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Abstract

Testing procedures for predictive regressions with lagged autoregressive variables imply
a suboptimal inference in presence of small violations of ideal assumptions. We propose
a novel testing framework resistant to such violations, which is consistent with nearly
integrated regressors and applicable to multi-predictor settings, when the data may only
approximately follow a predictive regression model. The Monte Carlo evidence demon-
strates large improvements of our approach, while the empirical analysis produces a strong
robust evidence of market return predictability, using predictive variables such as the div-

idend yield, the volatility risk premium or labor income.

Keywords: Predictive Regression, Stock Return Predictability, Bootstrap, Subsampling,
Robustness.
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1 Introduction

A large literature has investigated whether stock returns can be predicted by economic vari-
ables such as, e.g., the price-dividend ratio, proxies of labour income, or the interest rate.
The econometric approach to test for predictability is mostly based on a predictive regression
of stock returns onto a set of lagged nancial variables; see, e.g., Stambaugh (1999). Impor-
tant di erences between testing approaches in the literature arise because of the di erent test
statistics, asymptotic theories or resampling approaches used to test the null hypothesis of no
predictability. These di erences lead in a number of cases to diverging results and conclusions.

Mankiw and Shapiro (1986) and Stambaugh (1986) note that in a setting with endogenous
predictor and correlated innovations standard asymptotic theory causes small sample biases
that may imply an overrejection of the hypothesis of no predictability. To mitigate the problem,
recent studies propose tests based on bias-corrected estimators of predictive regressions. For
instance, Stambaugh (1999), and Amihud, Hurvich and Wang (2008) introduce bias-corrected
OLS estimators for the univariate and the multi-predictor setting, respectively.

Recent work has also considered the issue of endogenous integrated or nearly integrated
predictors, following the evidence in Torous, Valkanov and Yan (2004) that various variables
assumed to predict stock returns follow a local-to-unit root autoregressive process. Lewellen
(2004), Torous, Valkanov and Yan (2004), and Campbell and Yogo (2006) introduce new test-
ing procedures and more accurate unit-root and local-to-unit root asymptotics for predictive
regression models with a single persistent predictor and correlated innovations.

A general approach to obtain tests that are less susceptible to nite sample biases or as-
sumptions on the form of their asymptotic distribution can rely on nonparametric Monte Carlo
simulation methods, such as the bootstrap or the subsampling. Ang and Bekaert (2007) use the
bootstrap to quantify the bias of parameter estimation in a regression of stock returns on the

lagged dividend yield and the interest rate. In a multi-predictor setting with nearly integrated

1See Roze (1984), Fama and French (1988), Campbell and Shiller (1988), Nelson and Kim (1993), Goetz-
mann and Jorion (1995), Kothari and Shanken (1997), Campbell and Yogo (2006), Jansson and Moreira (2006),
Polk, Thompson and Vuolteenaho (2006), Santos and Veronesi (2006), Bollerslev, Tauchen and Zhou (2009),
among others.



regressors, Amihud, Hurvich and Wang (2008) compare the results of bootstrap tests to bias-
corrected procedures and nd the latter to have accurate size and good power properties. Wolf
(2000) introduces subsampling tests of stock return predictability in single-predictor models.

As shown in Hall and Horowitz (1996) and Andrews (2002), among others, a desirable
property of bootstrap tests is that they may provide asymptotic re nements of the sampling
distribution of standard t—test statistics for testing the hypothesis of no predictability.? More-
over, as shown in Romano and Wolf (2001), Choi and Chue (2007) and Andrews and Guggen-
berger (2010), subsampling methods can produce reliable inference also in predictive regressions
models with multiple nearly-integrated predictors.

A common feature of all above approaches to test predictability hypotheses is their reliance
on procedures that can be heavily in uenced by a small fraction of anomalous observations
in the data. For standard OLS estimators and t-test statistics, this problem is well-known
since a long time; see, e.g., Huber (1981) for a review. More recent research has also shown
that inference provided by bootstrap and subsampling tests may be easily in ated by a small
fraction of anomalous observations.?

Intuitively, this feature is due to the too high fraction of anomalous observations that
is often simulated by standard bootstrap and subsampling procedures, when compared to the
actual fraction of outliers in the original data. Unfortunately, this problem cannot be mitigated
simply by applying standard bootstrap or subsampling methods to more robust statistics, so
that robust bootstrap and subsampling schemes for time series are needed in order to develop
more resistant tests for predictive regressions.

In this paper, we propose a new general method for hypothesis testing in predictive re-
gressions with small samples and multiple nearly-integrated regressors, which is resistant to

anomalous observations and other small violations of ideal assumptions in predictive regression

2In the sense that the errors made in approximating the true nite-sample distribution of the ¢—test statistic
are of lower order with respect to the sample size than those implied by the conventional asymptotics.

3Following Huber seminal work, several authors have emphasized the potentially weak robustness features of
many standard asymptotic testing procedures; see Heritier and Ronchetti (1994), Ronchetti and Trojani (2001),
Mancini, Ronchetti and Trojani (2005), and Gagliardini, Trojani and Urga (2005), among others. Singh (1998),
Salibian-Barrera and Zamar (2002), and Camponovo, Scaillet and Trojani (2012), among others, highlight the
failing robustness of the inference implied by bootstrap and subsampling tests.



models. Our testing approach is based on a new class of robust resampling methodologies for
time series, which ensure reliable inference properties in presence of anomalous observations.
An additional desirable feature of our approach it that it simultaneously allows the identi ca-
tion of problematic observations, which may produce a weak performance of standard testing
procedures. The more detailed contributions to the literature are as follows.

First, using Monte Carlo simulations we nd that conventional hypothesis testing methods
for predictive regressions, including bias-corrected tests, tests implied by near-to-unity asymp-
totics, and conventional bootstrap or subsampling tests, are dramatically non-resistant to even
small fractions of anomalous observations in the data. Even though the test probability of
rejecting a null by chance alone features some degree of resistance in our Monte Carlo experi-
ments, the test ability to reject the null of no predictability when it is violated is in most cases
drastically reduced.

Second, we quantify theoretically the robustness properties of bootstrap and subsampling
tests of predictability in a time series context, borrowing from the concept of breakdown point,
which is a measure of the degree of resistance of a testing procedure to outliers; see, e.g.,
Hampel (1971), Donoho and Huber (1983), and Hampel, Ronchetti, Rousseeuw and Stahel
(1986). Our theoretical results con rm the dramatic non-robustness of conventional tests of
predictability detected in our Monte Carlo ndings.

Third, we develop a novel class of bootstrap and subsampling tests for times series, which are
resistant to anomalous observations and are applicable in linear and nonlinear model settings at
sustainable computational costs.* We make use of our theory to propose a novel class of robust
tests of predictability. We con rm by Monte Carlo simulations that these tests successfully limit
the damaging e ect of outliers, by preserving desirable nite sample properties in presence of
anomalous observations.

Finally, we provide a robust analysis of the recent empirical evidence on stock return pre-

40ur robust resampling approach relies on the fast resampling idea put forward, among others, in Shao
and Tu (1995), Davidson and McKinnon (1999), Hu and Kalb eisch (2000), Andrews (2002), Salibian-Barrera
and Zamar (2002), Goncalves and White (2004), Hong and Scaillet (2006), Salibian-Barrera, Van Aelst and
Willems (2006, 2007), and Camponovo, Scaillet and Trojani (2012). The methodology is applicable to a wide
set of bootstrap and subsampling simulation schemes in the literature.



dictability for US stock market data. We study single-predictor and multi-predictor models,
using several well-known predictive variables suggested in the literature, such as the lagged
price-dividend ratio, the di erence between option-implied volatility and realized volatility
(Bollerslev, Tauchen and Zhou, 2009), and the share of labor income to consumption (Santos
and Veronesi, 2006). Our robust tests of predictability produce the following novel empirical
evidence.

First, we nd that the dividend yield is a robust predictive variable of market returns,
which is signi cant at the 5% signi cance in all our regressions, for each subperiod, sampling
frequency and forecasting horizon considered. In univariate regressions with monthly data,
the lagged dividend yield is signi cant at the 5% level according to the robust tests, in each
window of 180 monthly observations from January 1980 to December 2010. In contrast, bias-
corrected methods, near-to-unity asymptotics and standard resampling tests produce a weaker
and more ambiguous evidence overall, e.g., by not rejecting the null of no predictability at the
10% signi cance level in the subperiod from January 1994 to December 2009 (bias-corrected
methods and near-to-unity asymptotics) or in the subperiod from January 1995 to December
2010 (resampling tests). The signi cant predictive power of the dividend yield is con rmed by
multi-predictor regressions including variance risk premium and labor income proxies. While
the dividend yield is again signi cant at the 5% level in all cases using the robust tests, it
is signi cant only at the 10% level using the conventional tests in the sample period 1994-
2000, within monthly predictive regressions including the di erence of implied and realized
volatility as a predictive variable. It is not signi cant using conventional tests in the sample
period 1955-2010 within quarterly predictive regression based on the share of labor income to
consumption.

Second, we nd that the di erence between option-implied volatility and realized volatility
IS a robust predictive variable of future market returns at quarterly forecasting horizons. It is
always signi cant at the 5% signi cance level in each window of 180 observations, using both
robust and nonrobust testing approaches. This nding supports the remarkable market return
forecasting ability of the variance risk premium, noted in Bollerslev, Tauchen and Zhou (2009)

and con rmed in Bollerslev, Marrone and Zhou (2012) in an international context.
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Third, using conventional testing approaches, we nd that the evidence of return predictabil-
ity associated with the ratio of labor income to consumption is either absent or weak in the
sample periods 1955-2000 and 1965-2010, respectively. In contrast, the null of no predictability
is always rejected at the 5% signi cance level by our robust testing method, indicating that
the weak and ambiguous evidence produced by the conventional tests is likely a consequence
of their low power in presence of anomalous observations.

Fourth, we exploit the properties of our robust testing method to identify potential anoma-
lous observations that might excessively in uence the diverging conclusions of conventional
testing approaches. We nd a fraction of less than about 5% of anomalous observations in the
data, which tend to be more frequent during the NASDAQ bubble and the more recent nancial
crisis. Such in uential data points, including the Lehman Brothers default on September 2008,
the terrorist attack of September 2001, the Black Monday on October 1987 and the Dot-Com
bubble collapse in August 2002, are largely responsible for the failure of conventional testing
methods in uncovering the hidden predictability structures.

