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Abstract

We study a role of asset prices in aggregating information and guid-
ing real investment. First, we develop a tractable, yet flexible class of
noisy REE models of a financial market with a general specification of
asset’s payoffs. We show that the interplay between noisy information
aggregation and firm decisions leads to a systematic wedge between asset
prices and expected firm value, conditional on the information contained
in market prices. From an ex ante perspective, the expected wedge, i.e.
the difference between the expected price and the expected dividend, is
positive (negative) if the dividend function is convex (concave). The ex-
pected wedge is zero if the dividend function is linear, as is typically
assumed in standard REE models. Second, we apply our framework to
study the interaction between information aggregation in financial mar-
kets and firms investment decisions. The option value inherent in firm’s
use of the information contained in market prices convexifies the payoff.
This implies that expected share prices exceed expected dividends. Third,
we show that linking managerial compensation to share prices gives man-
agers an incentive to manipulate the firm’s decisions to their own benefit
at the share-holders’ expense. By conditioning their decisions excessively
on the information conveyed through market prices, managers can inflate
the share price by taking inefficient investment decisions, which reduces
expected dividends. This further amplifies the wedge between share price
and expected firm value.
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1 Introduction

A key role played by asset prices is aggregation of information about the value
of firms. By pooling together the dispersed knowledge of individual actors,
prices provide information that helps shape investor expectations and portfolio
decisions. To the extent that the information conveyed in prices is not already
known within the firm, prices also affect the firm’s assessment of the value of
investment projects and guide real allocations. If information aggregation is
perfect, asset prices fully reflect current expectations of future dividends and
provide a parsimonious way of conveying information and guiding real invest-
ment. If managerial compensation is linked to share prices, the price mechanism
also aligns the managers’ incentives with the best interest of shareholders.

This paper reconsiders the role of asset prices in aggregating information and
guiding real investment, when information aggregation is imperfect, and share
prices offer only a noisy signal of the underlying fundamentals. We consider a
setting in which firm’s shares are traded in a financial market, in which the share
price emerges as a noisy signal pooling the dispersed information investors may
have about the firm’s fundamental value. The firm then takes an investment
decision based on the information conveyed by the share price. The investors
in turn anticipate the firm’s decision in their trading strategies. In equilibrium,
the resulting feedback determines the firm’s share price, investment decision,
and its dividend value.

As our main results, we show that the interplay between noisy information
aggregation and firm decisions leads to a systematic wedge between asset prices
and expected firm value, conditional on the information contained in market
prices. From an ex ante perspective, this wedge has a positive expected value,
i.e. expected prices exceed expected firm value. Moreover, linking managerial
compensation to share prices gives managers an incentive to manipulate the
firm’s decisions to their own benefit at the share-holders’ expense. By condi-
tioning their decisions excessively on the information conveyed through market
prices, managers can inflate the share price, while reducing expected dividends.
This further amplifies the wedge between share price and expected firm value.

To develop these results, we propose a tractable, yet flexible model of noisy
information aggregation in financial markets. We consider a market structure
in which informed traders are risk-neutral and face constraints on portfolio
holdings. This environment allows us substantially more flexibility in specifying
the firm’s dividends, its investment decision, and the nature of informational
asymmetries between investors than the canonical models of noisy information
aggregation with CARA preferences and normally distributed dividends.!

More specifically, the paper proceeds as follows. We first develop our finan-
cial market model assuming that dividends are an exogenous function of un-
derlying fundamentals. We show that a systematic wedge emerges between the
share price and the expected dividends, whenever the share price aggregates dis-

I Among many others, see Grossman and Stiglitz (1980), Hellwig (1980) and Diamond, and
Verrecchia (1981), as well as recent textbook treatments by Brunnermeier 2001, Vives 2008,
and Veldkamp 2011.



persed shareholder information with noise: the expected dividends conditional
on the information conveyed by the price always increase less than one-for-one
with the price. In other words, prices respond more to shocks in the under-
lying environment than would be justified by their information content about
expected future dividends. The share price then is higher (lower) than the ex-
pected dividends when expected fundamentals conditional on the price are high
(low). We label this wedge between share price and expected firm value the
information aggregation wedge.

The intuition for the wedge is as follows. Any shareholder’s expectation
of future dividends (and, hence, his trading decisions) is based both on his
private information and on the information conveyed through the price. The
expectation of future dividends conditional on market information, on the other
hand, only reflects the information conveyed by the price. From the perspective
of any individual shareholder, the noise in market information is uncorrelated
with the noise in private signals. In the aggregate, however, the trading equi-
librium induces a positive correlation between the noise in the private signal of
those shareholders who end up holding the shares, and the noise in the market
signal provided by the share price. As long as the shareholder’s private infor-
mation gets reflected in the share price, the price then responds more strongly
to fundamental shocks than would be implied solely by its effect on expected
dividends.

We show that from an ex ante perspective, the expected information aggre-
gation wedge between the share price and the firm value may be positive or
negative, depending on whether the dividend is a convex or a concave function
of the underlying fundamentals. The slope of the dividend function determines
shareholder’s exposure to fundamental shocks, i.e. how much the dividends vary
with changes in fundamentals. The shareholders’ exposure determines the ab-
solute magnitude of the information aggregation wedge, for given realizations
of the share price. When dividends are a linear function of fundamentals, the
shareholders’ exposure is symmetric around the prior expectation, and the pos-
itive wedge on the upside exactly offsets the negative wedge on the downside.
From an ex ante perspective, the expected wedge is zero. When instead the
dividends are a convex function of fundamentals, the firm’s upside risk is larger
than its downside risk, and the positive wedge on the upside exceeds the nega-
tive wedge on the downside. From an ex ante perspective, the expected wedge
is positive. The opposite reasoning applies with concave dividend functions,
where the downside risk exceeds the upside risk in dividends, and the expected
wedge is negative.?

Second, we endogenize the dividend allowing the firm to make an investment
decision after observing its own share price. We solve the model in a closed form

2The information aggregation wedge also emerges in a canonical CARA-normal setting.
However, the restrictions imposed in the CARA normal setting only allow for the case of a
linear dividend payoff and a symmetric wedge. If on average the asset is in zero net supply, the
ex ante expected price then coincides with ex ante expected dividends. When the average net
supply of the asset is not zero, a difference between price and expected dividends emerges due
to risk premia, which are absent in our model. We further analyze this issue in the appendix.



and derive a simple expression for the average wedge across states of nature.?
We show that the dividend function in our model of endogenous investment
is convex, resulting in a positive expected wedge. We further decompose the
expected wedge into two key components. First, the reaction of market prices
to expected fundamentals determines the magnitude of the conditional wedge
for a fixed level of investment. Second, the variability of firm’s posterior expec-
tation about fundamentals captures the value of market information for firm’s
investment problem. Our expression for the wedge illustrates the role of two
central elements that originate the wedge in our model: the dispersed nature of
information and the value of market information for firm’s decision.

The option value inherent in firm’s ex post use of market information con-
vexifies its expected dividends (e.g., Dixit and Pindyck 1994). As the firm takes
on more exposure to the fundamentals in good states than in bad states, the
information aggregation wedge is asymmetric and larger in absolute value, when
it is positive. The feedback from information aggregation to firm decisions leads
to share prices that are higher than expected dividends from an ex ante per-
spective. This positive information aggregation wedge emerges even when firms’
management acts in the best interest of its shareholders, and when sharehold-
ers are perfectly rational. Moreover, the investment decisions of the firm are
efficient.

Thirdly, we consider a model in which managerial compensation is tied to
market valuations. Specifically, we assume manager’s objective is to maximize
a weighted sum of expected dividends and the price. Because of the information
aggregation wedge, investment decisions that maximize firm’s share price need
not maximize its expected dividend. The manager can manipulate the share
price to his benefit at the shareholder’s expense, by responding more aggressively
to the information conveyed through the price. The manager overinvests and
increases the exposure in high states when the wedge is positive, but under-
invests and reduces exposure in low states when it is negative. In contrast to the
case in which the manager acts in the shareholder’s best interest, compensation
tied to the price results in higher share prices and lower expected dividends. The
extent of this manipulation is increasing in the degree to which compensation
is linked to share prices.

Finally, we extend the model in several dimensions. First, we generalize our
noise trading assumption to include uninformed traders who trade partly for
exogenous motives, and partly in response to the perceived wedge between ex-
pected dividends and prices. The price elasticity of uninformed trader’s demand
determines the price impact of private information by the informed shareholders.
The information aggregation wedge is largest in illiquid markets when informed
traders have a large price impact. Thus, the better uninformed traders are able
to arbitrage the discrepancy between expected dividends and price, the smaller
is the information aggregation wedge and the resulting investment distortions.
Second, we consider an environment in which a signal about market-specific in-

30ur model with endogenous investment can be solved in a standard framework of noisy
information aggregation only under a restrictive assumption that the firms have no proprietary
information and firm’s decisions are perfectly anticipated by the market.



formation is also observed by the firm. This decreases firm’s reliance on market
prices, reducing the option value component of market information as well as
the temptation to manipulate the wedge when managerial incentives are tied
to prices. The resulting information aggregation wedge is smaller, and firm’s
investment decision becomes more efficient. Thirdly, we also explore the role
of assumptions on the dividend structure and investment costs, study a variant
in which firm-specific proprietary information is partially known to the market,
and a variant in which firm’s investment decision is perfectly anticipated by the
market.

Related Literature

Our model of information aggregation shares similar features with a large
literature on noisy information aggregation in rational expectations models, in-
cluding the papers cited above. Our alternative formulation of the asset market
draws on Hellwig, Mukherji, and Tsyvinski (2006), and may prove convenient
for other applications that require a more flexible specification of dividends than
the canonical setting with CARA preferences and normal distributions allows
for. The price for this gain in flexibility comes in form of the assumption of risk
neutrality, which imposes strong restrictions on the shareholders’ preferences.

The information aggregation wedge appears to have received little attention
by the literature - to our knowledge, the only explicit discussion of the excess
sensitivity of prices relative to fundamentals appears in Vives (2008), and is
by its nature limited to the linear, symmetric case. In contrast, the added
flexibility of our model offers new results linking asset over- or under-valuation
to the shape of the asset’s payoff, without any reference to compensation for risk
on the downside, or leverage, speculation, other frictions or behavioral trading
motives on the upside.

Our model relating firm investment to market information is most closely
related to the literature on REE models with the feedback effect in which real
decisions depend on the information contained in the price (e.g., Goldstein and
Guembel 2008, Dow and Rahi 2003, Dow, Goldstein, and Guembel 2010). These
models build primarily on environments in which there is only market-specific
information, and focus more on the implications for investment efficiency and
firm value than on asset pricing consequences. Dow and Rahi (2003) study risk-
sharing and welfare in a setting with endogenous investment. Their CARA-
Normal setup imposes restrictions on the information structure, which imply
that the firm’s decision can be directly inferred from the share price. Gold-
stein and Guembel (2008) focus on the strategic aspect of the feedback effect.
They show that when traders exploit the impact of their demand on prices and
investment, manipulative short-selling strategies that distort the firm’s invest-
ment decision can be profitable. Dow, Goldstein, and Guembel (2010) study a
setup with endogenous information production. Since speculators’ incentives to
produce information increase with the ex-ante likelihood of an investment op-
portunity, the authors find that small changes in fundamentals can cause large
shifts in investment and firm value. There are two important differences with
those models. First, in our model of endogenous investment we derive an ex-



plicit characterization of the environment in which both the firm and market
have private information. Second, we focus more on the resulting asset pricing
implications of our model, as well as the link between asset prices, expected
dividends and managerial incentives.

