5[ a0 vt ] [ sy

Since the series expression in (A98) is valid for all real ~1, it follows that

n—1

v =1-(1-m) Z < n ) |A¢| > R. (D16)

We already know that (A82) provides a convergent series expansion for |4 < R for all real vo.
Hence,

(o)
122 — (1 - EAS (= R D17
= 1= (=) 3 (M) A <R (D17)
n=1
Therefore,
o 1_71 = Y A%Al_% ﬁ-lvt
TV = Ty = Z bmlﬂu Ty o, ot > R, (D18)
. 1- AT . 1t
Vot = 7T2’ty2,t72 = an 27T£’%7r2t s £ <R, (Dlg)

where b7, ; and b}, 5 are given by (D10) and (D11), respectively. Note also that

0 A
T T
"/1 71 ’

T = T4y, E ap 27T1t7'(‘2t s < R. (D20)

Therefore

Wl,t = 7Tt_1 (Et

00 oo _n _n
/t (;) agﬁ; " Z b7 27rflufr2 N ) Y,1 {:;Z<R}du]
/ an 17%;2”7}1 usz 1{M>R}du]> (D21)

T2
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Since the expressions for I/kt k€ {1,2}, and vy, /' are complex analytic functions of A;, term-
by-term integration is valid, and we obtain

noq_n
[e'e] n n o0 471 4 Y1
Wl,t . -1 ( T )A 1 A 1 B T 020 &1 d
Vv, = Ty an .2 n,2) 11T t L1I-E Yy [ _p u
t n—0 t ﬁ.l’ﬂtﬁ. . Y1 t Fau

n 007};27?[.1 ’72Y
+an17fzt7f1t Ey /t wﬁl{mﬂ}du : (D22)

i.e.
o) n
Y _ -1 ( ™ T )A’TA 71C + b 'YQCY (D23)
Wiy = Ty QAp 92 g™ n,2,t 179 n1t | >
n=0
W
where wy; = % Hence,
oo oo
Y Y Y
wiy =Y (@Wnat— vasen2t)omar+ Ve Y entilais (D24)
n=0 =
which implies (D6), where
1—n n
AT 2 A2
e T
2, 1t
€n,1,t = g,lu n € No, (D25)
TVt
nooq_n
~ V1 4 71
L
1,672t
TtV t

Note that (D18) and (D19) imply that the weights €,14, n € Ng and €,24, n € Ny each sum to
one, i.e. (D12). Using (A143), we can rewrite (D25) and (D26) s (D8) and (D9), respectively.

Since the bond is in zero net supply Zk Wit =P, and so Zk 1 wY pi . Thus,

kit =
oo oo
wyp = Y a2y — Y (Wnot — Varen2a)onar — Vit ¥ n1ilhy,  (D27)
n=0 n=0 n=0 n=0
oo oo
Y
= Y wnrilhi e Y en2ilaar — Vit Y en1ily (D28)
n=0 n=0 n=0

which implies (D7).

Finally, we wish to determine the proportion of investor k’s wealth invested in the risky stock
and the proportion invested in the instantaneously riskless asset. Denoting by N,ft and N,f , the
number of bonds and units of stock, respectively, held by Agent k, we have that the financial wealth
of the agent is the sum of the wealth invested in bonds and stocks:

Wiy = NO, By + NP (D29)

Moreover, because there is only a single risky asset available in this market, the volatility of each
investor’s wealth will depend only on the proportion of that investor’s wealth invested in the stock
market. We exploit this observation to determine the share of each agent’s wealth that is invested
in the stock market.
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Proposition D2 The proportion of Agent k’s wealth invested in the stock market, 1, is given
by
M, = Wl ke {1,2), (D30)

where Jgt 1s the volatility of stock returns on the claim to the aggregate endowment, Y and is given
in (89) and ow, + is the volatility of Agent k’s portfolio return:

Y
V1t awk,t

ke {1,2). D31
o ke () (D31)

OWyt = 0Y + Oy ¢t
The proportion of Agent k’s wealth invested in the locally riskfree bond is 1 — Il ;.