The rest of the paper is organized as follows. In Section 2, we introduce the usual predictive
regression model, and we illustrate by simulation the robustness problem of some of the recent
tests of predictability proposed in the literature. In Section 3, we study theoretically the
robustness properties of tests based on resampling procedures in general time series settings.
In Section 4, we introduce our robust approach and develop robust bootstrap and subsampling
tests of predictability. In Section 5, we apply our robust testing procedure to US equity data
and reconsider some of the recent empirical evidence on market return predictability. Section

6 concludes.

2 Predictability and Anomalous Observations

In this section, we introduce the benchmark predictive regression model and a number of
recent testing methods proposed for testing the predictability of stock returns. Through Monte
Carlo simulations, we study the nite-sample properties of these testing procedures both in

presence and absence of anomalous observations. In Sections 2.1 and 2.2, we focus on bias-



corrected methods and testing procedures based on local-to-unity asymptotics. In Section 2.3,
we consider more broadly testing approaches based on nonparametric Monte Carlo simulation

methods, such as the bootstrap and the subsampling.

2.1 The Predictive Regression Model

We consider the predictive regression model:

Yye = + X1t Uy D
Xp =+ X1+ (2)
where, for t =1;:::;n, y, denotes the stock return at time t, and X;_, is an economic variable

observed at time t — 1, predicting y;,. The parameters <€ R and € R are the unknown
intercepts of the linear regression model and the autoregressive model, respectively, € R
is the unknown parameter of interest, € R is the unknown autoregressive coe cient, and
u; € R, v, € R are error terms withu, = v, +¢;,, € R, and e, is a scalar random variable.

In this setting it is well-known that inference based on standard asymptotic theory su ers
from small sample biases, which may imply an overrejection of the hypothesis of no predictabil-
ity, Ho : o =0, where o denotes the true value of the unknown parameter ; see Mankiw and
Shapiro (1986), and Stambaugh (1986), among others. Moreover, as emphasized in Torous,
Valkanov, and Yan (2004), various state variables considered as predictors in the model (1)-(2)
are well approximated by a nearly integrated process. Consequently, this suggests a local-to-
unity framework =1+ c=n, ¢ <0, for the autoregressive coe cient of model (2), which may
imply a nonstandard asymptotic distribution for the OLS estimator ", of parameter

Several recent testing procedures have been proposed in order to overcome these prob-
lems. Stambaugh (1999), Lewellen (2004), Amihud and Hurvich (2004), Polk, Thompson and
Vuolteenaho (2006), and Amihud, Hurvich and Wang (2008, 2010), among others, propose
bias-corrected procedures that correct the bias implied by the OLS estimator ”, of parame-

ter . Cavanagh, Elliott and Stock (1995), Torous, Valkanov and Yan (2004), and Campbell



and Yogo (2006), among others, introduce testing procedures based on local-to-unity asymp-
totics that provide more accurate approximations of the sampling distribution of the t-statistic
T, = (An — )=", In nearly integrated settings, where *, is an estimate of the standard

deviation of the OLS estimator *,.

2.2 Bias Correction Methods and Near-to-Unity Asymptotic Tests

A common feature of bias-corrected methods and inference based on local-to-unity asymptotics
IS a non-resistance to anomalous observations, which may lead to conclusions determined by
the particular features of a small subfraction of the data. Intuitively, this feature emerges
because these approaches are based on statistical tools that can be sensitive to outliers or more
general small deviations from the predictive regression model (1)-(2). Consequently, despite
the good accuracy under the strict model assumptions, these testing procedures may become
less e cient or biased even with a small fraction of anomalous observations in the data.

To illustrate the lack of robustness of this class of tests, we analyze through Monte Carlo
simulation the bias-corrected method proposed in Amihud, Hurvich and Wang (2008) and the

Bonferroni approach for the local-to-unity asymptotic theory introduced in Campbell and Yogo

n = 180 according to model (1)-(2), with v, ~ N(0;1), e, ~ N(0;1), =-1, = =0,

= 0:9, and ( € [0;0:15].> In a second step, to study the robustness of the methods under

(¥:; %,—1)" is generated according to,

yt = (1 - pt)yt + pt ' y3max; (3)

(1)-(2) such that P[p; = 1] = . The probability of contamination by outliers is set to = 4%,

which is a small contamination of the original sample, compatible with the features of the real

5These parameter choices are in line with the Monte Carlo setting studied, e.g., in Choi and Chue (2007).



data set analyzed in the empirical study in Section 5.1.%

We study the nite sample properties of tests of the null hypothesis Ho : ¢ = 0 in the
predictive regression model. For the di erent testing methods analyzed, Figure 1 plots the
empirical frequency of rejection of null hypothesis Ho, with respect to di erent values of the
alternative hypothesis ¢ € [0;0:15]. The nominal signi cance level of the test is 10%.

In the Monte Carlo simulation with non-contaminated samples (straight line), we nd that
the fraction of null hypothesis rejections of all procedures is quite close to the nominal level
10% when o = 0. As expected, for increasing values of , the power of the tests increases.
For o = 0:1, both methods have a frequency of rejection close to 70% and for o = 0:15 a
frequency larger than 95%. In the simulation with contaminated samples (dashed line), the
size of all tests remains quite close to the nominal signi cance level. In contrast, the presence
of anomalous observations dramatically deteriorates the power of both procedures. Indeed, for

o > 0, the frequency of rejection of the null hypothesis for both tests is much lower than in
the non-contaminated case. The power of both tests is more at and below 55% even for large
values of . Unreported Monte Carlo results for di erent parameter choices and signi cance
levels produce similar ndings.

The results in Figure 1 highlight the lack of resistance to anomalous data of bias-corrected
methods and inference based on local-to-unity asymptotics. Because of a small fraction of
anomalous observations, the testing procedures become unreliable and are unable to reject the
null hypothesis of no predictability, even for large values of . This is a relevant aspect for
applications, in which typically the statistical evidence of predictability is weak.

To overcome this robustness problem, a natural approach is to develop more resistant
versions of the nonrobust tests considered in our Monte Carlo exercise. However, this task

may be hard to achieve in general.” A more general approach to obtain tests that are less

SFor the monthly data set in Section 5.1, the estimated fraction of anomalous observations in the sample
period 1980-2010 is less than about 3.87%.

"To robustify the bias-corrected procedure in Amihud, Hurvich and Wang (2008), one would need to derive
an expression for the bias of robust estimators of regressions, and then derive the asymptotic distribution of such
bias-corrected robust estimators. For nearly-integrated settings, a robusti cation of the procedure proposed
in Campbell and Yogo (2006) would require a not obvious extension of the robust local-to-unity asymptotics
developed in Lucas (1995, 1997) for the predictive regression model.
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susceptible to nite sample biases or assumptions on their asymptotic distribution can rely on
nonparametric Monte Carlo simulation methods, such as the bootstrap or the subsampling.

We address these methods in the sequel.

2.3 Bootstrap and Subsampling Tests

Nonparametric Monte Carlo simulation methods, such as the bootstrap and the subsampling,
may provide improved inferences in predictive regression model (1)-(2) both in stationary or
nearly integrated settings. As shown in Hall and Horowitz (1996) and Andrews (2002), for
stationary data the block bootstrap may yield improved approximations to the sampling distri-
bution of the standard t-statistics for testing predictability, having asymptotic errors of lower
order in sample size. Moreover, as shown in Choi and Chue (2007) and Andrews and Guggen-
berger (2010), we can use the subsampling to produce correct inferences in nearly integrated
settings. We rst introduce in more detail block bootstrap and subsampling procedures. We
then focus on predictive regression model (1)-(2) and study by Monte Carlo simulation the
degree of resistance to anomalous observations of bootstrap and subsampling tests of pre-

dictability.

R%, d, > 1, and a general statistic T, := T(X,). Block bootstrap procedures split the
original sample X, into overlapping blocks of size m < n. From these blocks, bootstrap
samples X, of size n are randomly generated.® Finally, the empirical distribution of statistic
T(X(,) is used to estimate the sampling distribution of T (X,). Similarly, the more recent
subsampling method applies statistic T directly to overlapping random blocks Xim of size m
strictly less than n.° The empirical distribution of statistic T(X{,,) is then used to estimate
the sampling distribution of T (X)), under the assumption that the impact of the block size
is asymptotically negligible (m=n — 0).

In the predictive regression model (1)-(2), the usual t-test statistic for testing the null of no

8See, e.g., Hall (1985), Carlstein (1986), Kunsch (1989) and Andrews (2004), among others. Alternatively,
it is possible to construct the bootstrap samples using nonoverlapping blocks.
9See Politis, Romano and Wolf (1999), among others.
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predictability is T,, = (", — o)=",. Therefore, a block bootstrap test of the null hypothesis can
be based on the block bootstrap statistic T2, = ("Z: — ",)=APx  where A% is an estimate

n,m n,m?!

of the standard deviation of the OLS estimator ’\fjn in a random bootstrap sample of size n,
constructed using blocks of size m. Similarly, a subsampling test of the same null hypothesis
can be based on the subsampling statistic T = ("Sx N )=AS* where AS* s now an

estimator of the standard deviation of the OLS estimator A;'fj;l in a random overlapping block
of size m <n.

It is well-known that OLS estimators and empirical averages are very sensitive to even small
fractions of anomalous observations in the data; see, e.g., Huber (1981). Since block bootstrap
and subsampling tests rely on such statistics, inference based on resampling methods may
inherit the lack of robustness. To verify this intuition, we study through Monte Carlo simula-
tion the nite-sample properties of block bootstrap and subsampling tests of predictability in
presence of anomalous observations. For comparison, we consider the same simulation setting
of the previous section and study tests of the null hypothesis Hy : o = 0, using symmetric
(bootstrap and subsampling) con dence intervals for parameter .0

Figure 2 plots the empirical frequencies of rejection of null hypothesis H, for di erent
values of the alternative hypothesis ¢ € [0;0:15]. The nominal signi cance level of the test is
10%, as before. With non-contaminated samples (straight line), we nd that for all values of

o € [0;0:15] the frequency of rejection of block bootstrap and subsampling tests is close to the
one of the bias-corrected method and the Bonferroni approach observed in the previous section.
For o =0, the size of the tests is close to the nominal level 10%, while for , = 0:15 the power is
larger than 95%. Contaminations with anomalous observations strongly deteriorate the power
of the tests. With contaminated samples (dashed line), the frequency of rejection of the null
hypothesis is always less than 55%, even for large values of . In particular, when o = 0:15,
the di erence in power for the subsampling applied to non-contaminated and contaminated

samples is larger than 50%.