Our analysis of managerial compensation tied to share prices is most closely
related to Benmelech, Kandel, and Veronesi (2010). They build a dynamic REE
setting where managerial effort postpones the decline in growth opportunities
of a firm. When growth rates slow down, share price compensation incentivizes
managers to conceal the true state by over-investment in negative NPV projects.
Price-based incentives thus imply a tradeoff: while inducing high effort in early
stages, it leads to concealment and suboptimal investment in later part of the
firm’s life-cycle. The central difference of our model is that investment dis-
tortions in our setup do not relate to misreporting, but rather arise from the
excessive weighing of market information in the signal extraction problem of
managers.

Our paper is related more broadly to a large literature on REE models
with investment. Leland (1992) addresses efficiency considerations in a model
with insider trading, where information aggregation affects the level of available
funding to the firm. Dow and Gorton (1997) study a dynamic model of feed-
back effects in a setup where prices accurately reflect public information, and
distortions arise from differences in horizons between managers and sharehold-
ers. Subrahmanyam and Titman (1999) endogenize investment on share prices,
but assume it affects a growth option independent of the dividend of share-
holders: share prices thus convey information about fundamentals, but do not
internalize their impact on investment. Angeletos, Lorenzoni, and Pavan (2010)
model the interaction between early investment choices by entrepreneurs and
the later transfer of firm property to traders. An informational advantage that
originates from the dispersed nature of entrepreneur information induces a spec-
ulative motive that causes excess non-fundamental volatility in real investment
and asset prices. Goldstein, Ozdendoren, and Yuan (2010) discuss efficiency
considerations and trading commonality (frenzies) arising from the socially sub-
optimal weighting of private and exogenous public signals about fundamentals.
An important difference with the latter two papers is that we allow all agents to
simultaneously condition on equilibrium prices when making trading and real
investment decisions. As a result, there are no strategic complementarities that
deviate the weighting of public and private sources of information from the op-
timal signal extraction problem of a future price, which is at the heart of the
mechanism highlighted by these authors.

The rest of the paper is structured as follows. Section 2 describes a simple
financial market model with exogenous dividends to illustrate the basic mecha-
nism behind the information aggregation wedge. Section 3 introduces the model
with endogenous investment decisions, highlighting the central role of this mech-
anism for generating a positive average wedge between share prices and firm’s
dividends. This section also includes the analysis of the effects of tying manage-
rial incentives to share prices. In section 4, we analyze various extensions and
robustness exercises to our baseline model. Section 5 concludes.



2 A Model with Exogenous Dividend

In this section, we develop a simple model of noisy information aggregation in
a financial market in which an asset’s dividends are exogenously given. This
model serves as a building block for later sections in which we consider en-
dogenous investment decisions, as well as more general payoff specifications and
information environments.

2.1 Agents, Information Structure, and Financial Market

We formulate the trading environment as a Bayesian game between a unit mea-
sure of risk-neutral, privately informed traders, and a ‘Walrasian auctioneer’.

Initially, nature draws a stochastic “fundamental” 6, which is normally dis-
tributed according to @ ~ N (g, A 1), with mean p, and unconditional variance
AL

Each informed trader is endowed with one share of a firm, which pays a final
dividend 7 (6) to its shareholders. The function 7 () is strictly increasing and
twice continuously differentiable.

Fach informed trader ¢ then receives a noisy private signal xj about firm’s
fundamental. This signal is normally distributed according to zj ~ N (6,3 1),
with a mean @ and a variance 3 !, and is i.i.d. across traders (conditional on
f). Traders then participate in an asset market in which they decide whether
to hold or sell their share at the market price, P. Specifically, trader 7 submits
a a price-contingent supply schedule si( ) : R ¥ 0, 1], to maximize her expected
wealth wi = (1 si) 7(0)+si P. By restricting supply to [0, 1], we assume that
traders can sell at most their endowment, and cannot buy a positive amount of
shares. Individual trading strategies are then a mapping s : R? ¥ [0,1] from
signal-price pairs (zj, P) into the unit interval. Aggregating traders’ decisions
leads to the aggregate supply function S : R? ¥ [0, 1],

50, P) = / s(x. PYid(\/B(z  6)), 1)

where ®( ) denotes a cumulative standard normal distribution, and <I>(p6 (z )
represents the cross-sectional distribution of private signals xj conditional on the
realization of 6.4

Nature then draws a random demand of shares by "noise traders”. We
assume the demand shock has the form D(u) = @ (u), where u is normally
distributed with mean zero and variance § ', u ~ N (0,6 '), independently of
6. This specification is from Hellwig, Mukherji, and Tsyvinski (2006).5 This
functional form allows us to preserve the normality of posterior beliefs and
retains the tractability of Bayesian updating.

4We assume that the Law of Large Numbers applies to the continuum of traders, so that
conditional on 6 the cross-sectional distribution of signal realizations ex post is the same as
the ex ante distribution of traders’ signals.

5We generalize this demand specification in Section 4.2 allowing for price-elastic demands
by noise traders.



Once informed traders have submitted their orders and the exogenous de-
mand for shares is realized, the auctioneer selects a price P that clears the
market. Formally, the market-clearing price is a function P : R? ¥ R that
selects, for all realizations (6,u) a price P from the correspondence p (0,u) =
fP2R:S(0,P) = D(u, P)g of market-clearing prices.5

Finally, after all trades have occurred, firm’s dividends 7(6) are realized and
disbursed to the final shareholders.

Let H(jz,P) : R ¥ [0,1] denote the shareholders’ posterior cdf of 8, condi-
tional on observing a private signal z, and conditional on the market price P. A
Perfect Bayesian Equilibrium consists of supply functions s(z, P) for informed
traders, a price function P(6,u), and posterior beliefs H( jz, P) such that (i)
s(x, P) is optimal given H( jz, P); (ii) the asset market clears for all (6, u); and
(iii) H( jz, P) satisfies Bayes’ rule whenever applicable, i.e., for all p such that
f(0,u) : P(6,u) = pg is non-empty.

2.2 Characterization

We begin by characterizing informed traders’ supply of shares. With risk-
neutrality, supply decisions are equal to either 0 or 1 almost everywhere — an
order to hold (si = 0) or sell the share (si = 1) at P. The trader’s expected
value of holding the share is [ w()dH (fjx, P). Since private signals are log-
concave, posterior beliefs H( jz, P) are first-order stochastically increasing in
x, for any P that is observed in equilibrium. Since 7r( ) is increasing in 6, this
implies that the traders’ decisions are monotone in x, and characterized by a
signal threshold function Z : R ¥ R[f 1.g, such that

1 if i < &(P),
s(zi,P)=< 0 if zj > &(P), (2)
2100,1] if zj = &(P),

so a trader sells if zj < Z(P) and holds if zj > #(P). We call the informed trader
who observes the signal equal to the threshold, z = & (P), and who is therefore
indifferent, the marginal trader. The supply threshold is uniquely defined by

#P) = +1 ifxl!iTl/w(e)dH(ij,P) P,
#P) = 4 ifxl!iml/ﬂ(G)dH (0jz,P) P,
P - / ~(0)dH (0ji(P), P) otherwise. 3)

Expression (3) illustrates three cases: (i) if the most optimistic trader’s ex-
pected dividend is lower than the price, all traders sell so the signal thresh-
old becomes +1; (i) if the most pessimistic trader’s expected dividend ex-
ceeds the price, all traders keep the share and the threshold for selling is 1;

61f the function = (-) is bounded, we can restrict the range of P (-) to coincide with the
range of m () without loss of generality.



(#i¢) only some traders sell, and the threshold (P) takes an interior value at
which the marginal trader’s posterior expectation of the dividend must equal
the price. Aggregating the individual supgly decisions, the market supply
is 50.P) = "1 doPa 0) = oPB@E®P) 0)), which equals 1 if
Z(P)=421,and 0if &(P)= 1.

Next, we analyze the market-clearing condition. Since D(u) 2 (0,1), in
equilibrium, #( ) must be finite for all P on the equilibrium path, and satisfy
the third condition in (3). Equating demand and supply, we characterize the
correspondence of market-clearing prices:

. 1
P(Q,u):{PZR:ﬁ:(P)ZQ—FPBu}. (4)
From now on, we focus on equilibria in wBich the price is conditioned on
(0,u) through the state variable z 6 + 1/ 8 w. The equilibrium beliefs
are characterized in the lemma that follows. All proofs are provided in the
appendix.

Lemma 1 (Information Aggregation) (i) In any equilibrium with condi-
tioning on z, the equilibrium price function P(z) is invertible. (ii) Equilibrium
beliefs for price realizations observed along the equilibrium path are given by

. 0&(P)
p)— JANTBT B0 ( A+ Bx+ )) .
H (bjz, P) <I>< A+B+B6(0 ERCEET: (5)

Part (i) of Lemma 1 shows that in any equilibrium, the price function must
be invertible with respect to z, implying that the observation of P is equivalent
to observing z. If the price function is not invertible, then some price realization
P would be consistent with multiple realizations of the state z. It then follows
immediately from (4) that P cannot be consistent with market clearing in all
these states simultaneously.

Part (ii) of the Lemma exploits the invertibility to arrive at a complete char-
acterization of posterior beliefs H( jx, P). With invertibility, we can summarize
information conveyed by the price through z, and note that conditional on @,
2z is normally distributed with mean @ and variance (85) '. Thus, the price is
isomorphic to a normally distributed signal of , with a precision that is increas-
ing in the precision of private signals, and decreasing in the variance of demand
shocks.

Using Lemma 1 we rewrite (3), the indifference condition that defines the
signal threshold z(P):

_ \/7< A,u—kﬂ(l—l—é)x(P)))'

P /w(é))d@( N+ 8175 (0 S (6)
This condition equates the price (on the left-hand side of (6)) to the marginal

trader’s expectation of dividends on the right-hand side. Notice that the latter

is also influenced by P, through its effect on posterior beliefs. Using the market-

clearing condition, we uniquely characterize the equilibrium price, P(z), and the

expected dividend conditional on public information, V(z), as a function of z.




Proposition 1 (Asset market equilibrium) Define P (z) as
P(z) = E(r(f)jz=z2)

[roae (visaess (s 2ECERE) )

A+ B+ B0

The asset market equilibrium is characterized by the price function P (z) and
the traders’ threshold function Z(p) = z = P 1(p). The expected dividend
conditional on public information z, denoted V (z), is

V(z) = E(x(9)jz) = /w(&)dfb (m (9 W)) . (8)

A+ B

Proposition 1 characterizes the asset market equilibrium. If (and only if)
the price function is invertible, traders infer the state z from the price. In our
case, this directly follows from the strict monotonicity of 7(¢). The resulting
price function P(z) is uniquely defined.”