Proof
To find the optimal portfolio policies note that
Wiy = NO, By + NS P (D32)

where N,ft and N,f , are the number of bonds and units of stock, respectively, held by Agent k.
Market clearing implies that

2

0 = > N, (D33)
k=1
2

1 = N (D34)
k=1

Thus, we need to determine only Nf +» and given this, it follows that

Ny, = 1-N{, (D35)
Wi, — N{ P

NE = —-NJ =
1.t 2.t B,

(D36)

Applying Ito’s Lemma to (D32) when k = 1, gives

dW1s = BydN{; + PldN{, + NidB; + N{,dP)" . (D37)
The self-financing condition
BydNP, + PN, + N{,dB; = 0, (D38)
implies that
AWy = N{,dP}, (D39)
and hence,
dW1 4 dpY
L= L, D40
Wl,t 1.t PtY ( )
where
I Nio (D41)
k?, =
! Wit



is the proportion of Agent k’s wealth held in the stock market. Hence,

JW1,t
Hl,t = v >
ORt

where oy, ¢ is given by
dWi ¢

Wi

= /’LW1,tdt + O-Wl,tdZta

and o), is given by (89). It follows from Ito’s Lemma that

v, OwY
1t 1t
UWl,t:JY+UV1,tTa .
Wy OVt
Similarly,
OWo it
HQ,t = )
OR,t
where v
V1t an,t

OWot = OV + Out wY, Ovy g
2.t ’

Thus, we obtain (D30) and (D31).

69

(D42)

(D43)

(D44)

(D45)

(D46)



Table 1: Parameter Values

This table gives the parameter values we use to evaluate the quantitative implications of our model
for asset prices. There are four cases we consider: (i) the base case, in which the two agents are
assumed to be identical; (ii) the case with heterogeneous beliefs that are pessimistic; (iii) the case
with heterogeneous risk aversions; and (iv) the case with heterogeneous beliefs and risk aversions,

which is a combination of cases (iii) and (iv).

Description of parameter Symbol Value
Expected growth rate of aggregate endowment 0wy 0.02
Volatility of growth rate of aggregate endowment oy 0.03
Case (i): Both agents identical
Belief of both agents about expected growth rate of endowment Hy & 0.02
Subjective discount rate for both agents Bk 0.01
Relative risk aversion for both agents Yk 3.00
Case (ii): Heterogeneous beliefs that are also pessimistic
Agent 1’s belief about expected growth rate of aggregate endowment Hy,1 0.0125
Agent 2’s belief about expected growth rate of aggregate endowment Hy,2 0.0100
Case (iii): Heterogeneity only in risk aversions
Relative risk aversion for Agent 1 Y1 0.50
Relative risk aversion for Agent 2 Y2 5.50
Case (iv): Heterogeneity in both beliefs and risk aversions
Agent 1’s belief about the expected growth rate of aggregate endowment Hy,1 0.0125
Agent 2’s belief about the expected growth rate of aggregate endowment Hy,2 0.0100
Relative risk aversion for Agent 1 ol 0.50
Relative risk aversion for Agent 2 Yo 5.50
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Figure 1: The Riskfree Interest Rate

This figure plots the instantaneously riskfree interest rate, r, as a function of the consumption
share of the first agent, v1. The base case parameter values are as follows: py = 0.02, oy = 0.03,
61 =10.01, B2 = 0.01, 71 =3, 72 = 3, py1 = 0.02, and py,2 = 0.02. The figure has four plots
corresponding to the following four cases: (i) Identical agents; (ii) Agents with different beliefs,
which are pessimistic on average: py,1 = 0.0125 and py,2 = 0.010; (iii) Agents with different risk
aversions: 1 = 0.5 and 75 = 5.5; (iv) Agents with different beliefs and different risk aversions,
as specified for cases (ii) and (iii) above.