0 Appendix A shows how to construct symmetric con dence intervals for the parameter of interest, based
on block bootstrap and subsampling distributions. For the selection of the block size m, we use the standard
data-driven methods described in Appendix B.
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The results in Figure 2 show that bootstrap and subsampling tests inherit, and to some
extent exacerbate, the lack of robustness of OLS estimators for predictive regressions. To
robustify the inference produced by resampling methods, a natural idea is to apply standard
bootstrap and subsampling simulation schemes to a more robust statistic, such as, e.g., a robust
estimator of linear regression. Unfortunately, as shown in Singh (1998), Salibian-Barrera and
Zamar (2002), and Camponovo, Scaillet and Trojani (2012) for iid settings, resampling a robust
statistic does not yield a robust inference, because standard block bootstrap and subsampling
procedures have an intrinsic non-resistance to outliers. Intuitively, this problem arises because
the fraction of anomalous observations generated in bootstrap and subsampling blocks is often
much higher than the fraction of outliers in the data. To solve this problem, it is necessary
to analyze more systematically the robustness of bootstrap and subsampling methods for time

series.

3 Robust Resampling Inference and Quantile Breakdown

Point

We characterize theoretically the robustness of bootstrap and subsampling tests in predictive
regression settings. Section 3.1 introduces the notion of a quantile breakdown point, which is
a measure of the global resistance of a resampling method to anomalous observations. Section
3.2 quanti es and illustrates the quantile breakdown point of standard bootstrap and sub-
sampling tests in predictive regression models. Finally, Section 3.3 derives explicit bounds for
guantile breakdown points, which quantify the degree of resistance to outliers of bootstrap and

subsampling tests for predictability, before applying them to the data.

3.1 Quantile Breakdown Point

Given a random sample X,y from a sequence of random vectors X; € R%, d, > 1, let X(ﬁfm) =
(X551 X)) denote a block bootstrap sample, constructed using overlapping blocks of size m.

Similarly, let X2* == (Xj;:::;X?) denote an overlapping subsampling block. We denote by

(nm) —

13



TK* = T(XK* ), K = S;B, the corresponding block bootstrap and subsampling statistics,
respectively.!* For t € (0;1), the quantile Q. of TX" is de ned by

=inf{x|P*(TL: < x) >t} (4)

tnm

where P * is the probability measure induced by the block bootstrap or the subsampling method
and, by de nition, inf(() =
Quantile Qtnm is e ectively a useful nonparametric estimator of the corresponding nite-

sample quantile of statistic T(Xl; il n) We study the breakdown pomt of quantile (4),

on bootstrap or subsampling tests becomes meaningless. Estimated test critical values may
be arbitrarily large and con dence intervals be arbitrarily wide. In these cases, the size and
power of bootstrap and subsampling tests can collapse to zero or one in presence of anomalous
observations, making these inference procedures useless.

We make use of the concept of quantile breakdown point, in order to characterize the
largest fraction of anomalous observations in the data, such that bootstrap and subsampling
inferences can still provide some reliable information in applications. Borrowing the notation

in Genton and Lucas (2003), we formally de ne the breakdown point of the t-quantile Qtn "=

tnm(x(n)) as,
1
K = . i i ¢ C ¢ =
= = {1§p|§n[fnm} {p|there exists Z{ , € Z¢ , such that Qf¥, (X + Z5,) = +oo}
()
where [x] = inf{n € N|x < n}, and Z¢ , denotes the set of all n-samples Z¢ , with exactly p

non-zero components that are dw-dimensmnal outliers of size ¢ R .12

\We focus for brevity on one-dimensional real-valued statistics. However, as discussed for instance in Singh
(1998) in the iid context, our results for time series can be naturally extended to multivariate and scale statistics.
2When p > 1, we do not necessarily assume outliers (g, ... ,Gp to be all equal to ¢, but we rather assume
existence of constants cy,...,cp, such that ¢; = ¢;(. To better capture the presence of outliers in predictive
regression models, our de nltlons for the breakdown point and the set Z’C of all n-components outlier samples
are slightly di erent from those proposed in Genton and Lucas (2003) for general settings. However, the results

14



Literally, bX

t,n,m

is the smallest fraction of anomalous observations of arbitrary size, in a
generic outlier-contaminated sample X,y + zgﬁp, such a quantile Q{f;m, estimated by a boot-
strap or a subsampling Monte Carlo simulation scheme, can become meaningless. Therefore,
quantifying b{fn,m in general for bootstrap and subsampling tests of predictability, in dependence
of the statistics and testing approaches used, is key in order to understand which approaches
ensure some resistance to anomalous observations and which do not, even before looking at the

data.

3.2 Quantile Breakdown Point and Predictive Regression

The quantile breakdown point of conventional block bootstrap and subsampling tests for pre-
dictability in Section 2.3 depends directly on the breakdown properties of OLS estimator .
The breakdown point b of a statistics T,, = T (X)) is simply the smallest fraction of outliers
in a contaminated sample X, + meb such that T (X, + Zimb) = oo for some outlier-
contaminated sample wab € Zﬁ,nb- b is explicitly known in some cases and it can be gauged
most of the time, for instance by means of simulations and sensitivity analysis. Most non-
robust statistics, like OLS estimators for linear regression, have a breakdown point b = 1=n.
Therefore, the breakdown point of conventional block bootstrap and subsampling quantiles in
predictive regression settings also equals 1=n. In other words, a single anomalous observation
in the original data is su cient to produce a meaningless inference implied by bootstrap or
subsampling quantiles in standard tests of predictability.

It is straightforward to illustrate these features in a Monte Carlo simulation that quanti es
the sensitivity of block bootstrap and subsampling quantiles to data contaminations by a single

outlier, where the size of the outlier is increasing. We rst simulate N = 1; 000 random samples

e, ~N(@0;1), =-1, = =0, =0:9 and o =0. For each Monte Carlo sample, we de ne

in our paper can be easily modi ed to cover alternative de nitions of breakdown point and outlier sets Zflm.
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in a second step

Ymax = arg ymax {wy)|w(y;) =Y; — oX;—1;underHoy: o =0} ; (6)

1oy Yn

and we modify ymax over the interval [Ymax; Ymax + 5]. This means that we contaminate the
predictability relationship by an anomalous observation for only one single data point in the
full sample. We study the sensitivity of the Monte Carlo average length of con dence intervals
for parameter , estimated by the standard block bootstrap and the subsampling. This is a
natural exercise, as the length of the con dence interval for parameter is in a one-to-one
relation with the critical value of the test of the null of no predictability (Ho: o = 0). For
the sake of comparison, we also consider con dence intervals implied by the bias-corrected
testing method in Amihud, Hurvich and Wang (2008) and the Bonferroni approach proposed
in Campbell and Yogo (2006).

For all tests under investigation, Figure 4 and 5 plot the relative increase of the average
con dence interval length in our Monte Carlo simulations, under contamination by a single
outlier of increasing size. We nd that all sensitivities are basically linear in the size of the
outlier, con rming that a single anomalous observation can have an arbitrarily large impact
on the critical values of those tests and make the test results potentially useless, as implied by

their quantile breakdown point of 1=n.

3.3 Quantile Breakdown Point Bounds

To obtain bootstrap and subsampling tests with more favorable breakdown properties, it is
necessary to apply resampling procedures to a robust statistic with nontrivial breakdown point
(b > 1=n), such as, e.g., a robust estimator of linear regression. Without loss of generality, let
T, = T (X)) be a statistic with breakdown point 1=n < b < 0:5.

We compute explicit quantile breakdown point bounds, which characterize the resistance of
bootstrap and subsampling tests to anomalous observations, in dependence of relevant param-

eters, such as n, m, t, and b.*® These results are the starting point to develop more resistant

13Similar results can be obtained for the subsampling and the block bootstrap based on nonoverlapping
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subsampling and bootstrap tests with a large of resistance to anomalous observations.

Theorem 1 Let b be the breakdown point of T,, and t € (0;1). The quantile breakdown point

b,ﬁn’m and bfn’m of subsampling and block bootstrap procedures, respectively, satisfy following
properties,
[mbl Sbfnmél-{ inf {p-(mb1‘p>(1_t)(n_m+1)+(mb1_l}}; )
n nn n {peN,p<r—1} m
mb]| B 1 ) mp, — p; +1 nb
— < < —. = . L i S [ S _
n — bt,n,m - n |:{p|1r71£2} {p P1 - P2 P (BI N (ra n—m+1 = D1 >1 t (8)

where p1;p2 € N, with p; <m;p, <r —1.

We illustrate the implications of Theorem 1 by computing in Table 1 lower and upper bounds
for the breakdown point of subsampling and bootstrap quantiles, using a sample size n = 120
and a maximal statistic breakdown point (b = 0:5).}* We nd that even for a highly robust
statistic with maximal breakdown point (b = 0:5), the subsampling implies a very low quantile
breakdown point, which increases with the block size but is also very far from the maximal value
b = 0:5. For instance, for a block size m = 10, the 0:95-quantile breakdown point is between
0:0417 and 0:0833. In other words, even though a statistic is resistant to large fractions of
anomalous observations, the implied subsampling quantile can collapse with just 5 outliers out
of 100 observations.*> Similar results arise for the bootstrap quantiles. Even though the bounds
are less sharp than for the subsampling, quantile breakdown points are again clearly smaller

than the breakdown point of the statistic used.®

blocks. The results for the block bootstrap can also be modi ed to cover asymptotically equivalent variations,
such as the stationary bootstrap of Politis and Romano (1994).

14The term w represents the number of degenerated subsampling statistics necessary in order to
cause the breakdown of Q2* . while Imbl s the fraction of outliers which is su cient to cause the breakdown

t,n,m?

of statistic 7" in a block of size m. Note that the breakdown point formula for the iid bootstrap in Singh (1998)
emerges as a special case of the formula (8), for m = 1.

15This breakdown point is also clearly lower than in the iid case; see Camponovo, Scaillet and Trojani (2012).
For instance, for m = 10, the 0.95-quantile breakdown point of the overlapping subsampling is 0.23 in iid
settings. Since in a time series setting the number of possible subsampling blocks of size m is typically lower
than the number of iid subsamples of size m, the breakdown of a statistic in one random block tends to have a
larger impact on the subsampling quantile than in the iid case.

1These quantile breakdown point bounds are again clearly lower than in the iid setting. For instance, for
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Overall, the results in Theorem 1 imply that subsampling and bootstrap tests for time series
feature an intrinsic non-resistance to anomalous observations, which cannot be avoided, simply

by applying conventional resampling approaches to more robust statistics.