The price P(z), and the expected dividend conditional on public information,
V(2), differ in how expectations of 8 are formed. The price equals the dividend
expectation of the marginal trader who is indifferent between keeping or selling
her share. This trader conditions on the market signal z, as well as a private
signal, whose realization must equal the threshold Z(P) in order to be consistent
with the trader’s indifference condition. The trader treats these two sources of
information as mutually independent signals of 8. At the same time, the market-
clearing condition implies that #(P) must equal z in order to equate demand
and supply of shares. The marginal trader’s expectation E (7(6)jz = z, z) thus
behaves as if she received one signal z of precision 8 (1 + §) instead of 4. In
contrast, the expected dividends E (7(6)jz) conditional on P (or equivalently z)
weighs z according to its true precision (0.

Alternatively, we can view the difference in the responsiveness of price and
the expected dividend conditional on the price, as the result of a compositional
change in the identity of the traders holding the shares. An increase in z raises
the price and expected dividend through a direct effect on all traders’ expecta-
tions. This is reflected in the weight 5§ attributed to z in both P(z) and V (z).
In addition, an increase in z changes the identity of the marginal trader: since
the random demand for shares is larger (on average) for a higher z, market clear-
ing requires more selling from the original shareholders. This implies that the
new marginal trader must have higher expectations about the dividend, which
holds in equilibrium since her private signal now corresponds to the higher re-
alization of 2.® The resulting extra shift in prices is captured by the additional
weight 3 attributed to z in the price function.

"Notice that this only implies the uniqueness of the equilibrium that conditions on the
summary statistic z, not overall uniqueness of the equilibrium characterized in proposition 1.

8If 2 increases because of 6, the distribution of private signals shifts up, decreasing supply
for a given P. If instead z increases because of u, the distribution of signals and hence supply
remains unchanged, but the demand for shares has gone up. Of course, in equilibrium traders
cannot disentangle these two possibilities from observing the price.



2.3 The Information Aggregation Wedge

The main asset pricing implication of Proposition 1 is that at the interim stage
—when the share price is observed but before dividends are realized— the equi-
librium price generally differs from the expected dividend, conditional on the
public information. We label this difference the information aggregation wedge,
W(z) P(z) V(z). Our first theorem characterizes how the expectation of
this wedge depends on the shape of the dividend function 7 (6):

Theorem 1 (Average wedge): In the equilibrium of Proposition 1, the sign
of the unconditional information aggregation wedge depends on the convezity of

m(0);

() > 0D E(W(2)>0
™() = 0=DE(W(2)=0
() < 0D E(W(2) <0

This theorem states that the unconditional expectation of the gap between
prices and expected dividends is determined by the second derivative of the
dividend function, as a function of the underlying state. As a starting point,
suppose that () is linear, 7(f) = 6. Panel a) of figure 1 plots the price (the
thick solid line) and expected dividend (the thick dashed line) as a function
of the state variable z. In this case, we can compute the price, the expected
dividend and the wedge as

A+ (B+B0)z _Ap Bz
P(Z)—W, V(Z)_7A+,B5 )



Figure 1: Price, Expected Dividend and Wedge with Exogenous Dividend
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in the downside exceeds the absolute value of the wedge in the upside. The
resulting expected wedge is negative. These two cases are plotted in panels b)
and ¢) in figure 1.

The magnitude of the wedge at a given realization of z depends on the share-
holders’ exposure (the net effect in the dividend) to changes in the underlying
fundamentals, which locally is captured by the derivative 7°( ). With convex
payoffs, this exposure is increasing in 6, and therefore higher on the upside.
With concave payoffs, this exposure is decreasing in # and hence higher on the
downside.

In the appendix, we compare our model to the information aggregation
wedge derived for a model with CARA preferences and normally distributed
signals and shocks.? This model remains tractable as long as the traders’ termi-
nal wealth is normally distributed, conditional on their available information.
Importantly, this restricts dividends to be a linear function of fundamentals.
Consequently, if the average supply of the asset is zero the expected price equals
the expected dividend ex ante and the expected wedge is zero. More generally
any difference between unconditional expectations of prices and dividends re-
sults from risk premia when the average supply of shares differs from zero.

It is important to note that our results on differences between expected prices
and dividends are not a consequence of irrational trading strategies, behavioral
biases of investors, or agency conflicts. Nor such differences are accounted for
by risk premia (since traders are risk neutral). Our model, and theorem 1 in
particular, offers a theory in which expected prices and expected dividends can
generally differ as a result of the interplay between the dividend structure and
the partial aggregation of information into prices, in a context where traders
hold heterogeneous beliefs in equilibrium.!® To our knowledge, this result is
new to the literature.

In the next section, we use the insights offered by our general model to study
the informational feedback to endogenous investment decisions by firms. We
show that the option value of responding to market information endogenously
generates a convex dividend function, which results in a positive wedge from an
ex ante perspective.

3 A Model with Endogenous Investment

We now consider a model in which the dividend depends on a real investment
decision by firm’s manager. We augment the setting in section 2 to include an
additional stage in which the firm’s manager takes a decision after observing
the market price, as well as some private information that influences dividends.
The asset market stage is modeled as before, but its outcome is now influenced

9See, e.g., Hellwig (1980), Diamond and Verrecchia (1981), and Grossman and Stiglitz
(1980).

10Note that our specific limits of arbitrage assumption (individual supplies bounded within
[0,1]) is not crucial to the result. Belief heterogeneity and hence the information aggregation
wedge remains in equilibrium as long as risk-neutral traders face finite portfolio constraints.
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by the trader’s anticipation of firm’s manager’s response to the market price.

3.1 General Formulation

Formally, we suppose that firm’s dividend function takes the form 7 : © Y
A ¥ R, where § 2 ©= R denotes firm’s fundamental, y 2 Y R denotes firm’s
private information, and A R denotes a compact set from which the firm
chooses an action a 2 A after observing y and its share price.

As before, nature initially draws the stochastic fundamental 6 and the de-
mand shock u, which are independent of each other and distributed according
to 0 ~ N(u,A 1) and u ~ N(0,6 !). In addition, nature draws y, which we
assume is distributed according to the conditional cdf. G : Y © ¥ [0, 1], where
G (j9) denotes the the cdf of y, conditional on 6, and g ( jé#) the corresponding
pdf.

At this stage, and before the market opens, the firm’s manager commit to a
decisionrulea : Y R ¥ A which is selected to maximize manager’s expectation
of an objective function 7 (0,y, a, P). This objective allows, in particular, for a
manager’s compensation to depend on the market price.

Each trader i then receives a noisy private signal zj ~ N (6,3 1). Traders
decide whether to hold or sell their share at the market price P. Individual
trading strategies are then a mapping s : R? ¥ [0,1] from signal-price pairs
(zi, P) into the unit interval. ’]Bne aggregate supply function S : R? ¥ [0,1]
satisfies S(0,P) = [ s(z,P)d®(" B(xz 6)). The demand for shares takes the
form D(u) = ® (u). Once the orders to hold or sell are submitted, and the
demand for shares is realized, the price P is selected to clear the asset market.
The a market-clearing price function is P : R? ¥ R. This asset market stage is
unchanged from the previous section.

Finally, the firm observes the price, its private information, and implements
its decision a (y, P).

Let H ( jx, P) denote the traders’ posterior cdf of 6, conditional on observing
a private signal x, and a market-clearing price P. A Perfect Bayesian Equilib-
rium of the augmented game consists of a shareholder’s supply function s(z, P),
a price function P (6, u), a decision rule a (y, P) for the firm, and posterior beliefs
H (jz, P), such that (i) the supply function is optimal given the shareholder’s
beliefs H ( jx, P) and the anticipated investment rule a (y, P); (ii) P (6, u) clears
the market for all (0,u); (iil) a(y, P) solves manager’s decision problem; and
(iv) H (jx, P) satisfies Bayes’ Rule whenever applicable.

Discussion: The general formulation of our endogenous investment model
embeds several important special cases which we will analyze to discuss the role
of specific assumptions.

1. f 7 (0,y,a) = 7 (0,y,a, P), then manager’s and final shareholder’s objec-
tive coincide. The manager maximizes expected dividends. Under this bench-
mark, manager’s decisions will make ex post efficient use of the information
conveyed by prices. Moreover, the assumption that the firm pre-commits to a
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rule is innocuous in this case, as the ex post optimal choice of manager corre-
sponds to the rule to which the firm commits ex ante.

2. If 7(0,y,a) & 7(0,y,a, P), then there is a conflict of interest between
managers and shareholders. Such a conflict may result from agency problems,
moral hazard considerations, or from the structure of manager’s compensation
contracts. This formulation also allows for compensation contracts explicitly
tied to observable market prices. The pre-commitment assumption plays a role
for our results in the case of price-based incentives. An ex post choice of the
investment decision takes the price P as given, whereas the prior commitment
to a rule allows the manager to internalize the effect of its investment decision
on market prices.!!

3. If m(0,y,a) = 7 (6,4°,a), for all y, °, and all (6,a), then y is a noisy
signal of the underlying fundamental # which has no direct payoff implications
for the firm.

4. If G(yj9) = G(y), for all 0, then the firm has no additional private
information about #. However, the information contained in y is relevant to
firm’s decision problem. This is the case we focus on in the next section. The
firm decides on an investment project whose cost is known to firm’s manager.
The returns are determined by the fundamental # and are observed with noise
only by shareholders.

The novelty of our investment model is that it allows for feedbacks through
the price in presence of both market- and firm-specific information. Traders con-
dition dividend expectations on the price since it provides information about
0, and also because it affects the investment choice of the firm. This is what
we call a two-way feedback effect: the price aggregates information and affects
investment. The investment decision also affects traders’ dividend expectations
and trading decisions, which in turn determine the equilibrium price. In the
CARA-normal setup, endogenous investment has been modeled assuming that
either i) the marginal effect of investment in the dividend does not enter traders’
payoffs (Subrahmanyam and Titman (1999); Goldstein, Ozdenoren and Yuan
(2010)), or ii) the share price is a sufficient statistic for firm’s investment choice
(Dow and Rahi (2003)). Our model allows to characterize the two-way feed-
back effect under more general payoff specifications and information structures.
This allows us to discuss a richer set of implications on the relation between
managerial incentives, share prices, and investment decisions.

Equilibrium Characterization: The equilibrium characterization pro-
ceeds in two stages. The second stage —financial market— proceeds along the
same lines as in the previous section. Suppose that firm’s manager’s decision is
characterized by an arbitrary decision rule a (y, P). If [ 7 (6,y,a (y, P)) dG (yjo)
is monotone in @, the trader’s strategies are characterized as before by threshold

HPerhaps a simple way to justify this pre commitment is that the firm’s decision making
is based on internal reporting, compensation rules and decision making procedures that are
updated less frequently than the decisions themselves. In a dynamic environment, the design
of such procedures then internalizes the impact of such decisions on future market prices.
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rule #(P) such that they choose to sell whenever their private signal z  &(P).
Lemma 1 extends immediately to this more geﬁral model. The observation of
P is equivalent to observing z = #(P) = 0+1/" B u, z~ N (0, (85) ). Along
the equilibrium path the shareholders’ posterior beliefs are

- (FFTE(s M)

We continue to focus&n equilibria in which the price is conditioned on the (6, )
through z = 0 + 1/ 8 uw = #(P). Equilibrium price and expected dividend
solve:

P(Z) = ]E(7r(97y,a(y,P(2)))j:r:Z,Z), (10)
V() = E(n(0.y.a(y,P(2)))iz), (11)

where expectations are taken both with respect to 6 and y. This condition
implicitly defines the price function. On the right of equation (10), P (z) appears
both through the public signal z that it conveys about § and through its impact
on firm’s decision a (y, P (z)). For given a (y, P), the market equilibrium exists
if and only if there exists a strictly monotone solution to the condition for P (z)
in (10). In what follows, we disregard the monotonicity requirement at first, and
then verify ex post whether it holds at the proposed equilibrium price function.