0.10 — Identical agents
- — Different beliefs

Different risk aversions

0.08 — Different beliefs & risk aversions

0.06 -

0.04

0.02
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Figure 2: Volatility of the Instantaneously Riskfree Rate

This figure plots the volatility of the instantaneously riskfree rate, |o.|, as a function of the
consumption share of the first agent, ;. The base case parameter values are as follows: py =
0.02, oy = 0.03, 81 = 0.01, B2 = 0.01, 71 = 3, 72 = 3, py.1 = 0.02, and py o = 0.02. The figure
has four plots corresponding to the following four cases: (i) Identical agents; (ii) Agents with
different beliefs, which are pessimistic on average: py,; = 0.0125 and py,2 = 0.010; (iii) Agents
with different risk aversions: 73 = 0.5 and v = 5.5; (iv) Agents with different beliefs and
different risk aversions, as specified for cases (ii) and (iii) above.

0.001

o | — Identical agents
0.005 — Different beliefs
[ Different risk aversions
r — Different beliefs & risk aversions
0.004 +
0,003
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0.000
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Figure 3: Market Price of Risk

This figure plots the market price of risk, 8, as a function of the consumption share of the first
agent, v;. The base case parameter values are as follows: py = 0.02, oy = 0.03, 51 = 0.01,
B2 =0.01, vy =3, v2 = 3, py,1 = 0.02, and py,2 = 0.02. The figure has four plots corresponding
to the following four cases: (i) Identical agents; (ii) Agents with different beliefs, which are
pessimistic on average: py,1 = 0.0125 and py,2 = 0.010; (iii) Agents with different risk aversions:
~v1 = 0.5 and 2 = 5.5; (iv) Agents with different beliefs and different risk aversions, as specified
for cases (ii) and (iii) above.

0 — Identical agents
05k —_— Different beliefs
Different risk aversions

r — Different beliefs & risk aversions

0.2F

01F
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Figure 4: Volatility of Stock Market Returns

This figure plots the stock market returns volatility, o, as a function of the consumption share
of the first agent, v1. The base case parameter values are as follows: py = 0.02, oy = 0.03,
61 =10.01, B2 = 0.01, 71 = 3, 72 = 3, py,1 = 0.02, and py,2 = 0.02. The figure has four plots
corresponding to the following four cases: (i) Identical agents; (ii) Agents with different beliefs,
which are pessimistic on average: py,1 = 0.0125 and py,2 = 0.010; (iii) Agents with different risk
aversions: y; = 0.5 and 5 = 5.5; (iv) Agents with different beliefs and different risk aversions,
as specified for cases (ii) and (iii) above.
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0.20
: — Identical agents
L — Different beliefs
I Different risk aversions
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0.10
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Figure 5: Equity Risk Premium

This figure plots the equity risk premium, pug — r, as a function of the consumption share of the
first agent, 11. The base case parameter values are as follows: py = 0.02, oy = 0.03, 51 = 0.01,
B2 =0.01, vy =3, v2 = 3, py,1 = 0.02, and py,2 = 0.02. The figure has four plots corresponding
to the following four cases: (i) Identical agents; (ii) Agents with different beliefs: py,1 = 0.0125
and py,2 = 0.010; (iii) Agents with different risk aversions: v, = 0.5 and v2 = 5.5; (iv) Agents
with different beliefs and different risk aversions, as specified for cases (ii) and (iii) above.
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Figure 6: Term Premium

This figure plots the the limit of the term premium, which is the difference between the yield on
a zero-coupon discount bond, y}_,, and the instantaneous interest rate, 7y imp o y:_, — 74,
as a function of the consumption share of the first agent, ;. The base case parameter values
are as follows: py = 0.02, oy = 0.03, 31 = 0.01, B2 = 0.01, v1 = 3, 2 = 3, py,1 = 0.02, and
py,2 = 0.02. The figure has four plots corresponding to the following four cases: (i) Identical
agents; (ii) Agents with different beliefs: py; = 0.0125 and py2 = 0.010; (iii) Agents with
different risk aversions: v; = 0.5 and 2 = 5.5; (iv) Agents with different beliefs and different
risk aversions, as specified for cases (ii) and (iii) above.
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