4 Robust Bootstrap and Subsampling

When using a highly robust statistic with large breakdown point, the bootstrap and the sub-
sampling still imply an important non-resistance to anomalous observations, which is consistent
with our Monte Carlo results in the predictive regression model. To overcome the problem, it
is necessary to introduce a novel class of more robust bootstrap and subsampling tests in the
time series context.!” Section 4.1 introduces our robust bootstrap and subsampling approach
and Section 4.2 demonstrates its favorable breakdown properties. Section 4.3 applies the the-
ory to introduce new robust bootstrap and subsampling tests for predictability in predictive

regression models.

4.1 Definition

" for parameter < R? de ned as the solution of the estimating equations
Koy ") = 13 g% ) =0 ©)
n (n)s nj) - n - g i1 on )

where (X ) 1 R* — R depends on parameter and a bounded estimating function g.
Boundedness of function g is a characterizing feature of robust M-estimators, such as, e.g.,
robust estimators of linear regression; see Hampel, Ronchetti, Rousseeuw and Stahel (1986) for

a review.

m = 30, the 0.95-quantile breakdown point for time series is less than 0.25, but it is 0.425 for iid settings, from
the results in Camponovo, Scaillet and Trojani (2012).

"We develop such robust methods for the broader class of M-estimators, borrowing from the fast resampling
approach considered, among others, in Shao and Tu (1995), Davidson and McKinnon (1999), Hu and Kalb eisch
(2000), Andrews (2002), Salibian-Barrera and Zamar (2002), Goncalves and White (2004), Hong and Scaillet
(2006), Salibian-Barrera, Van Aelst and Willems (2006, 2007), and Camponovo, Scaillet and Trojani (2012).
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Conventional bootstrap (subsampling) methods solve equation k(X(fflj;L); Aﬁf;;) = 0, for each

bootstrap (subsampling) random sample X(ﬁfm), which can be a computationally demanding

task. Instead, we consider a standard Taylor expansion of (9) around the true parameter o,

N

w— 0=—[Ve oKy )" 2Ky 0) +0,(1); (10)

where Vy ,,(Xy; o) is the derivative of function ,, with respect to parameter . Based on

N

this expansion, we can use —[Vy ,(X¢y; )17 (XE*,,: ") as an approximation of "X — 7,

(n,m)* ™
in the de nition of the resampling scheme estimating the sampling distribution of ", — 4. This
approach avoids computing Aff; and [V, k(X{Zj‘m); ’\n)]*1 in each bootstrap or subsampling
sample, which is a markable computational advantage that produces a fast numerical procedure.
This is an important improvement over conventional resampling schemes, which can easily

become unfeasible when applied to robust statistics.

Definition 2 Given a normalization constant ,, such that , — oo as n — oo, a robust fast

resampling distribution for n(’\n — ) Is de ned by

1 N
s=1
where I(-) is the indicator function and s indexes the N possible random samples generated by

the bootstrap and subsampling procedures, respectively.

General assumptions under which (11) consistently estimates the unknown asymptotic distri-
bution of n(’\n — o) In a time series context are given, e.g., in Hong and Scaillet (2006) for the
subsampling (Assumption 1) and in Goncalves and White (2004) for the bootstrap (Assumption
A and Assumptions 2.1 and 2.2).18

18 et L(-) be the limit distribution function of ,,(8,, — 6o). Under regularity conditions, it follows, for any
continuity point of L(-): Lﬁ;(x) — L(x) in probability, as N,n — oo, and additionally m — oo, m/n — 0
in the subsampling case. If L(-) is continuous, then: sup, |L,{f;“n(x) — L(z)] — 0 in probability. Moreover,
as noted, e.g., in Hall, Horowitz and Jing (1995), several standard resampling methods imply the distortion
E*[@,ﬁf;] # E*[#,.], where E*[] denotes the expectation under the bootstrap or the subsampling distribution

P*, which decreases the rate of convergence. A solution to this problem can be based on the recentered statistic
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4.2 Robust Resampling Methods and Quantile Breakdown Point

In the computation of the resampling distribution (11), we only need consistent point estimates
for parameter vector o and matrix —[Vy (X, o)] 7%, based on the original sample Xn)-
These estimates are simply given by *, and —[V, (X "L, respectively.

A closer inspection of quantity —[Vy (X )1t kXK 27

(n7m)7s, n

) in De nition 2 reveals
important implications for the breakdown properties of the robust fast resampling distribution
(11). Indeed, this quantity can degenerate only when either (i) matrix Vo (X, ") is singular
or (ii) estimating function g is not bounded. However, since we are making use of a robust
(bounded) estimating function g, situation (ii) cannot arise. Therefore, one intuitively expects
the breakdown of the quantiles of robust fast resampling distribution (11) to arise only when

condition (i) is realized. These arguments imply the following immediate corollary.

Corollary 3 Let b be the breakdown point of the robust M-estimator ", de ned in (9). The
t-quantile breakdown point of resampling distribution (11) equals bZ, .. = min(b;by,), where

t,n,m

by, Is the breakdown point of matrix V, (X, An), de ned by:

1 ] . A
= _. ¢ ¢ + 7¢ - — .
by, - 1§p|§n(fm e {p|there exists Z$ , € Z; , such that det(Vy (X +Z5,; w)) =0}:
(12)

Since bX

t,n,m

is the minimum of b and the breakdown point of matrix Vi (X, "), the quantile
breakdown point of the robust fast resampling distribution in De nition 2 is maximal whenever

byy > b



4.3 Robust Predictive Regression and Hypothesis Testing

We develop a new class of easily applicable robust bootstrap and subsampling tests for the
null hypothesis of no predictability in predictive regression models. To this end, consider the

predictive regression model
Ye= Wi+ U; t=1;00n; (13)

with = ( ; ) and w,_; = (1;X;—1), and denote by z(,, = (z1;:::;z,) an observation sample
generated according to (13), where z; = (y;; w;_,)’.

According to De nition 2, a robust estimator of predictive regression is needed, featuring a
nontrivial breakdown point b > 1=n and a bounded estimating function g, in order to obtain ro-
bust bootstrap and subsampling tests with our approach. Several such estimators are available
in the literature, which imply corresponding robust bootstrap and subsampling procedures.
Among those estimators, a convenient choice is the standard Huber estimator "% of regression,
which ensures together good robustness properties and moderate computational costs.

Given a positive constant c, Af is the M —estimator that solves the equation

1 n
ne(ori W) = 2 YWt ) = 0 (14)
t=1

with estimating function g. de ned by

C
Vow_q )=, — 'We_1)W,_1 -min | 1; : 15
(Vs Wit ) = (Ve t—1)Wi 1 ( (y, — /Wt—l)Wt—1H> (15)

Constant ¢ > 0 is useful in order to tune the degree of robustness of estimator " in relevant
applications and can be determined in a fully data-driven way.?° Note that, as required by our
robust resampling approach, the norm of estimating function g. in Equation (14) is bounded

(by constant c), and the breakdown point of estimator Aff is maximal (b = 0:5).

20 Appendix B presents in detail the data-driven method that can be used for the selection of tuning constant
C.
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4.3.1 Nonstudentized Tests

By applying the robust fast approach in De nition 2 to the estimating function (14), we can
estimate the sampling distribution of the nonstudentized statistic TS = \/n (’\ff - 0), using

the following robust fast resampling distribution:

N

L5 () = %2;11(& (= [0 o DI 0@l ) <) i K=BiS: (19
where o= ( o; o) and k = n for the block bootstrap (k = m for the subsampling).

A key property of resampling distribution (16) is that it implies a maximal quantile break-
down point, i.e., the largest achievable degree of resistance to anomalous observations, inde-
pendent of the probability level t and the selected block size m, both for the bootstrap and
the subsampling. This feature follows directly from the fact that the breakdown point of the
robust Huber estimator (14) is b = 0:5, while because by, > 0:5 (see the proof in Appendix
C).

Corollary 4 Lett € (0;1). The t-quantile breakdown point of the resampling distribution (16)
isbX =05 K=B;S.

t,n,m

Using nonstudentized statistics, robust resampling distribution (16) provides consistent esti-
mators of the sampling distribution of TV = \/n (’\f} — 0) in stationary time series settings.

Using studentized statistics, we can additionally obtain convergence in nonstationary settings

and potentially also produce a faster convergence to the asymptotic distribution.

4.3.2 Studentized Tests

Consider the studentized statistic T,, = /n["#]-/2("% — ), where "2 is an estimator of the
asymptotic variance of Aff. Also in this case, we can use the robust fast approach in De nition

2 with minor modi cations. More precisely, we propose to estimate the sampling distribution
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of statistic T,, by the following robust fast resampling distribution:

N

LK (x)——ZH(ﬁ( PRI, @ T i@ n)) ) a7

s=1

where k = n for the block bootstrap (k = m for the subsampling) and AkRj; ="B(zK" | Yisan

(n,m),s
estimate of the asymptotic variance of the robust M-estimator (14) based on the s—th block
bootstrap (subsampling) random block.

The quantile breakdown point properties of resampling distribution (17) are more complex
than those obtained in the unstudentized case. Unlike the exact results in Theorem 1, we

provide the following bounds for the resulting breakdown point quantiles.

Theorem 5 For simplicity, let r = n=m € N. The t-quantile breakdown points b ., and b

t,n,m

of the robust block bootstrap and robust subsampling distributions (17), respectively, are given

by

by = %{ inf {m+p’p>(1—t)(n—m+1)—lH; (18)

{pEN,p<n—m+1}

+
b = 1[ inf {m"'P‘P(BlN(F;p—l):r)>1—tH; (19)
N | {peN,p<n—m+1} n—m+1

where BIN(N;q) is a Binomial random variable with parameters N and g € (0; 1).

Formulas (18) and (19) improve on the results in Equations (7) and (8) for the conventional
subsampling and bootstrap, respectively. The quantile breakdown point of the robust block
bootstrap and subsampling approach is often much higher than the one of conventional resam-
pling methods. Table 2 quanti es these di erences. For instance, for m = 10; 20, the 0:95-
quantile of the robust block bootstrap is maximal. Similarly, the robust subsampling quantile
breakdown points in Table 2 are considerably larger than those in Table 1 for conventional
subsampling methods, even if they do not always attain the upper bound of 0.5.

In contrast to the unstudentized case, the quantile breakdown point of robust resam-
pling distribution (17) is not always maximal, because we need to compute matrices AR* and

Vi kc(z(n Y n) in each bootstrap or subsampling block. While this approach can yield con-
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sistency also in nonstationary settings and a potentially improved convergence, the additional
estimation step can imply a loss in the resistance of the whole procedure to anomalous obser-
vations. Thus, a tradeo arises between resistance to anomalous observations and improved

nite-sample inference, which has to be considered and evaluated case-by-case in applications.