The manager’s first-stage problem —before the financial market opens— is
formulated as follows:

. . P—
s / 7(0,9,0(y, P (), P(2))dG (yi6) d® (\/B5 (= 0))d® (" X(6 )
s.t.
P(Z) :E(w(&y,a(y,P(z)))jx:272).

That is, manger chooses a price-contingent decision rule, subject to the con-
straint that the price function is an equilibrium price function.

Using the fact that P (z) must be invertible, we reformulate manger’s de-
cision rule as a function of y and z. After changing the order of integration
between 0, y and z, the optimal decision is characterized by the solution to the
pointwise optimization problem as follows,

max /ﬂ—(evyva(yvz)vp(z)) dHF (ajyvz)
a(y;z);P (2)
st.P(z) = E(r(b,y,a(y,2))jx=22),

= /ﬂ@»yva(y?z))dG (yif) d (m(e AutpB(+9)z

A+ B+ 36

Firm’s posterior conditional on firm-specific information y and market informa-
tion z, Hgr (Jy, 2), is given as follows,

[ anae (OxFEE(e )
e (gjy’z)_fllg(yje)d<1>(p“55(9 =)
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As long as manager’s payoff does not depend directly on P, i.e. when
7(0,y,a,P) = 7 (0,y,a), there is no commitment issue. The rule a (y, z) that
is chosen by the manager ex ante also corresponds to the rule that is ex post
optimal from manager’s perspective, once the price is taken as given. Moreover,
when 7 (0,y,a) = 7(0,y,a), manager’s and final shareholder’s incentives are
perfectly aligned, and the resulting investment decisions make efficient use of
the information conveyed by z. The manager’s incentive to manipulate the price
to his own benefit and the shareholders’ detriment by committing to an invest-
ment rule is thus directly linked to an incentive scheme that rewards managers
for the share price performance. In the remainder of this section, we compare
investment incentives under dividend value maximization with those induced by
price-based incentives.

3.2 A Binary Action Model

In this section, we discuss the implications of the feedback effect and the role
of managerial incentives in an environment where the manager makes a binary
choice. In section 4, we use this model as a benchmark for a series of extensions
with different assumptions regarding the information structure, asset dividends,
and the asset demand.

Firm’s manager makes a binary investment decision a 2 0, 19, where a = 1
denotes the decision to invest, and a = 0 denotes the decision not to invest. The
dividend of the firm is given by:

w(0,Fa)=p 0+a (6 F), (12)

where p > 0. The dividend has two components. The first is an exogenous effect
p 0 of the fundamental, 8, on payoffs.'? The second component is endogenous.
If the firm chooses to invest and to incur the cost F', the dividend increases by
(0 F). We assume that F' is independent of 6, distributed with cdf G( ) and
density ¢ (). Let F denote the lower bound of the distribution of F' (£ can be
equal to ). The cost F is observed by the manager before choosing invest-
ment. Traders do not observe signals about F. That is, F' corresponds to firm’s
private information. The information structure captures the following environ-
ment. The firm-specific cost F' summarizes characteristics of the project about
which the firm holds precise information (for example, proprietary technical
specifications). The market-specific fundamental 6 relates to conditions about
which knowledge is dispersed throughout the market (for example, demand for
a new product).!3

Suppose for now that firm’s investment decision is characterized by a thresh-
old rule F(P):

1if F F(P);

a(F, P) = { 0 otherwise. (13)

12We further discuss the role of the exogenous component in Section 4.1.
133ee Miller and Rock (1985) and Rock (1986) for further discussions on market- and firm-
specific sources of information.
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The firm invests if and only if the investment cost is below the threshold F' (P).
Below we consider two specifications of manager’s objective 7 (6, y, a, P) which
are consistent with the threshold investment rule in (13). For now, we leave
F(P) deliberately general to characterize the market equilibrium.

Following the same steps as above, trader’s supply decisions are characterized
by a threshold rule &(P), which satisfies:

P = / 0dH (0i(P), P) + / a(F, P) ( / 0dH (0ji(P), P)  F)JdG(F)

F(P)

- (p+c(ﬁ(p)))/edH(ojgz(P),P) /F FdG (F). (14)

The first integral in the upper line of equation (14), p [ 6dH (fjz, P), is the
marginal trader’s expectation of the dividend if the firm does not invest. The
second term in the first line is the expected impact of investment on the div-
idend. For each pair (F, P), the marginal trader considers the difference be-
tween the posterior expectation of the fundamental and the investment cost,
[ 0dH (bjz, P) F. Since the trader does not observe F', the expectation is
an integral over the investment range ' F (P). Equation (14) compares the
cost of holding the share, P (the left-hand side) to the expected dividends (the
right hand side). The price enters the expected dividend through its impact
on marginal trader’s expectation of 6, and by its influence on firms’ investment
threshold F (P).

With invertibility of the price function, we redefine the investment threshold
as a function of z: F(z) = F(P). Using the market-clearing condition z  &(P),
and the characterization of shareholder beliefs in Lemma 1, we characterize the
equilibrium of the endogenous investment model:

Proposition 2 (Equilibrium with endogenous investment) For an invest-
ment threshold F (z), define P (z) by:

A+ BA+6)z
A+ B+ Bo
If P (z) is strictly increasing, the asset market equilibrium is characterized by

the price function P (z) and traders’ threshold function #(p) = z = P ' (p).
The expected dividend conditional on public information z is given by

P(z) = (p+G(F(z))) /sz) FdG(F).  (15)

B - i+ 85z [F@
V(z) = (p+G (F (z))) i /F FdG (F). (16)
The equilibrium price and expected dividend in Proposition 2 can be decom-

posed into three terms. First, p % and p denote the expected

dividend if the firm does not invest, from the marginal trader’s and manager’s

perspective. Second, G (ﬁ' (z)) % and G (F (z)) -2 are the ad-

+ z
+

ditional expected payoff if the firm invests. The third term flf @ paa (F) is
the expected investment cost. n
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In the next two subsections, we consider two separate cases for manager’s ob-
jective and compare the resulting threshold functions F (z), equilibrium prices,
and expected dividend values.

3.3 The Benchmark Case: Dividend Maximization

We now characterize the equilibrium in which manager’s objective is to max-
imize the expected dividend: 7 (0, F;a) = w(0, F;a). The manager invests if
(and only if) the realization of the cost F' is (weakly) lower than the posterior
of the fundamental E(0jP). The investment threshold is given by

i YR
F(P) /edH 0jz) = :‘IZ; (17)

The equilibrium is given by Proposition 2 after replacing F' (z) = E(6jz). For the
discussion below, it is convenient to redefine the state z in terms of the posterior
expectation Z  E(6jz). We then rewrite the price, the expected dividend, and
the wedge in terms of this posterior expectation Z:

z
P(Z) = (p+G(2)(w+v(Z ) /FFdG(F), (18)
V(Z) = (p+G(Z / FdG (F (19)
W(Z) pP(z) V(2) D(Z wp+G(2). (20)

The parameter v > 1 is given by expression (9), which corresponds to the ratio
of Bayesian weights assigned to the market signal z by the marginal trader, and
manager (or an uninformed outsider). The next lemma establishes a sufficient
condition for the invertibility of the price function:

Lemma 2 (Invertibility of the Price Function) The price function is in-
vertible, if p+ G (F)+g(F)(F p) >0, forall F F.

Lemma 2 states a sufficient condition for price invertibility in the case of
expected dividend maximization. Price non-invertibility, which is caused by
price non-monotonicity, can arise if the marginal trader’s valuation of investment
is locally decreasing in z. This is inevitably the case whenever G (F') /g (F') is
non-decreasing and converges to 0 as F¥ ¥ 1. The condition in Lemma 2
imposes a lower bound on the sensitivity of the dividend to the fundamental
through the exogenous payoff component p 6. We further expand on this issue
in Section 4.1 and Appendix B.

The wedge W(Z) can be decomposed as a product of two terms. The first
term given by equation (Info agg wedge) corresponds to the difference between
marginal trader’s and manager’s posterior beliefs about 8: (v 1) (Z ). This
term determines the sign of the wedge and follows from our discussion in Section
2. The price, P (z), is the expectation of dividends by the marginal trader who
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Figure 2: Price, Expected Dividend and Wedge with Endogenous Investment

P(2)

W(2) =(-1) (Z-w) (p+G(2))

observes z both as private and public information of 8. Thus, the price reacts
more strongly to the market information relative to the dividend expectation of
the manager, V(Z).

The second term is the marginal effect of the fundamental, 6, on the ex-
pected dividend: (p+ G (Z)). This term includes the exogenous effect of the
fundamental (p) and the endogenous effect from investment (G (Z)). It captures
the value of market information for the investment decision: the market signal
determines manager’s posterior belief of 6 and the probability of investment
G (Z), which determines the net effect of 6 on the dividend and, hence, the
absolute magnitude of the wedge.

Figure 2 plots the price (solid line), the expected dividend (dashed line),
and the wedge as a function of the state variable Z. The expected dividend
V (Z) is increasing and convex, and the price function is also increasing given
the condition imposed in Lemma 2. As in the case of the exogenous dividend
model of Section 2, the information aggregation wedge is negative for Z < u,
zero at Z = p, and positive for Z > p. The key insight is that the model with
investment gives rise to an endogenously convex dividend function. Therefore,
we can apply the results of Theorem 1 (part (ii)):

E(W (Z)) = (y 1)Cov(G(Z),Z) >0, (21)

since G (') is increasing.

Expression (21) explicitly shows that two necessary conditions for a positive
unconditional wedge are belief heterogeneity (v > 1) and endogenous invest-
ment (GY() > 0). A violation of either condition results in an unconditional
information wedge equal to zero. To illustrate the role of belief heterogeneity,
suppose instead that traders observe an identical signal about the fundamental.
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The price then equals the common posterior of the dividend, and all traders
are indifferent between selling or keeping the share. The price also reveals the
signal to firm’s manager. The expected dividend by all participants equals the
price, and no wedge arises in equilibrium.

The endogenous investment (G?( ) > 0) contributes to the wedge by chang-
ing the marginal effect of # on dividends as a function of z. The higher is z, the
higher the probability that the firm invests, and the higher is the net effect of 6
on the dividend. If investment were chosen before the observation of the price,
the investment probability would be constant. The wedge would be symmetric
around the prior mean Z = u, and its ex ante expectation equal to zero. This
corresponds to the linear dividend case in Theorem 1.

Expression (21) also shows that, for a given cost distribution G( ), the un-
conditional wedge is increasing in the variance of firm’s posterior Z, 02 =
B8/ (A+B5) X L. This variance measures how strongly information conveyed
by the market affects beliefs about 0; 02 represents the value of market informa-
tion for the investment decision and is increasing in the precision of the market
signal 36 and the prior variance of the fundamental X\ !. Intuitively, precise
private information (high ), or low variance of noise trading (high ¢) increase
the likelihood that movements in z are due to innovations in 6. This makes z
a more reliable signal and increases the sensitivity of manager’s posterior Z to
changes in z. Also, learning about # is more important the larger its ex-ante
variance (A 1).