4.3.3 Monte Carlo Evidence

To quantify the implications of Corollary 4, we can study the sensitivity of con dence intervals
estimated by the robust block bootstrap and the robust subsampling distributions (16), with
respect to contaminations by anomalous observations of increasing size. To this end, we consider
the same Monte Carlo setting of Section 3.2. We plot in Figure 6 the percentage increase of
the length in the average estimated con dence interval, with respect to contaminations of the
available data by a single anomalous observation of increasing size. In evident contrast to the
ndings for conventional bootstrap and subsampling tests, Figure 6 shows that the inference
implied by our robust approach is largely insensitive to outliers, with a percentage increase in
the average con dence interval length that is less than 1%, even for an outliers of size y,,,. +5.
The robustness of resampling distribution (16) has favorable implications for the power of
bootstrap and subsampling tests in presence of anomalous observations. For the same Monte
Carlo setting of Sections 2.2 and 2.3, Figure 3 shows that in presence of non-contaminated
samples (straight line) the frequencies of null hypothesis rejections of robust resampling ap-
proaches are again very close to those observed for nonrobust methods. For instance, the
frequency of rejections when o = 0 is close to the nominal level 10% of the test, while the
power is larger than 95% for o = 0:15. In presence of anomalous observations (dashed line),
robust approaches still provide an accurate empirical size close to the actual nominal level, as
well as a power curve that is close to the one obtained in the non-contaminated Monte Carlo
simulation. In particular, in contrast to the standard tests, the power of both robust tests is
above 90% for o = 0:15.
Unreported Monte Carlo results for the robust block bootstrap and subsampling distribu-

tions of studentized tests (17) con rm the improved resistance properties of our approach.
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5 Empirical Evidence of Return Predictability

Using our robust bootstrap and subsampling tests, we revisit from a robustness perspective the
recent empirical evidence on return predictability for US stock market data. We study single-
predictor and multi-predictor settings, using several well-known predictive variables suggested
in the literature, such as the lagged dividend yield, the di erence between option-implied
volatility and realized volatility (Bollerslev, Tauchen and Zhou, 2009) and the share of labor
income to consumption (Santos and Veronesi, 2006). We compare the evidence produced by
our robust bootstrap and subsampling tests of predictability with the results of recent testing
methods proposed in the literature, including the bias-corrected method in Amihud, Hurvich
and Wang (2008), the Bonferroni approach for local-to-unity asymptotics in Campbell and
Yogo (2006), and conventional bootstrap and subsampling tests.

The dividend yield is the most common predictor of future stock returns, as suggested by
a simple present-value logic.?t However, its forecasting ability has been called into question,
e.g., by the ambiguous empirical evidence of studies not rejecting the null of no predictability
for a number of forecasting horizons and sample periods; see, e.g., Goyal and Welch (2003),
and Ang and Bekaert (2007), among others. Whether these ambiguous results are related to
the weakness of conventional tests in detecting predictability structures masked by anomalous
observations, is an empirical question that we can analyze using our robust testing method.

The empirical study is articulated in three parts. Section 5.1 studies the forecast ability
of the lagged dividend yield for explaining monthly S&P 500 index returns, in a predictive
regression model with a single predictor. This study allows us to compare the results of our
methodology with those of the Bonferroni approach for local-to-unity asymptotics, which is
applicable to univariate regression settings. Section 5.2 considers instead models with two
predictive variables. In Section 5.2.1, we test the predictive power of the dividend yield and the
variance risk premium, for quarterly S&P 500 index returns sampled at a monthly frequency

in periods marked by a nancial bubble and a nancial crisis. Finally, Section 5.2.2 tests

21See, e.9., Roze (1984), Campbell and Shiller (1988), Fama and French (1988), Stambaugh (1999), Lewellen
(2004), Torous, Valkanov and Yan (2004), Lettau and Ludvigson (2005), and Campbell and Yogo (2006).

25



the predictive power of the dividend yield and the ratio of labor income to consumption for

predicting quarterly value-weighted CRSP index returns.??

5.1 Single-Predictor Model

We consider monthly S&P 500 index returns from Shiller (2000), R; = (P, +d;)=P;_1, where P,
is the end of month real stock price and d; the real dividend paid during month t. Consistent

with the literature, the annualized dividend series D, is de ned as

D,=d+Q+r)d 1 +Q+r)A+r_)do+ - +Q+r): 1 (1+r,_10)di_11; (20)

where r; is the one-month maturity Treasury-bill rate. We estimate the predictive regression

model

In(R,) = + In<5t1)+ Lit=100n; (21)

t—1
and test the null of no predictability, Ho: o =0.

We collect monthly observations in the sample period 1980-2010 and estimate the predictive
regression model using rolling windows of 180 observations. Figure 7 plots the 90%-con dence
intervals for parameter in the sample period 1980-2010, while Table 3 reports the detailed
point estimates and test results for the di erent testing procedures in the four subperiods
1980-1995, 1985-2000, 1990-2005, 1995-2010.

We nd that while the robust bootstrap and subsampling tests always clearly reject the
hypothesis of no predictability at the 5%-signi cance level, the conventional testing approaches
produce a weaker and more ambiguous predictability evidence. For instance, the bootstrap and
subsampling tests cannot reject H, at the 10% signi cance level in subperiod 1984-1999, while
the bias-corrected method and the Bonferroni approach fail to reject H, at the 10% signi cance
level in the subperiod 1995-2010.

It is interesting to study to which extent anomalous observations in sample periods 1984-

1999 and 1995-2010 might have caused the diverging conclusions of robust and nonrobust

22\We also consider regressions with three predictive variables that additionally incorporate interest rate
proxies. We discuss below the results, but we do not report the details for brevity.
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testing methods. We exploit the properties of our robust testing method to identify such data
points. Figure 12 plots the time series of Huber weights estimated by the robust estimator (15)

of the predictive regression model:

c

h(Z;) := min | 1; ~ ; 22
) m'”( 10— X ,ff)xt_ln) #2

where Z; = (In(Ry); X;_1)’, X;—1 = (1;In(D;_1=P;_1))’, and ’\f is the robust Huber estimator

of parameter vector = ( ; ). By de nition, the data-driven weight 0 < h(Z;) < 1 is de-
signed to reduce the in uence of potential anomalous observations on the estimation results.
Weights clearly below one indicate an anomalous data-point, while weights equal to one in-
dicate unproblematic observations for the postulated model. Therefore, the value of weight
(22) provides a standard way for highlighting potential anomalous observations that might be
excessively in uential for the t of the predictive regression model (21); see, e.g., Hampel,
Ronchetti, Rousseeuw and Stahel (1986).

We nd that subperiod 1998-2002 is characterized by a cluster of infrequent anomalous
observations, which are likely related to the abnormal stock market performance during the
NASDAQ bubble in the second half of the 1990s. Similarly, we nd a second cluster of anoma-
lous observations in subperiod 2008-2010, which is linked to the extraordinary events of the
recent nancial crisis. Overall, anomalous observations are less than 4.2% of the whole data
sample and they explain the failure of conventional testing methods in uncovering hidden pre-
dictability structures in these sample periods.

We nd that the most in uential observation before 1995 is November 1987, following the
Black Monday on October 19 1987. During the subperiod 1998-2002, the most in uential
observation is October 2001, re ecting the impact on nancial markets of the terrorist attack
on September 11 2001. Finally, the most anomalous observation in the whole sample period
1980-2010 is October 2008, following the Lehman Brothers default on September 15 2008. The
impact on the test results of the Lehman Brothers default emerges also in Figure 7, where

nonrobust resampling methods no longer reject #, in 2009. In contrast, robust tests still nd
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signi cance evidence in favor of predictability.

5.2 Two-Predictor Model

We extend our empirical study to two-predictor regression models. This approach has several
purposes. First, it can serve to assess the incremental predictive ability of the dividend yield,
in relation to other well-known competing predictive variables. Second, it is useful to verify the
power properties of robust bootstrap and subsampling tests in settings with several predictive
variables.

Section 5.2.1 borrows from Bollerslev, Tauchen and Zhou (2009) and studies the joint pre-
dictive ability of the dividend yield and the variance risk premium. Section 5.2.2 follows the
two-predictor model in Santos and Veronesi (2006), which considers the ratio of labor income

to consumption as an additional predictive variable to the dividend yield.

5.2.1 Bollerslev, Tauchen and Zhou

We consider again monthly S&P 500 index and dividend data between January 1990 and

December 2010, and test the predictive regression model:

1 D
P IN(Ry+x:) = + 1ln (P—t) + VRP,+ ks (23)

t

where IN(Ry+x+) = IN(R¢+1)+- - - +In(R;+) and the variance risk premium VRP, := 1V, —RV, is
de ned by the di erence of the S&P 500 index option-implied volatility at time t, for one month
maturity options, and the ex-post realized return variation over the period [t — 1; t]. Bollerslev,
Tauchen and Zhou (2009) show that the variance risk premium is the most signi cant predictive
variable of market returns over a quarterly horizon. Therefore, we test the predictive regression
model (23) for k = 4.

Let o; and ¢, denote the true values of parameters ; and ,, respectively. Using the
conventional bootstrap and subsampling tests, as well as our robust bootstrap and subsampling

tests, we rst test the null hypothesis of no return predictability by the dividend yield, Ho; :
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o1 =0.

Figure 8 plots the 90%-con dence intervals for parameter , based on rolling windows of
180 monthly observations in sample period 1990-2010, while Table 4 collects the detailed point
estimates and testing results. We nd again that the robust tests always clearly reject the null
of no predictability at the 5%-signi cance level. In contrast, the conventional bootstrap and
subsampling tests produce weaker and more ambiguous results, with uniformly lower p-values
(larger con dence intervals) and a non-rejection of the null of no predictability at the 5%—level
in period 1994-2009. Since the Bonferroni approach in Campbell and Yogo (2006) is de ned
for single-predictor models, we cannot apply this method in model (23). Unreported results
for the multi-predictor testing method in Amihud, Hurvich and Wang (2008) show that for
data windows following window 1993-2008 also the bias-corrected method cannot reject null
hypothesis Ho; at the 10% signi cance level.

By inspecting the Huber weights (22), implied by the robust estimation of the predictive
regression model (23), we nd again a cluster of infrequent anomalous observations, both during
the NASDAQ bubble and the recent nancial crisis. Also in this setting, the most infuential
observation is October 2008, re ecting the Lehman Brothers default on September 15 2008.
The impact of these anomalous observations emerges also in Figure 8, explaining the large
estimated con dence intervals of nonrobust tests and their non-rejection of #o; in subperiod
1994-20009.