The value of market information for the firm highlights the close relation
of our setup with real options (e.g., Dixit and Pindyck, 1994). Firm’s payoff
depends on the realization of a random variable () and on an endogenous choice
of investment (a). The price is a public signal of the variable 8 for the firm. The
firm can better match a good realization of # by investing, while limiting the
negative effects of a low realization by not investing. The value of the investment
option depends on the precision of information, and the prior uncertainty about
the random variable. An important novel result of our model is that the option
value of information also leads to expected prices to be higher than expected
dividends when traders hold heterogenous beliefs in equilibrium.

We now discuss how the parameters of the model affect the size of the infor-
mation aggregation wedge, the expected price, and the dividend.

Proposition 3 (Comparative Statics) (i) For a given value of v, E (P (Z2)),
E(V (Z)), and E(W (Z)) are increasing in 0. (ii) For given value of 0%,
E(V (Z)) does not depend on v; E(P(Z)) and E (W (Z)) are increasing in .

The unconditional price, dividend, and wedge are all increasing in the prior
uncertainty about the firm’s posterior, 02. Recall that the unconditional ex-
pected dividend is larger when the manager learns more information from the
market (higher 0%). Moreover, since the marginal trader’s posterior is more
sensitive to z than manager’s, the impact of 02 on the average price is stronger
than on the expected dividend. This raises the unconditional wedge. The un-

conditional dividend is independent of the difference between manager’s and
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marginal trader’s expectations (). The expected price and, hence, the wedge,
scale up 7.

The primitive parameters 3, 4, and A affect expected dividends E(V (Z))
through o2, which is increasing in both the precision of the market signal (
6), and in the prior uncertainty (A !). Both better market information and
a more variable prior increase the value of the real option to invest, raising the
unconditional expected dividend. The same parameters affect the unconditional
information aggregation wedge E (W (z)) through both 0% and . Notice, how-
ever, that the effects go in opposite directions: + is decreasing in A !, decreasing
in B, and decreasing in §. The overall comparative statics on the unconditional
wedge and price are ambiguous, and the unconditional wedge is largest at in-
termediate values. Prior uncertainty A ! must be sufficiently high to generate
option value from investment, the precision of market information 89 must be
large enough so that the manager wants to respond to it, and private informa-
tion precision B needs to be large to create belief dispersion. At the same time,
A ! must remain sufficiently small relative to 89 so that the market information
does not completely crowd out the prior and eliminate the wedge.

3.4 Tying Managerial Incentives to Share Prices

In the benchmark model of endogenous investment of Section 3.2, we assumed
the manager’s and shareholders’ objectives coincide: 7( ) = w( ). This assump-
tion lead to an investment rule that maximizes V (Z): the expected dividend
conditional on the share price. We now discuss the effects of managerial incen-
tives tied to stock market performance. A well known result in economies with
complete markets and common information is that P (Z) = V (Z). In all states,
maximizing prices or expected dividends is equivalent.

This result does not hold in our model because of the wedge between the
price and the expected dividend. Moreover, the wedge is directly affected by
the investment decision that determines the net impact 6 on the dividend. If
a manager has incentives to maximize the share price as opposed to the divi-
dend, the size of the wedge can be changed by choosing investment to increase
market prices. Since investment in the benchmark model maximized expected
dividends, any deviations from the investment rule defined by the threshold
F (Z) = Z reduces the expected payoffs of shareholders.

We now consider the case where manager’s objective function is given by
70, F,a;P) = (1 a)n(0,F;a) + aP, o 2 [0,1]. This objective function is a
linear combination of the share price, P (Z), and the dividend 7 (6, F; a). More
specifically, we assume that the manager chooses an initial decision rule a (F, P),
which he commits to prior to the market opening.'* For a given value of Z,

141n this context, the assumption of pre-commitment is important, as the ex post optimiza-
tion (taking P as given) results in the same maximization of expected dividends as before.
The influence of firm’s decisions on market prices (and the role of price-based incentives)
results precisely from the market’s anticipation of the firm’s investment choices.
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manager’s problem can then be stated as follows:

max E(7(0, F,a;P)jZ) =aP(Z)+ (1 «a)V (Z),
F(2)

where P(Z) and V(Z) are given by equations (18) and (19), and « 2 [0,1]
measures how strongly incentives are based on the price relative to expected
dividends.

The equilibrium is characterized by Proposition 2: threshold functions & (P)
for traders and F' (P) for manager, and an invertible price function P (Z). The
investment threshold is found by maximizing E(7jZ) pointwise, for all Z, and
then checking that the resulting price function is invertible. Formally, we have

F(z) 2 argmgxfaP(Z)—i—(l a)V(Z)g:arngaXfV(Z)—i—on(Z)g

_ argm':gzx{(prG(F))[quk(Z )] /FFFdG(F)}. (22)

The parameter k = 1+« (y 1) measures excess weighting of market informa-
tion by the manager and captures the strength of the distortion introduced by
price-based incentives. The variable k 2 [1,7] depends on the size of the infor-
mation aggregation wedge through ~ and the weight given to the prices in the
manager’s objective function, a. At one extreme, « = 0 and k = 1 correspond
to our benchmark model of dividend maximization (section 3.2). At the other
extreme, « = 1 and k = 7: the manager’s incentives are based only on the share
price.

Taking first-order conditions to determine the investment threshold F (2)
(and checking price invertibility) yields the following equilibrium characteriza-
tion.

Proposition 4 (Equilibrium with price-based incentives) In the PBE with
price-based incentives, the investment threshold F (Z), price P (Z), and expected
dividend V (Z) are given by

F(Z)=p+k(Z 1), (23)

F2)
P(2) :pF(Z)+/

F(2) ~
V(2) = pF (Z) + cha & 1)z w(e+G6(F2)). @)

E

GHd+06 Bz w(p+6(F2)), @

Equations (24) and (25) decompose the effect that the information aggrega-
tion wedge has on the price and the expected dividend. Without price-based
incentives (o = 0; k = 1), the stronger reaction of the price to market signals
has no impact on the expected dividend. When « > 0 (k > 1), the price in-
creases with « at an efficiency cost that reduces the expected dividend in (25).
We formalize the result in the next theorem.
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Theorem 2 (Tying managerial incentives to share-prices) In the PBE with
price-based incentives, (i) the volatility of investment is increasing in k: F°(Z) =

k > 1; (ii) the share price P (Z) is increasing in k, and expected dividends V (Z)
are decreasing in k for all Z & p.

Theorem 2 states that investment becomes the more volatile, the more man-
agerial incentives are based on the share price. The manager reacts more
strongly to the information conveyed by the price, as captured by the parameter
k > 1. When Z is higher than p, firm’s investment threshold is too high. The
firm invests in some states in which the cost I’ exceeds the expected gains from
investment, Z. When Z is lower than p, the firm’s investment threshold is too
low. The firm foregoes investment in some states in which Z exceeds the cost
F'. This results in higher prices but lower expected dividends, for all Z & pu.

Figure 3: Effect of Price-based Incentives

P(Z) (a=1)
P(Z) (0= 0)

V(@) (@=0). -

“TV@) (@=1)

—_7

Price-based incentives induce the manager to align investment with the be-
liefs of those traders who have the largest impact on the price. Figure 3 plots
the price and expected dividend functions for the extreme cases o = 1 (the thick
lines) and o = 0 (the thin lines). When @ = 1 (k = «) the manager is purely
concerned with price maximization. The investment rule in (23) exactly matches
the marginal trader’s expectation of . The firm behaves as if it were run by
the marginal trader and achieves the largest share price for each realization of
the state Z to the detriment of expected dividends. Indeed, figure 3 shows how
the price in this case (the thick, solid line) is always above the one attained
under dividend maximization, or « = 0 (the thin, solid line). The expected
dividend under priced-based incentives (thick, dashed line) is everywhere below
its counterpart in the benchmark case (the thin, dashed line). The conditional
information aggregation wedge is thus exacerbated and so is the unconditional
wedge.
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The analysis above gives an argument against tying executive compensation
too closely to market valuations. When dispersed information drives a wedge
between prices and expected dividends, and when the wedge responds to firm’s
endogenous investment decision, price-based incentives lead to inefficient invest-
ments that drive up prices but lower firm value.

4 Discussion and Extensions

We now study the robustness of our main results by considering several exten-
sions of our benchmark model of endogenous investment. We explore alternative
specifications of dividends, exogenous asset demand, and informational environ-
ments.

4.1 Exogenous Dividend Component: p >0

In the setup of endogenous investment introduced in section 3.2, we assumed
that the firm generates a dividend p @ if it doesn’t invest, and an additional
payoff (§ F) if it invests. Under this assumption, the dividend depends on
f irrespective of the investment choice, guaranteeing that traders always have
an incentive to trade on their private information about . Hence, the price
always reveals z provided that p is large enough to ensure the price function is
invertible (Lemma 2).

In Appendix B we characterize equilibria in an environment in which there is
no exogenous component in the dividend function: p = 0. This model admits a
rich set of possible equilibrium outcomes including the potential for multiplicity,
indeterminacy, and non-existence of equilibria.

Price multiplicity and indeterminacy arise from a feedback in the informa-
tiveness of the price. We separately consider two possibilities. If at a price
P = 0 there is a positive probability of investment, traders respond to their pri-
vate signals, and prices fully reveal Z through the price function P (Z) (which
has the same features as above, with p = 0). Alternatively, if at the price P = 0
investment occurs with zero probability, then traders do not condition on pri-
vate signals, and the price conveys no information. This, in turn, sustains no
investment as an equilibrium at the price of P = 0. P = 0 is then, at most,
partially revealing of Z. It is possible to sustain (almost) arbitrary selections
from the correspondence 0, P (Z)g as equilibrium prices.

Non-existence is linked to the non-invertibility of the price function.'® If we
eliminate the exogenous dividend component from our benchmark model, non-
invertibility occurs with unbounded support of F' and a thin-tail assumption
on the distribution G ( F



of our paper. Our baseline model with an exogenous dividend component allows
us to focus on the cases in which there is a unique equilibrium.

4.2 Price Impact of Information

We now generalize our assumption about exogenous asset demand (noise trad-
ing) by assuming it comes from uninformed traders: they trade partly for ex-
ogenous motives, and partly in response to gaps between the price and their
dividend expectation, conditional on the price. This demand specification al-
lows an additional comparative static on the information aggregation wedge
that relates naturally to the concept of market liquidity.

Specifically, we consider the following formulation for asset demand:

D(u, P) = @ (u+n(E(xjP) P)), (26)

withu N (O, 6 1). Uninformed traders’ demand is increasing in the expected
return conditional on the price, E (7jP) P, with an elasticity given by n. This
specification of demand generalizes our previous formulation to allow for a re-
sponse of uninformed traders to perceived excess returns on the asset, as well
as stochastic trading motives which are unrelated to dividend expectations (for
example, liquidity or hedging needs). The parameter 1 captures the responsive-
ness of uninformed traders to the expectation of dividends in excess of prices, or
in other words, the extent to which they are willing or able to arbitrage away the
difference between expected price and dividend value. Equivalently, 7 measures
the price impact of private information which relates naturally to the concept
of market depth.