Finally, we test the hypothesis of no predictability by the variance risk premium, Ho, :

02 = 0. Figure 9 plots the resulting con dence intervals for parameter ., while Table 4
reports the estimates and testing results. In contrast to the previous evidence, we nd that
all tests under investigation clearly reject H,, at the 5%-signi cance level, thus con rming
the remarkable return forecasting ability of the variance risk premium noticed in Bollerslev,
Tauchen and Zhou (2009), as well as the international evidence reported in Bollerslev, Marrone,
Xu and Zhou (2012).
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5.2.2 Santos and Veronesi

We nally focus on the two-predictor regression model proposed in Santos and Veronesi (2006):

D,_
In(R)) = + 11n (Pt 1) + oSt 4 (24)

t—1

where s;_; = w;_1=C,_, is the share of labor income to consumption. We make use of quarterly
returns on the value weighted CRSP index, which includes NYSE, AMEX, and NASDAQ
stocks, in the sample period Q1,1955-Q4,2010. The dividend time-series is also obtained from
CRSP, while the risk free rate is the three-months Treasury bill rate. Labor income and
consumption are obtained from the Bureau of Economic Analysis.??

Let o; and o, denote the true values of parameters ; and ,, respectively. Using bootstrap
and subsampling tests, as well as our robust testing method, we rst test the null hypothesis
of no predictability by the dividend yield, Ho; : o1 = 0. Figure 10 plots the 90%-con dence
intervals for parameter (; based on rolling windows of 180 quarterly observations in sample
period 1950-2010, while Table 5 collects detailed point estimates and test results for the four
subperiods 1950-1995, 1955-2000, 1960-2005, 1965-2010. We nd again that our robust tests
always clearly reject Ho; at the 5%-signi cance level. In contrast, conventional tests produce
more ambiguous results and cannot reject at the 10%-signi cance level the null hypothesis o,
for subperiod 1955-2000.

Figure 11 reports the 90%-con dence intervals estimated in tests of the null hypothesis of
no predictability by the labor income proxy, Ho, : o2 = 0. Table 5 summarizes estimation
and testing results. While the conventional tests produce a weak and mixed evidence of return
predictability using labor income proxies, e.g., by not rejecting #q, at the 10%-level in subperiod
1950-1995, the robust tests produce once more a clear and consistent predictability evidence
for all sample periods.

The clusters of anomalous observations (less than 4:6% of the data in the full sample),

23As in Lettau and Ludvigson (2001), labor income is de ned as wages and salaries, plus transfer payments,
plus other labor income, minus personal contributions for social insurance, minus taxes. Consumption is de ned
as non-durables plus services.
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highlighted by the estimated weights in Figure 14, again indicate that conventional tests might
fail to uncover hidden predictability structures using samples of data that include observations
from the NASDAQ bubble or the recent nancial crisis, a feature that have already noted also
in Santos and Veronesi (2006) and Lettau and Van Nieuwerburgh (2007) from a di erent angle.
In such contexts, the robust bootstrap and subsampling tests are again found to control well
the potential damaging e ects of anomalous observations, by providing a way to consistently
uncover hidden predictability features also when the data may only approximately follow the

given predictive regression model.

6 Conclusion

A large literature studies the predictive ability of a variety of economic variables for future
market returns. Several useful testing approaches for testing the null of no predictability in
predictive regressions with correlated errors and nearly integrated regressors have been pro-
posed, including tests that rely on nonparametric Monte Carlo simulation methods, such as
the bootstrap and the subsampling. All these methods improve on the conventional asymptotic
tests under the ideal assumption of an exact predictive regression model. However, we nd by
Monte Carlo evidence that even small violations of such assumptions, generated by a small
fraction of anomalous observations, can result in large deteriorations in the reliability of all
these tests.

To systematically understand the problem, we characterize theoretically the robustness
properties of bootstrap and subsampling tests of predictability in a time series context, using
the concept of quantile breakdown point, which is a measure of the global resistance of a testing
procedure to outliers. We obtain general quantile breakdown point formulas, which highlight
an important non-resistance of these tests to anomalous observations that might infrequently
contaminate the predictive regression model, thus con rming the fragility detected in our Monte
Carlo study.

We propose a more robust testing method for predictive regressions with correlated er-

rors and nearly integrated regressors, by introducing a novel general class of fast and robust
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bootstrap and subsampling procedures for times series, which are applicable to linear and non-
linear predictive regression models at sustainable computational costs. The new bootstrap and
subsampling tests are resistant to anomalous observations in the data and imply more robust
con dence intervals and inference results. We demonstrate by Monte Carlo simulations their
good resistance to outliers and their improved nite-sample properties in presence of anomalous
observations.

In our empirical study for US stock market data, we study single-predictor and multi-
predictor models, using well-known predictive variables in the literature, such as the market
dividend yield, the di erence between index option-implied volatility and realized volatility
(Bollerslev, Tauchen and Zhou, 2009) and the share of labor income to consumption (Santos
and Veronesi, 2006).

First, using the robust tests we nd clear-cut evidence that the price-dividend ratio is a ro-
bust predictive variable for market returns, in each subperiod and for each sampling frequency
and forecasting horizon considered. In contrast, tests based on bias-corrections, near-to-unity
asymptotics or standard resampling procedures provide more ambiguous ndings, by not re-
jecting the null of no predictability in a number of cases.

Second, we nd that the di erence between option-implied volatility and realized volatility
is a robust predictive variable of future market returns at quarterly forecasting horizons, both
using robust and nonrobust testing methods. This nding con rms the remarkable return
forecasting ability of the variance risk premium, rst noticed in Bollerslev, Tauchen and Zhou
(2009).

Third, we nd that conventional testing approaches deliver an ambiguous evidence of return
predictability by proxies of labor income, which is either absent or weak in the sample periods
1955-2000 and 1965-2010, respectively. In contrast, the null of no predictability is always clearly
rejected using the robust testing approach, indicating that the weak ndings of the conventional
tests are likely deriving from their low ability to detect predictability structures in presence of
small sets of anomalous observations.

Fourth, we exploit the properties of our robust tests to identify potential anomalous ob-

servations that might explain the diverging conclusions of robust and nonrobust methods. We
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nd a fraction of less than about 5% of anomalous observations in the data, which tend to clus-
ter during the NASDAQ bubble and the more recent nancal crisis. Anomalous data points,
including the Lehman Brothers default on September 2008, the terrorist attack of Septem-
ber 2001, the Black Monday on October 1987 and the Dot-Com bubble collapse in August
2002, are responsible for the failure of conventional testing methods in uncovering the hidden
predictability structures for these sample periods.

Finally, while our bootstrap and subsampling tests have been developed in the context of
standard predictive systems with autocorrelated regressors, our approach is extendable also to
more general settings, including potential nonlinear predictive relations or unobserved state
variables. For instance, van Binsbergen and Koijen (2010) propose a latent-variable approach
and a Kalman Iter to estimate a present value model with hidden and persistent expected
return and dividend growth, in order to formulate powerful tests for the joint predictability of
stock returns and dividend growth. The application of our robust bootstrap and subsampling

tests in the context of such present value models is an interesting avenue for future research.
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Appendix A: Robust Bootstrap and Subsampling Tests of
Predictability

We present in more details how to compute the robust resampling distribution (17) and
construct robust con dence intervals for the components of a general d-dimensional parameter
, where d > 1. The extension to the nonstudentized distributions (16) is straightforward. We
construct symmetric resampling con dence intervals for the parameter of interest.?*
Let =( ; ') andlet z(,) = (z1;:::;z,) be an observation sample generated according to

the multi-predictor regression model

/ .
+ Xt—l + Ut,

Y

X; =  +Rx_1+ Vg

where z; = (ysw,_,), w,_; = (3;%,_,), is a d-dimensional parameter vector and R is a
d x d parameter matrix. First, we compute the robust Huber estimator "% = (~2; "R’y a5 the
solution of ,, .(Z(,y; ’\f) = 0, where the estimating function ,,.is de ned in (14) and c >0 is
a tuning constant selected through the data-driven method introduced in Appendix B below.

Note that the asymptotic variance of the robust M-estimator Af} is given by
R:J/RvRJR; (25)

where J% = (lim,0 E [Vo 0e(Zeyi 0)]) 1 VE = lim, o Var |2 30 0.(z0); o)], and
Vo nc(Zw): o) denotes the derivative of function . with respect to parameter with o =

24Hall (1988) and more recent contributions, as for instance Politis, Romano and Wolf (1999), highlight
a better accuracy of symmetric con dence intervals, which even in asymmetric settings can be shorter than
asymmetric con dence intervals. Mikusheva (2007) and Andrews and Guggenberger (2010) also show that
because of a lack of uniformity in pointwise asymptotics, nonsymmetric subsampling con dence intervals for
autoregressive models can imply a distorted asymptotic size, which is instead correct for symmetric con dence
intervals.
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( o; 4). We compute the estimator "2 = *A0 RS of the asymptotic variance % where

n

= [Ve nc(z(n);Aff)}_l; (26)
0n

_ch(zm n)g (Zza n) (27)

respectively.?® Let (p)(j) denotes the j-th component of a d-dimensional vector p, 1 < j < d.

To construct symmetric con dence intervals for each j-th component of the parameter , we

. . o . ; G+1)
compute an estimator of the sampling distribution of (Tn,|_|)0+1) = («91?)% (Aff — o)> )
by applying our robust resampling approach, where the subscript | - | indicates that we consider

)(jﬂ) is the square root of

the absolute value of each component of the statistic T,, and ("%
the (J + 1)-th diagonal component of matrix A,If.

More precisely, let zK* , be a block bootstrap (K = B) or subsampling (K = S) random
sample based on blocks of size m, where m is selected through the data-driven method in-
troduced in Appendix B below. For each component 1 < j < d, we estimate the sampling

distribution of (Tn7|.‘)(j+l) through the robust resampling distribution

. + 1 & vk G+1)
(L5 100) ™ = N H<W (WG kel N k@ imy o n)) SX);
s=1 k,s

(28)
where k = n for the block bootstrap (K = B), while k = m for the subsampling (K =595),

(",ﬁ;)(jﬂ) is the square root of the (j + 1)-th diagonal component of matrix " i, and ’\kR’; =
Ji( e i with

‘j\lf: |:V9 c F(Z(n m), s n) ' (29)

\/)klf?* = ngC(Zzs’ n)gC(Zzs’ n) (30)

ZSFor the sake of brevity, we assume that E[g.(zi,00)g.(z;,00)'] = 0, i # j, and consequently we consider
01 as estimator of V?. However, if this assumption is not satis ed, then V7 has to be replaced with the
Newey-West covariance estimator.
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Finally, let t € (0;1), and let ( ff;,m)(jﬂ) be the t-quantile of the block bootstrap or subsam-
pling empirical distribution (28), K = B;S, respectively. Then, the symmetric t-con dence

interval for the j-th component ( 0)(7‘) of ¢ is given by
. G+1) 1 i 1 G+1) 1 . 1
@139 = | ()7 = (0 (@) () + (0 @) e
We summarize our robust approach in the following steps.

(1) Compute ’\ff = (“ros; ’\}%OB)’, as the solution of (14), where c is selected using the

data-driven method introduced in Appendix B below.
(2) Compute "2 = B} EJR where % and ¥ £ are de ned in (26) and (27), respectively.

(3B) For the robust block bootstrap, generate Bz = 999 random bootstrap samples based on

in Appendix B below.
(4) Compute the robust resampling distribution (28).

(5) The robust symmetric t-con dence interval for the j-th component ( 0)(j) of ¢ isisgiven
by (31).
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Appendix B: Data-Driven Selection of the Block Size and
the Robust Estimating Function Bound ¢

The implementation of our robust resampling methods requires the selection of the block
size m and the degree of robustness ¢ of the estimating function (14). To this end, we propose
a data-driven procedure for the choice of the block size m and the estimating function bound
¢, by extending the calibration method (CM) discussed in Romano and Wolf (2001) in relation
to subsampling procedures.

Let MC := {(m;c))m € M;c € C}, where M = {M;, < --- < My} and C =
{Cimin < -+ < Cnmaz} are the sets of admissible block sizes and estimating functions bounds,
respectively. Let TV = \/n (AR — 0) be the nonstudentized statistic of interest, where "#

n n

is the robust Huber estimator solution of Equation (14) with ¢ = ¢; Xxed, as preliminary

compute a t-subsampling (or bootstrap) con dence interval Cl, (, ) as described in Appendix
A according to block size m € M and bound ¢ € C. The data-driven block size and estimating
function bound according to the calibration method are de ned as

(M;Q)eas =arg inf {’t _p* [“ff eC It,(m,(;)} ‘} : (32)

where, by de nition, arginf()) := oo, and P* denotes the probability with respect to the
bootstrap distribution. By de nition, (m;c)¢,, is the pair for which the bootstrap probability of
the event {"® ¢ C I:,on,c) } 1S @s near as possible to the nominal level t of the con dence interval.
The extension to the studentized statistic T, = y/n <[A§]—1/2(’\§ — 0)) is straightforward.
We summarize the calibration method for the selection of the block size m and estimating

function bound c in the following steps.

(1) Compute "B = (AR "Ry as the solution of (14), with ¢ = ¢, as preliminary value of the

n n? n

estimating function bound.
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(2) Foreach m € M, generate K random bootstrap samples (z;;:::;z}) based on overlapping

(3) For each random bootstrap sample (z7;:::;z}) and ¢ € C, compute con dence intervals

Cly ) for the parameter "R by applying steps (1)-(5) of the algorithm in the previous

n

Appendix A.
(4) For each pair (m;c) € MC compute h(m;c) = ]{Aff € Cly im0 =K.

(5) The data-driven block size and estimating function bound according to the calibration

method are de ned as

; = inf t — h(m; ;
(MiQ)ey =arg inf {[t—h(m;c)|}
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Appendix C: Proofs

Proof of Theorem 1. We rst consider the subsampling and focus on formula (7). The
value @ is the smallest fraction of outliers, that causes the breakdown of statistic T in a
block of size m. Therefore, the rst inequality is satis ed.

For the second inequality of formula (7), we denote by X(]Xl)’i = (X—pym=+1; -5 Xim)y 1=
1;:::;rand X((fn)ﬂ. = (X;; 00 Xiem—1), 1 = 1;: 7, n—m++1, the nonoverlapping and overlapping
blocks of size m, respectively. Given the original sample X,,, for the rst nonoverlapping block
X(f)fnm, consider the following type of contamination:

Xy = K151 X fmb)s Zin— b1 +13 555 Zin)s (33)

where X;, i =1;:::;m— [mb] and Z;, j = m — [mb] + 1;:::;m, denote the noncontaminated

and contaminated points, respectively. By construction, the rst m — [mb] + 1 overlapping

blocks X(?n)’i, i=1;:::;m— [mb] + 1, contain [mb] outliers. Consequently, T(X(Omm) = +o0,
i = 1;:::;m— [mb] + 1. Assume that the rst p < r — 1 nonoverlapping blocks X(%,v
i = 1;:::;p, have the same contamination as in (33). Because of this contamination, the

number of statistics T5* which diverge to in nity is mp — [mb] + 1.
QP~* = +o0, when the proportion of statistics T,V with T75* = +oc is larger than (1—t).

Therefore,

bOS < inf {p~ [mb}‘mp—[mb1+1>1_t}:

brm = eNp<r—1} n n—m+1
Finally, we consider formula (8). The proof of the rst inequality in formula (8) follows
the same lines as the proof of the rst inequality in the formula (7). We focus on the second
inequality.
Consider X(ZXW., I =1;:::;r. Assume that p, of these nonoverlapping blocks are contami-

nated with exactly p; outliers for each block, while the remaining (r —p,) are noncontaminated
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(0 outlier), where p;;p, € N and p; < m, p, <r — 1. Moreover, also assume that the contam-
ination of the p, contaminated blocks has the structure de ned in (33). The block bootstrap
constructs a n-sample randomly selecting with replacement r overlapping blocks of size m. Let
X be the random variable which denotes the number of contaminated blocks in the random
bootstrap sample. It follows that X ~ BIN (r; =22-L2= mpz—pi+ly

m+1

By Equation (5), QPZr, = +oo, when the proportion of statistics T2 with T8 = +o00

t,n,m

is larger than (1 —t). The smallest number of outliers such that T7}* = +oco is by de nition

)7yl

nh. Let p1;p2 € N;py < m;p, <r — 1. Consequently,

P(BIN( —mpz_plﬂ)
n—m+1

This concludes the proof of Theorem 1. m

v

1
bOB < = { inf { =p;-
t,n,m — n {(p1,p2} p pl p2

Proof of Corollary 3. Consider the robust fast approximation of Afg; - given by:

_[VG n(x(n)i n)] ! k(X(nm)s1 n) (34)

where k = nork =m, K = B;S. Assuming a bounded estimating function, Expression (34)
may degenerate only when either (i) ", € R or (ii) matrix [V, (X " )] is singular, i.e.,
det([Vo »(Xwy: ~ )] = 0. If (i) and (ii) are not satis ed, then, quantile QMm is bounded, for
all t € (0;1). Let b be the breakdown point of ", and by, the smallest fraction of outliers in
the original sample such that condition (ii) is satis ed. Then, the breakdown point of Qtnm i

K
btnm

= mln(b; bv¢). |

Proof of Corollary 4. First note that the breakdown point of the robust estimator Aff de ned
in (14) is b = 0:5; see, e.g., Huber (1984). Therefore, we have only to focus on the breakdown
point of matrix Vs( ,..(Zmy: "F)). Without loss of generality, assume that = ( ; ) € R2

Consider the function

0e(Yos Wi—15 ) = (Ve — "W 1)W; g - mm( TG = ww, 1H>' (35)
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Using some algebra, we can show that

Vo0 W,y ) = =X)L xe-a); i [0y = Wem)wea|] < ¢ (36)

O2x2; if(ye — "We—)Wea| > C;
where O,,, denotes the 2 x 2 null matrix. It turns out that by construction the matrix
Vol ne(Zemy: ")) is semi-positive de nite, and in particular det(Vy( ,..(z¢y; "F)) = 0, only
when ||(y; — th 1)W;_1|| > c, for all the observations (y:;w;_1)’, i.e., by, = 1. Therefore,
using Corollary 3 we obtain that bX = min(0:5;1) =05, K =B;S. =

t,n,m

Proof of Theorem 5. Consider the resampling distribution (17). Let z(n mys = @10z
denote a random bootstrap (K = B and k = n) or subsampling (K = S and k = m) sample.

Since the estimating function ,, . is bounded, it turns out that

Tf;LS = [AR*] 1/2[V9 kC(Z(nm)s’ n)] ! kC(Z(nm)sl n) (37)

may degenerate when (i) det (AR*) = 0 or (ii) det (V@ kc(zg*m)s; Af)) = 0. Moreover, also
note that " = S0 Jf where St = [V@ k(28 o0 n)] . Because of Equations (29),
(30), (36), it turns out that cases (i) and (ii) can be satis ed only when \|(y;‘—’VRw;_1)w;*_1]| >c
for all random observations z; = (y/;w;_ ), i = 1;:::; ;k, where k = n;m, for the bootstrap
and subsampling, respectively.

For the original sample, consider following type of contamination
Ziy) = (215000325, Cians 100 Chapy Zjapr1s 110 Zi),s (38)

where z;, 1 = 1;::;;3and i = j+p+1;::i;nand C;, 1 =+ 1;:::;] +p, denote the
noncontaminated and contaminated points, respectively, where p > m. It turns out that all

the p — m + 1 overlapping blocks of size m

(Cjir 5 Clim—1); (39)
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det (V@ moc(Ciwir 100 Cimim—1; "R ) =0, i.e., some components of vector (37) may degenerate
to in nity. Moreover, Q7 = +oc when the proportion of statistics T with T % = +oc is
larger than (1 — t). Therefore, by, = infenmep<n—m+1 {% il > 1 — t}, which proves

the result in Equation (18).