We keep the dividend specification as in the binary action model of sec-
tion 3.2. We then follow our previous characterization of equilibrium strategies
and asset market clearing with minor changes to account for the endogeneity
of demand to asset prices. We show that all the previous effects, regarding
over-valuation and the role of price based incentives, are inversely related to the
magnitude of n. When 7 is higher the uninformed traders are better able to
arbitrage the difference between expected value and price. This reduces the ab-
solute value of the information aggregation wedge for all realizations of the state
Z, mitigating the distortions induced by price-based incentives on investment
decisions.

We now characterize the equilibrium to formalize this intuition. For a given
investment threshold F (P), we characterize the equilibrium threshold # (P)
for the informed traders and the market-clearing price function P (z). Market-
clearing implies

@ (VB@(P) 6)=2(utnEmP) P),
2=i(P) 0V (E@P) P).

Observing P is isomorphic to observing z N (9, (89) 1), and Lemma 1 ap-

+ z
+

plies without any changes. We use the state variable Z = , the manager’s
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posterior expectation of #, which now coincides with the uninformed traders’
expectations. For an investment threshold F' (Z), and after substituting

#(P)=z+n/VB (E(iP) P)=z+n/VB(V(2) P(2),
we obtain the expected dividend, the price, and the wedge functions:

F(2Z)

viz) = (br6(F2))z A G (f),
P(2) = (p+G(F@))u+7(Z n),
P ~ .
+&&jﬂgm»wm ray [ e,
W (Z AL oL B0 D(v:u@+a(ﬁw0)w "y

A+6+65+ B (p+ G (F(2)

The information aggregation wedge is thus inversely related to the uninformed
traders’ demand elasticity 1. Higher n lowers the price impact of private infor-
mation, and thus the magnitude of the information aggregation wedge. At the
extreme with infinite elasticity, price equals expected dividends and the wedge
disappears. The other extreme (7 = 0) corresponds to our baseline setup of
section 3.2.

If manager’s objective is the maximization of «P (Z) + (1 «)V (Z), first-
order conditions lead to

2

At A+ Ao (0 DEZ W

A8 +p85+ 8y (r+c(F2))

As long as a = 0, investment remains undistorted. When « > 0, there is over-
investment for Z > p and underinvestment for Z < pu, but the inefficiency is
reduced by the demand elasticity; n. For all n, F (Z) 2 [Z,u+k(Z  p)], with
lim w1 F(Z) = Z and lim w0 F(Z) = p+ k(Z p). Efficient investment
arises as the uninformed demand becomes infinitely elastic. In this case, it is
the uninformed traders who price the shares, arbitraging away the discrepancy
between price and expected dividends, conditional on market information.

F(Z)=Z+a

4.3 Alternative Information Environments

In this section we consider three environments with alternative information
structures.

4.3.1 Market-speci c Information Observed by the Manager

We now augment the manager’s information set by assuming that the manager
observes a private signal y about the fundamental: y ~ N (0, !). The man-

ager’s posterior of # now corresponds to Z(y, z) = % Although vy is
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not observed by traders, it is convenient to define the (hypothetical) marginal
trader’s posterior including the manager’s signal y as:

. A+ ky 4+ B(140)z
22 T B T0)

The price and expected dividend for an investment threshold F(Z) are

_
V() = /y (07 + / (Z  F)dG (F))dd(yj) /y o(y, 2)dB(yjz),

g
P(z) = /y (0% + / (Z  F)dG (F))d®(yjz = =.2) /y Py, 2)dB(yjz = =, 2),

where the (y, z)-contingent information wedge is w(y,z) p(y,2) v(y,z) =
(Z  Z)(p+G(F(2))).

Figure 4: Price, Expected Dividend and Wedge with Manager’s Private Signal

a) Low precision of y (k —> 0) b) High precision of y (k—>-0)

,,,,,,,,,,,, B o N ————
————— ’/ \E[W(Z)]

Assuming the more general objective function of Section 3.3, the manager’s
investment rule follows from the pointwise maximization of v(y, z) + a w(y, 2),

which leads to the f.o.c. F'= (1 a)Z—l—aZ In what follows, it will be convenient
to redefine the state variable by F. Characterizing the distribution of F' then
allows analyzing the unconditional price and the information aggregation wedge.

Some algebra (Appendix C) allows to rewrite W(F) P(F) and V(F) as:

W) = <P+G<F>>A+Hf(é Z))ﬁJrﬁé’

We can now find an expression for the unconditional information wedge from
the difference between the ex-ante price and expected dividend by computing
E(zjF) F and the variance of F' using Bayes rule. This yields
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(72/(B8) +~ /A 02)B = =
EW) = [0,2:" Orrtd a)ﬁ—i—ﬁé)] Cov(G(F),F) >0
where the coefficients 7, v and the variance aé depend on the underlying
parameters of the model.

The wedge now also depends on the precision of the manager’s signal, .
The higher its value, the less investment responds to the information contained
in the price and the lower the resulting unconditional wedge. Figure 4 plots the
comparative statics with respect to the manager’s private signal precision; k.
The wedge is large when the precision of the manager’s signal is low (panel a),
in comparison with the case where the signal is very precise (panel b).

4.3.2 Firm-speci ¢ Information Observed by the Market

We now assume that at ¢t = 0 traders observe Qt = fz, f ¢, where f is a
common signal about F'. The equilibrium characterization closely follows Sec-
tion 3. Manager’s decision is described by (13) since investment is chosen after
observing the price and the actual realization of the cost F. Trader’s supply

decisions are monotone in x and can be characterized by a threshold function
Z(P;f )2RLF g, such that

1 ita; < #(P.f ),
S($i,P;f ): 0 lfl'l>§7(P7f )7
2(0,1) ifai—2(P,f ).

This supply schedule for traders imply the following market clearing condition:

X(PiF*)
/ 1 do(/B(z 0)=d(/B@EPf) 6)=du),

a1

or Z(P,f ) =6+ u/pB7 for all (6, u; f ). The conditions for the existence of
equilibria and its characterization are summarized in the next proposition.

Proposition 5 (Equilibrium with cost signal) For a given investment thresh-
old F (2), if p+G(Fif )+(F pw)g(Fif )>0 8F and f , a unique equilibrium
exists, characterized by the price function

M+ B(1+0) 2

F ) _
LS [ ran), e

P(sf )= (p+G(F(2)if ))

and the traders’ signal threshold Z(p,f ) = z = P Y(p,f ). The expected
dividend conditional on z and f s given by

Ves)=(pra(Feir )0 [ raams). e
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We analyze a tractable example assuming that F' is normally distributed
with mean f and variance Af ! and that the signal f is drawn from a normal
distribution with mean F and variance xy '. We plot the price and expected
dividend function under this particular cost distribution in Figure 5. The figure
captures two comparative statics: changes in the posterior mean E(Fjf ) due to
different cost signal realizations f , and changes in the precision of the posterior

mean due to different signal precision; y .

Figure 5: Price and Expected Dividend with Cost Signal

onHigh cost signal precision

ElF | F*1

In panel a) we compare the price and expected dividend functions for a high
(dashed lines) and a low (solid lines) realization of the investment cost: f, < f;.
The figure shows that a higher cost signal lowers the price (thick dashed line)
and expected dividend (thin dashed line) since it raises the the posterior mean
E(Fjf ). This has two effects on the valuation of dividends. It makes investment
less likely (the probability that F  F(z) falls), and also reduces net payoff
from the project, conditional on investment. However, a higher f need not
necessarily reduce the price and/or the expected dividend, for all z. Recall
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that investment defined by F'(z) need not coincide with the marginal trader’s
posterior of 6§, and hence the reduction in investment probability could have a
positive impact on the price. This is the case if her expectation of 6 is below
F(z), as she would prefer no investment to take place. The result is formalized
in the next lemma.

Lemma 3 (i) Under the investment rule F(z) implied from the firm manager’s
objective function aP(z, f )+ (1 a)V(z, f ), 8a 2 (0,1], there exists 2" < u
such that OP(z, )/0f <0 8 z 2. (ii) Fora =0, 0V (z, )/0f < 08z.

In panel b) of Figure 5 we vary the precision of the public signal x. The
dashed lines plot the price and expected dividend for a low signal precision
(x = 0.00001). In the limit (x ¥ 0), this case corresponds to the baseline
model with no cost signal. The solid lines plot the respective functions when the
public signal f has higher precision (y = 1).16 Around the value 2 F 1(f),
the price and expected dividend functions become steeper. Intuitively, a higher
signal precision raises the likelihood that F' corresponds to its posterior mean,
so the probability that the firm invests increases at a faster rate as z approaches
F !(f). This is made precise in the next lemma.

Lemma 4 For any strictly increasing threshold F(z), if xo > x1 and E(Fjfy;x0) =
E(Fjfy;x1) f. there exists € > 0 such that 8 F Wf) e<z< F Y(f)+e,

P, fo;x0) > P(, fiix1) whenever E(0jz = 2,z) > F(z), and VO, fosx0) >
VO, f15x1) whenever E(0jz) > F(z).

4.3.3 Predetermined Investment Cost

In this section, we consider a special case in which the investment cost F' is
predetermined at the fixed value f, which is common knowledge for all traders.
The manager then invests if (and only if) F(z) < f. This case can be nested
in our general formulation so apply the solution method directly, characterizing
the equilibrium in the next proposition.

Proposition 6 (Equilibrium with predetermined investment cost) For

a given investment threshold F(z); (i) If F '(f) ((f+ )) + f, there emists a

unique equilibrium with conditioning on z characterized by the price function
py=1" — if z<F (f) (20)
(p+1) % I otherwise,

and the traders’ signal threshold #(p) = z = P '(p). The expected dividend
conditional on z s

(30)

p —2 i < F D
(p+1) i £ f otherwise.

16We have chosen parameters so that in both cases the posterior mean E(F|-) = f are the
same in order to separate this effect from the previous comparative static.
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(i) If F 1(f) < % + f, an equilibrium with conditioning on z does not
exist.

Proposition 6 is a restatement of Proposition 2 under the special case of the
distribution G(F) = 0 for F < f, and 1 otherwise. The condition in part (i)
specifies the parameter space for which the price function is invertible, allowing
an equilibrium with conditioning on z. When the price function is invertible, the
equilibrium found is unique. To understand the condition for existence, note
that a predetermined cost implies investment is perfectly forecastable, condi-
tional the price. The price function can then be separated into two segments.
For z < I 1(f) %, the firm does not invest and the price equals the marginal
trader’s posterior of # times the exogenous constant p. The slope is given by
p OE(Ojz = z,2)/0z. For z  z, investment is undertaken with probability 1.
The slope of the price function becomes (p + 1) OE(fjz = z,2)/0z. There is a
discrete level change in the price at P(z = Z) equal to the posterior expectation
of @ of the marginal trader, net of the fixed investment cost f. Depending on
the particular investment rule F' () and the rest of the parameters, the discon-
tinuity can be negative, yielding a non-invertible price function. Formally, the
derivative at z = Z is given by

POker = (ptG(RE)) =22
+9(F(2)) F(2)[E(iz = z.2) F(2)]
B(1+9) [)\u—i-ﬁ(l—i—é)é B
A+ B(149) A+ B(140) ’

which follows from the fact that the investment decision is perfectly forecastable,
conditional on the share price (g(F(2)) ¥ A). Replacing z = F 1(f) yields
the condition in part (i).

Figure 6 plots the price (solid line) and expected dividend (dashed line) for a
predetermined investment cost when the firm manager maximizes the expected
dividend (F(z) = Z). The price invertibility condition in (i) reduces to u  f.
Indeed, for 1 f, the extra payoff § from undertaking investment at z = z
F L(f) is larger than the investment cost according to the marginal trader’s
beliefs, since the information aggregation wedge is positive in this region. It
follows that the investment triggered at zZ with probability 1 has a (weakly)
positive discrete impact on the price.

Another interesting case corresponds to the investment rule analyzed in Sec-
tion 3.4, for the extreme case in which the manager of the firm maximizes the
share price; @ = 1. Since F(z) = p+~v(Z p) = E(jz = 2, 2) in this case,
the term inside the square bracket in (31) is zero, so there is no discontinuity
in the price function. Intuitively, to maximize the price the manager decides on
investment as if she observed the same information as the marginal trader. At
Z, the minimum value of z for which the firm invests, it must then be the case
that the investment cost exactly equals the posterior of 8 of the marginal trader.
For @ = 1 then, the condition in (i) holds and the price function is invertible
for all remaining parameter values.

(31)

= (p+1)
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Figure 6: Price and Expected Dividend with Predetermined Investment Cost

5 Concluding Remarks

This paper examines the role of asset prices in aggregating information about
fundamentals and providing guidance for real investment decisions. We first
develop a model that allows to characterize a broad set of heterogenous infor-
mation environments in which dividends are an (exogenous) nonlinear function
of the fundamentals. We then develop a model in which a firm’s payoffs de-
pends on fundamentals and the choice of investment, thus endogenizing the
dividend. Information about the fundamentals is dispersed among traders in a
financial market and partially aggregated in firm’s share price, upon which the
firm conditions its investment choice.

We find that market-generated information enhances firm’s value by en-
couraging investment when high prices communicate good fundamentals, but
limiting the loses by discouraging investment when low prices signal poor real-
izations. However, the interaction between dispersed information and endoge-
nous investment is also the source of a systematic departure between equilibrium
share prices and expected dividends —the information aggregation wedge. The
wedge originates from a higher weight assigned to market-generated signals by
the marginal informed trader. This higher weight arises because of the positive
correlation between the noise in the public signal revealed by the price, and the
noise in private signals of those traders who end up holding (and therefore pric-
ing) the share, and is perfectly consistent with individual rationality. Moreover,
because the firm responds to the information conveyed by the price investing
more in good states than in bad ones, it exacerbates the price overreaction on
the upsides more than the price underreaction on the downsides. As a result,
the information aggregation wedge is asymmetric, and the share price exceeds
on average the expected dividend value of the firm.

We then discuss the role of price-based managerial incentives. We find that
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compensation tied to share prices may enhance share overvaluation and induce
excess volatility in investment, as managers try to cater investment policies to
those traders who have the largest impact on market prices.

Our model has two predictions that align with empirical evidence. First,
the model suggests the value enhancing effects of market-specific information in
guiding real investment importantly depend on the extent of informed trading
activity. This fits the evidence provided by Chen, Goldstein and Jiang (2007)
who study the impact of informed trading in the sensitivity of real investment
to price changes. The authors find stronger sensitivity in shares with more
informed trading activity, as measured by PIN (probability of informed trading
— Easley et al. (1996)).17 Second, Polk and Sapienza (2009) provide support
to our findings regarding the impact of stock-based compensation. They test
a “catering” theory using discretionary accruals as a proxy for mispricing,'®
finding a positive relation between share overvaluation and excess investment
after controlling for Tobin’s Q. This relation is stronger for firms with higher
share turnover, which could proxy for traders’ short-term horizons. Moreover,
they find that firms with high excess investment subsequently have low share
returns, the more so the larger is their measure of mispricing. This suggests
that such investment behavior is indeed inefficient.

While our model has taken the manager’s objective as given, the design
of optimal incentive structures in the presence of a wedge between expected
dividend and prices remains an important question for future research. Our
model of financial markets with information aggregation appears to provide a
promising building block for future work in this direction, as well as for other
questions that require a flexible payoff structure for analyzing the interplay
between managerial incentives, corporate decisions, and market prices.

17Roll, Schwartz and Subrahmanayam (2009) provide related evidence arguing that devel-
oped options markets for a firm’s share stimulate the entry of informed traders. They find
that firms with deeper options markets have higher sensitivity of corporate investment to
share prices, which translates into higher values of Tobin’s Q.

18Discretionary accruals measure the extent to which a firm has abnormal non-cash earnings.
Firms with high discretionary accruals typically have relatively low share returns in the future,
suggesting that discretionary accruals artificially drive up prices temporarily.
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Appendix A: Proofs

Proof of Lemma 1. Part (i): By market-clearing, z =#(P (z)) and (P (")) =
2", and therefore z = 2° if and only if P (z) = P (2").

Part (ii): Since P (z) is invertible, observing P is equivalent to observing
z =&(P (2)) in equilibrium. But zj§ N (9, (89) 1), from which the charac-
terization of H ( jP) and H ( jx, P) follows immediately from Bayes’ Law. m

Proof of Proposition 1. Substituting the market-clearing condition &(P) =
z, a price function P (z) is part of an equilibrium if and only if it satisfies (7) and
is invertible. P’(2) > 0 is immediate because 7 () is strictly increasing, and an
increase in z represents a first-order stochastic shift in the posterior over 6. Since
the market-clearing price is uniquely defined for each z, and the price function is
monotone and continuous over its domain and spans its entire range, all prices
are observed in equilibrium (and hence out-of-equilibrium beliefs play no role).
Thus, the characterization in proposition 1 defines the unique equilibrium in
which prices are conditioned only on z. ®

Proof of Theorem 1. (i): P'(z) = B(1+4) [ 7(0)¢" ( )\+ﬁ+66< ﬂij)z))de,
while V(2) = 66 [ m(0)¢ (A+65( + ))da Since

[7(6)¢" (pm (0 —2522))an < [n(6)6" ( xEps(o —2))ae
for any increasing function 7(6), it follows that P’(z) V?(z) > 0. Now, since

Var (P (2)) = Var (V (2))+cov (V (2),W (2))+Var (W (z)), it suffices to show

that cov (V (2), W (2)) > 0. But this follows immediately since V°(z) > 0 and
Wl(z)=P'(2) V'z)>0

(ii) Using the fact that m () = 7 (u) + 7°(u) (0 p) + [ (7" (6°) = (u))db’,

we write V (Z) and P (Z) as follows: (with Z = (Au+ 8dz)/(A+ B9))

V(Z) = 7w+ W (Z ) / / ))d0°d<1><\/>\+55(9 Z))
P(Z) = 7w+ (wWv(Z n
a
w[ [ @) R dtae (ViEETEO 0 22 W)
u
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Taking expectations and integrating out the variable Z, we have
E(V (2) = (1)

+/1 / (@) = (“))deo/l VA+ B0 (VAT B0 2)) Ulzqﬁ(ZUZ”) dzdo
/ / ) do""xe (pX(o u)) da,
E (P

/ / C””/ Lt () e (P
/ / daoalp(ﬁ(aépﬂ) .
where 02 = (A + 8+ 36) ', and 62 = 02 + 720%. Therefore,
E(W(2) = / / d@O{UP¢<90_P“> P (pX(e u))}dﬁ
e e {Eo() P o
ol e ls(o) P )
I Hum{ o (PR w) o () e

where we have proceeded by integration by parts. Since

2 1 +( B+ B0 A+56>2 5\ s
P A+ B+85  \N+B+p65 jo A+ B8
1 B+ 86 1
= A@+A+ﬂﬂww ”)>x

it follows that ® (pX (0 u)) ®((0 p)/op) >0, when 6 < p, and

pP_
o ( X (0 u)) (O p)/op) >0, when 0 > pu.

Thus, clearly, when 7% () = 0, i.e. when 7 () is linear, E (W (2)) = 0. When
instead 7 () > 0, 7°(#) 7'(u) is increasing in #, and positive (negative),

when 6 > p (0 < p), so (7°(6) = (m){@(px(g u)) @(f)} >0

.
for all § & p, and hence E (W (2)) > 0. Finally, when 7 () < 0, 7°(6)
7’ (1) is decreasing gl 0, and positive (negative) when 6 < u (0 > pu), so
(7 (0) 7(n) {<I>( (0 u)) o (j)} < 0 for all & p, and hence
E(W(2)<0. m

37



Proof of Proposition 2. Substituting the market-clearing condition #(P) =

z and the investment threshold F(z) = F (P (z)) into (14), a price function
P (2) is part of an equilibrium if and only if it satisfies (15) and is invertible.
Civen the investment threshold F (z), firm’s expected dividend value is V (z) =

(p+G(F@))E@) JE© rac().

Proof of Lemma 2. Taking the derivative with respect to Z in equation (18)
gives

P() = v (p+G(2)+9(2)(Z w(y 1.
Since v > 1, we can write the following inequality for values Z < p,
P() > p+G(2)+9(2)(Z ),

which is positive for all Z whenever the distribution G(F') satisfies the condition
stated in the Lemma. m

Proof of Proposition 3. (i) Since V¥(Z) = p+ G(Z) > 0 and V¥ (Z) =

g(Z) > 0, V(Z) is increasing and convex, so an increase in o2 increases

E(V (2)). Moreover, E(Z ) (p+G(Z2))=(p+Gp)E(Z p)
+E(G(Z2) Gw)(Z p)=E(G(Z) G)(Z p).Since
(G(Z) G(p)(Z p) is strictly positive for Z & p, and 1ncrea51ng in ab-
solute value as jZ pj increases, it follows that an increase in o2 shifts the
variance of firm’s posterior to higher values of jZ  puj, and therefore increases
E(G(Z) G(w)(Z p). The result for E (P (z)) then follows from the state-
ments about E (V (z)) and E(W (z)).

(#4) is immediate given that v does not affect V (Z), but linearly scales up
W(Z). =

Proof of Proposition 4.  Equation (23) follows immediately from (22).
Substituting this into the pricing equation, we find:

+k( )
P(Z) = (p+Gu+k(Z w)u+r(Z w) / £4G ()
(p+Gp+k(Z p))(p+k(Z pu) N

+kEZ )
/F fAG(H+ (v K(Z wp+Cutk(Z p)

+k(Z )

= putk(Z u>>+/ G (f) df

=
+(v k)(Z wp+Gp+k(Z ).

To check that this is an equilibrium, we check that the price function is invert-
ible:

P'(2)

Y+ Gu+k(Z p)+O KEEZ pglp+k(Z )
= k(p+G+k(Z p))
+(v K)p+Gu+k(Z w)+k(Z wyglp+k(Z pw)),
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which is strictly positive, because of our initial assumption on p and G. The
expected dividend function (25) then follows from rearranging

V(Z)=(p+Gu+k(Z w)Z |- thz ) fdG (f) along the same lines as
the price function. = B

Proof of Theorem 2. Part () is immediate. For part (i) notice that

W = gtk 2 WZ wrkZ )
= GHR(Z W)(Z WP k) <0, ad

O = GwkZ W)(E WA Z W pERZ )
= gu+k(Z wW)(Z w(y k) >0, for Z6 p.