For the result in Equation (19), note that because of the contamination de ned in (38),
by construction we have p — m + 1 overlapping blocks of size m with exactly m outliers,
and n — (p — m + 1) blocks with less than m outliers. Let X be the random variable which

denotes the number of full contaminated blocks in the random bootstrap sample. It follows

that X ~ BIN (r; %) To imply (i) or (ii), all the random observations (z;5;:::;z;) have
to be outliers, i.e., X = r. By Equation (5), Qf;;m = +00, when the proportion of statistics

T2 with T”* = +oo is larger than (1 — t). Consequently,

—m+
bfnm=3-[ inf {p’P(BlN(r;p—ml):r)>1—tH:
T n {peN,p<n—m+1} n—m+1

This concludes the proof. =
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Flgure 1: Power curves of bias-corrected and local-to-unity asymptotics. We plot the proportion of rejections of
the null hypothesis #Ho : Bo = 0, when the true parameter value is 8o € [0,0.15]. In the left panel, we consider the bias-corrected
method proposed in Amihud, Hurvich and Wang (2008), while in the right panel we consider the Bonferroni approach for the
local-to-unity asymptotic theory introduced in Campbell and Yogo (2006). We consider non-contaminated samples (straight line)
and contaminated samples (dashed line).
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Figure 2. Power curves of block bootstrap and subsampling. We plot the proportion of rejections of the null hypothesis
Ho : Bo = 0, when the true parameter value is o € [0,0.15]. In the left panel, we consider the block bootstrap, while in the right
panel we consider the subsampling. We consider non-contaminated samples (straight line) and contaminated samples (dashed line).
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Flgure 3: Power curves of robust block bootstrap and robust subsampling. We plot the proportion of rejections of
the null hypothesis Ho : Bo = 0, when the true parameter value is o € [0,0.15]. In the left panel, we consider our robust block
bootstrap, while in the right panel we consider our robust subsampling. We consider non-contaminated samples (straight line) and
contaminated samples (dashed line).
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Flgure 4: Sensitivity analysis of bias-corrected and local-to-unity asymptotics. We plot the percentage of increase of
the con dence interval lengths with respect to variation of y.,.z, in each Monte Carlo sample, within the interval [0,5]. In the left
panel, we consider the bias-corrected method proposed in Amihud, Hurvich and Wang (2008), while in the right panel we consider
the Bonferroni approach for the local-to-unity asymptotic theory introduced in Campbell and Yogo (2006).
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Figure 5: Sensitivity analysis of block bootstrap and subsampling. We plot the percentage of increase of the con dence
interval lengths with respect to variation of y.,qz, in each Monte Carlo sample, within the interval [0,5]. In the left panel, we
consider the block bootstrap, while in the right panel we consider the subsampling.
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Figure 6: Sensitivity analysis of robust block bootstrap and robust subsampling. We plot the percentage of increase
of the con dence interval lengths with respect to variation of y,,q4z, in each Monte Carlo sample, within the interval [0,5]. In the
left panel, we consider our robust block bootstrap, while in the right panel we consider our robust subsampling.
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Upper and lower bounds of the con dence intervals. We plot the upper and lower bound of the 90%
con dence intervals for the parameter 3 in the predictive regression model (21). We consider rolling windows of 180 observations

rst line, we present the bias-corrected method (left panel) and the Bonferroni approach (right

panel). In the second line, we consider the classic bootstrap (left panel) and the classic subsampling (right panel), while in the
third line we consider our robust bootstrap (left panel) and our robust subsampling (right panel).
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Upper and lower bounds of the con dence intervals. We plot the upper and lower bound of the 90%

con dence intervals for the parameter 8, in the predictive regression model (23). We consider rolling windows of 180 observations
for the period 1990-2010. In the top line, we present the classic bootstrap (left panel) and the classic subsampling (right panel),
while in the bottom line we consider our robust bootstrap (left panel) and our robust subsampling (right panel).
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Upper and lower bounds of the con dence intervals. We plot the upper and lower bound of the 90%

con dence intervals for the parameter 32 in the predictive regression model (23). We consider rolling windows of 180 observations
for the period 1990-2010. In the top line, we present the classic bootstrap (left panel) and the classic subsampling (right panel),
while in the bottom line we consider our robust bootstrap (left panel) and our robust subsampling (right panel).
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Flgure 10: uUpper and lower bounds of the con dence intervals. We plot the upper and lower bound of the 90%
con dence intervals for the parameter 8, in the predictive regression model (24). We consider rolling windows of 180 observations
for the period 1950-2010. In the top line, we present the classic bootstrap (left panel) and the classic subsampling (right panel),
while in the bottom line we consider our robust bootstrap (left panel) and our robust subsampling (right panel).
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Flgure 11: Upper and lower bounds of the con dence intervals. We plot the upper and lower bound of the 90%
con dence intervals for the parameter 32 in the predictive regression model (24). We consider rolling windows of 180 observations
for the period 1950-2010. In the top line, we present the classic bootstrap (left panel) and the classic subsampling (right panel),
while in the bottom line we consider our robust bootstrap (left panel) and our robust subsampling (right panel).
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Figure 12: Huber Weights under the Predictive Regression Model (21). We plot the Huber weights for the predictive
regression model (21) in the period 1980-2010.
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Figure 13: Huber Weights under the Predictive Regression Model (23). We plot the Huber weights for the predictive
regression model (23) in the period 1990-2010.
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Figure 14: Huber Weights under the Predictive Regression Model (24). We plot the Huber weights for the predictive
regression model (24) in the period 1950-2010.
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n =120, b =05

0:9

0:95

Subsampling (m = 10)
Subsampling (m = 20)
Subsampling (m = 30)

[0:0417; 0:0833]
[0:0833; 0:0833]
[0:1250; 0:1250]

[0:0417;0:0417]
[0:0833;0:0833]
[0:1250; 0:1250]

Bootstrap (m = 10)
Bootstrap (m = 20)
Bootstrap (m = 30)

[0:0417; 0:3750]
[0:0833; 0:3333]
[0:1250; 0:3333]

[0:0417;0:3333]
[0:0833;0:3333]
[0:1250; 0:2500]

Table 1:

for quantile breakdown points are computed using Theorem 1.

Subsampling and Block Bootstrap Lower and Upper Bounds for the Quantile Breakdown Point.
Breakdown point of the subsampling and the block bootstrap quantiles. The sample size is n = 120, and the block size is
m = 10,20,30. We assume a statistic with breakdown point b = 0.5 and con dence levels ¢ = 0.9,0.95. Lower and upper bounds

n =120 0:9 0:95
Subsampling (m = 10) 0:1750 0:1250
Subsampling (m = 20) 0:2500 0:2083
Subsampling (m = 30) 0:3250 0:2833

Bootstrap (m = 10) 0:5000 0:5000
Bootstrap (m = 20) 0:5000 0:5000
Bootstrap (m = 30) 0:4250 0:3583

Table 2: robust Subsampling and Robust Block Bootstrap for the studentized Statistic 7;,. Breakdown point of
the robust subsampling and the robust block bootstrap quantiles for the studentized statistic 7)., in the predictive regression model
(1)-(2). The sample size is n = 120, and the block size is m = 10,20,30. The quantile breakdown points are computed using

Theorem 5.
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1980 — 1995 | 1985 — 2000 | 1990 — 2005 | (1995 — 2010)
Bias-Corrected | 0:0292¢*) 0:0167¢*) 0:0191¢+) 0:0156
Bonferroni 0:0236¢*) 0:01340) 0:0117%) 0:0112
Bootstrap 0:0430¢%) 0:0175¢*) 0:0306¢*) 0:0355(+*)
Subsampling 0:04300+) 0:0175 0:0306¢*) 0:0355¢)
R.Bootstrap 0:0405¢+) 0:01740) 0:02450+) 0:0378¢)
R.Subsampling | 0:04050+) 0:01740) 0:02450+) 0:0378¢)

Table 3: Point Estimates of Parameter 8. We report the point estimates of the parameter 8 in the predictive regression
model (21) for the subperiods 1994-2009, 1980-1995, 1985-2000, 1990-2005 and 1995-2010, all consisting of 180 observations. In the
second and third line we consider the bias-corrected method and the Bonferroni approach, respectively. In the fourth and fth line
we consider the standard bootstrap and standard subsampling, respectively. Finally, in the sixth and seventh line we consider our
robust bootstrap and robust subsampling, respectively. (x) and (x*) mean rejection at 10% and 5% signi cance level, respectively.

1991 — 2006 | 1992 — 2007 | 1993 — 2008 | 1994 — 2009 | 1995 — 2010
Bootstrap 0:0357¢+) 0:0388¢*) 0:04350+) 0:0351) 0:0406¢*)
Subsampling 0:0357¢:%) 0:0388¢*) 0:0435¢%) 0:0351¢) 0:0406¢*)
R.Bootstrap 0:0356¢*) 0:03870) 0:04340+) 0:03480+) 0:0403¢)
R.Subsampling | 0:0356¢*) 0:0387¢+) 0:04340+) 0:0348¢+) 0:0403¢)
1991 — 2006 | 1992 — 2007 | 1993 — 2008 | 1994 — 2009 | 1995 — 2010
Bootstrap 0:3287¢:%) 0:3203¢%) 0:3298¢%) 0:3011¢% 0:31450%)
Subsampling 0:3287¢%) 0:3203¢%) 0:3298¢%) 0:3011¢%) 0:31450%)
R.Bootstrap 0:33680*) 0:32800+) 0:33810) 0:30730*) 0:32140)
R.Subsampling | 0:33680*) 0:3280¢:%) 0:3381¢%) 0:3073¢%) 0:3214G%)

Table 4: Point Estimates of Parameters B1 and B2. We report the point estimates of parameters 3; ( st table) and 32
(second table) in the predictive regression model (23) for the subperiods 1991-2006, 1992-2007, 1993-2008, 1994-2009 and 1995-2010,
all consisting of 180 observations. In the second and third line we consider the standard bootstrap and standard subsampling,
respectively. In the fourth and fth line we consider our robust bootstrap and robust subsampling, respectively. (x) and (x*) mean
rejection at 10% and 5% signi cance level, respectively.
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1950 — 1995 | 1955 — 2000 | 1960 — 2005 | 1965 — 2010
Bootstrap 0:07240) 0:0301 0:0467¢*) 0:0480¢)
Subsampling 0:0724G%) 0:0301 0:0467¢*) 0:0480¢)
R.Bootstrap 0:0721¢:%) 0:0305¢*) 0:0474¢%) 0:0488(+*)
R.Subsampling | 0:0721¢) 0:0305¢*) 0:04740) 0:0488¢+)
1950 — 1995 | 1955 — 2000 | 1960 — 2005 | 1965 — 2010
Bootstrap —0:1509 —0:2926¢% | —0:2718¢%) | —0:2187¢)
Subsampling —0:1509 —0:29260+%) | —0:27180*) —0:2187
R.Bootstrap | —0:15320) | —0:29200*) | —0:2701¢%) | —0:2173¢%)
R.Subsampling | —0:15320) | —0:2920¢) | —0:2701¢% | —0:2173¢%)

Table 5: Point Estimates of Parameters B1 and B2. We report the point estimates of parameters 8; ( rst table) and
B2 (second table) in the predictive regression model (24) for the subperiods 1950-1995, 1955-2000, 1960-2005 and 1965-2010,
all consisting of 180 observations. In the second and third line we consider the standard bootstrap and standard subsampling,

respectively. In the fourth and fth line we consider our robust bootstrap and robust subsampling, respectively. (x) and (x*) mean
rejection at 10% and 5% signi cance level, respectively.
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