Proof of Proposition 5.

Follows the same argument as in proposition 2, but using the market-clearing
condition Z(P, f ) = z. The particular condition for price invertibility is now
stated in terms of the conditional distribution G (Fjf ). m

Proof of Lemma 3. With our assumption of normally distributed cost F’
and cost signal f | the price function can be rewritten as

oG/ ixE D X e =2 )

Pl f) = L
F(z) B
[ Bl e
— (T ﬁizﬁﬁm (E(fjr=2.2) F(2))
/”” - - fM+fx
P /A T xdf

Taking the partial w.r.t. f gives (to a constant of proportionality)

Pe) 7 oA BN @i =20 Fe)

F(z) - B r
+¢M+x/l (f P e raE L Xy

Af+ X

When the firm manager maximizes the linear combination aP(z, f )+ (1
a)V(z, f ) for all « 2 [0, 1), the first term has the opposite sign as the informa-
tion aggregation wedge: it is positive 8 z < u, negative for 8 z > u, and strictly
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decreasing in z (and it is zero 8z if & = 1). The second term is always negative,
and strictly decreasing 8 z < . It follows that there always exist 2! < u such
that OP(z, )/0f < 082" 2z which proves part (i) of the lemma.

Part (ii) addresses the effect of the cost signal on the expected dividend:

V) 7 oaiaE AL i) )
frX

F(z) B 5 r
A [ ¢ P Pae 1 x4

Af + X

The first term is zero for a = 0; i.e., the firm investment threshold is the
posterior of § conditional on the price. For o 2 (0, 1] however, the first term
is negative and strictly increasing in z < u, and positive for z > p. The whole
expression can therefore be positive, zero or negative for z > u, depending on
specific parameter values. We can therefore only ensure 0V (z, )/0f < 0 for
each z > p when the sufficient condition E(6jz) > F(z) holds, which is true for
all arbitrary, strictly increasing investment rules F(z) ]

Proof of Lemma 4. Taking the partial w.r.t. 2z in the price functions
PC fo;x0) and PC, f1:x1) and subtracting leads to

E(fjz = . .
P'(, foixo0) Po(afl;Xl):W(G(ijo;XO) G(Fijfi;x1))

+E(2) (Bfjz=22) F(2)) (9(Fifoixo)  9(Fifiix):

Since we have assumed equal posterior means; E(Fjfy;xo0) = E(Fjfi;x1) 1%,
the normal distribution implies the first term is zero at z = F L(u%), while the
second term has the same sign as E(fjz = z,2z) F(z), since F'(z) > 0 and
9(Fifo; x0) > g(Fjfi;x1) for xo > x1. By continuity of the normal density, it
follows that there exist an open neighborhood z 2 (F (y) €, F (u}) +e)
such that whenever E(0jz = z,2) > F(z), P(, fy;xo) P'(,fi;x1) > 0. A
similar calculation for the difference in slopes of the expected dividend finds
that the sufficient condition in this case is E(0jz) > F(z), which completes the
proof. m

Proof of Proposition 6. It is immediate from Proposition 2, since it is a
special case of the general model of section 3. The particular condition for price

invertibility follows from the discussion in the text. m

Appendix B: The model without exogenous div-
idends

need to revise
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In this appendix, we discuss the model without exogenous dividends: p = 0.
In this case, market prices aggregate information about only the endogenous
investment component, while other exogenous dividends are already known to
the market, and thus fully reflected in prices. As a result, there is also a feedback
in the informativeness of prices: when the firm doesn’t invest with probability
1, private signals are uninformative of dividends, and hence so is the price. This
feedback can lead to multiple equilibria.

More specifically, two different possibilities arise, depending on whether
F(P) For F(P) > F, ie. whether there is a positive probability of in-
vestment, and fundamentals are partitioned into two sets, one for which the
investment probability is zero, and one for which it is positive. If F (P) F,
the firm does not invest, regardless of F', and the expected dividends are zero,
regardless of private signals. Therefore, the traders’ supply takes the form

0if P<O
s(zi,P)=«¢ [0,1] if P=0
1P>0

That is, all traders are just indifferent between holding the asset or not, when
P = 0. Since ®(u) 2 (0,1), we never observe a price on the equilibrium path for
which either all traders sell or don’t sell their share. This implies that P = 0
clears the market provided that F (0) F, whereas any price P & 0 is ruled
out as a market-clearing price with F (P) F.

If instead F (P) > F, there is a positive probability of investment, which
makes the dividends uncertain, and the private signals informative. In this case,
the same analysis as in Proposition 2 applies, with p = 0. A trader with private
signal = keeps the share, whenever &(P), where &(P) is implicitly defined
by

P:G(F(P))/Qd@(\/m(ﬁ A“”’MM)”E(P))) /:(P)fdG(f%

A+ B4+ 56

and the market clears, if #(P) = 2. Now, given an investment threshold function
F (z) = F (P (z)), we have the following equilibrium characterization:

Proposition 7 Define P (Z)

. F() .
P2y = [ ena+t 1z we(FE).
A+ Bz
where Z = B

If P(Z) characterizes an equilibrium, then: (i) P(Z) 2 {O,P(Z)} for all

Z, and P (Z) & 0 only if F (Z) > F, whereas P(Z) =0 only if F (Z) F, and
(i) P(Z) is invertible over S, where S =fZ 2R : P (Z) & 0g.
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Proof. The characterization of P (Z) follows from the same arguments as
above, and the supplementary conditions then take into account that P must
be invertible when it’s different from 0, and P (Z) = 0 must occur only if the
firm doesn’t invest, with probability 1. m

Next, we characterize firm’s optimal behavior. As before, we define the
manger’s objective as a weighted average of dividend value and price (with
weights 1  « and «, respectively, and find that, as before, that conditional on
Z, the investment threshold is

F(Z)=p+k(Z p),
and the resulting maximized objective is

+k(Zz )

(1 a)V(Z)+aP(Z):/ G (f)df.

F

This function is strictly positive whenever p+k(Z p) > F, and 0 otherwise.
The resulting price function P (Z) on the other hand is

1k(z )
P<Z>=/F G+ K(Z w(GCutkZ w).

In addition, when P (Z) = 0, it must be optimal for the firm not to in-
vest, which requires that E(u+k(Z p)jZ 2R\S) F. Summarizing, the
equilibrium imposes the following requirements on the set S, for which the firm
invests with positive probability:

Proposition 8 Any equilibrium is characterized by a price function P (Z) 2
{O,P(Z)}, and a set S R, such that

B 0if Z2R\S
P(Z){ P(Z)ifZ2S
firm’s investment threshold satisfies

- F if Z 2 RS
F(Z):{ p+k(Z p) ifZ2S

The set S satisfies the following necessary and sufficient conditions for equi-
librium: (i) P(Z) for Z 2'S, (it) E(u+k(Z p)jZ2R\S) F, and (iii)
Z2R~S if u+k(Z pn) F.

Proof. If P(Z) is an equilibrium price function, P (Z) 2 {O,IB(Z)} for all

Z, where P (Z) is defined as above. P (Z) must be invertible over the range in
which P (z) & 0, i.e. the set S for which P (z) = P(Z). When P = 0, the firm
must find it optimal not to invest, requiring E(p+ k(Z p)jZ 2 R~\S) F.
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And finally, whenever u + k(Z p) F, the firm would find it optimal not
to invest, if it knows Z, requiring P(Z) = 0, so that necessarily z 2 R\S.
Moreover, by construction, for any set S =fZ 2 R: P(Z)b 6 0g that satisfy
these conditions, the corresponding price function and threshold functions for
traders and the firm constitute an equilibrium. m

Thus, without exogenous dividends, the realizations of Z are divided into
two sets S, and R\S, such that when z 2 R\S, the price is zero and the firm
does not invest, and when Z 2 S, the firm invests with positive probability,
the price differs from zero, and aggregates private information. To satisfy the
equilibrium conditions, P (Z) must be invertible over the range with positive
probability of investment S, and the firm does not find it optimal to invest, when
Z 2 R\S. Moreover, when pu+k(Z p) F, the information the market price
conveys is so negative that the firm would find it optimal not to invest. In these
cases it is also necessary that z 2 R\S.

We next examine what these restrictions imply for the equilibrium set. Tak-
ing derivatives, we have

PUZ) =G (n+k(Z )+ Kk(Z wgu+k(Z ).

Thus, when . p, P (Z)>0forall u+k (Z u) F,so P (Z) is invertible
over its entire range, and therefore any subset S of fu+ &k (Z pu) Fg. More-
over, forany S fZ:u+k(Z p) Fo, E(u+k(Z wijz2S) F p,
and therefore E (p+k(Z p)jZ2R\S) p  F, implying that whenever
P = 0 is observed, it is indeed optimal not to invest, regardless of F. Thus,
when F' p, the additional requirements are automatically satisfied, and impose
no additional restrictions: any set S that includes¥Z : p+k(Z p) Fgchar-
acterizes an equilibrium. Notice that this includes a ‘least informative’ equilib-
rium, in which S =&, corresponding to an equilibrium in which the firm never in-
vests, and a ‘most informative’ equilibrium, in which S =fZ : p+k(Z p) Fg,
and whenever u+k(Z p) F, the equilibrium price is positive, and there is
a positive chance of investment. The condition that F©  u says that the prior
mean is sufficiently pessimistic so that the firm would not want to invest if it
didn’t receive any further information about the profitability of the investment.

When instead F < p, the additional restrictions have some bite: there now
exists Z < p at which P (Z) reaches a minimum; for Z, such that u+k (Z p) 2
(F,u+k(Z ), P"(Z) <0, whilefor Z > Z, P'(Z) > 0.1 In addition, there
exists Z < L such that E(u+k(Z n)jz Z)=F

Thus both the equilibrium with P (Z) = P (Z) whenever u+k(Z pu) > F,
and the equilibrium in which P(Z) = 0 for all Z fail to exist; the former
because the resulting price function is not invertible, and the latter because the
firm would want to invest with positive probability if it obtained no additional
information. The invertibility requirement then implies that S must include
some of the domain of Z over which P (Z) is not invertible, so as to restore

9To avoid some technicalities, we assume that G (F) /g (F) is non-decreasing and that
v > k. When v =k, p+ k(Z — ) = F, and non-invertibility is not an issue.
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invertibility over R\S. For example, this is satisfied by any set S =fZ 2%,
for any Z'  Z. In addition, we need that conditional on P (Z ) =0, it is optimal
not to invest. For any set S =FZ  Z°g, this optimality condition is satisfied
whenever Z° Z, and if Z < Z, we have thus constructed a continuum of
monotone equilibria for any set S =fZ  Zg, for Z° 2 [Z, Z]. As Z becomes
larger, or Z smaller, these additional requirements on S become more and more

restrictive, until the point where Z = Z (at which point there is a unique
threshold equilibrium). When instead Z  Z, the requirements of invertibility
at P & 0 and no investment at P = 0 become so restrictive that they are
mutually contradictory, and hence an equilibrium fails to exist.

Depending on parameters, any of these three scenarios is possible: Non-
existence occurs whenever the distribution of F' is unbounded below and has
sufficiently thin tails, or F is finite, but very low. The intermediate case in
which F < Z < Z < A occurs when F is sufficiently high, but lower than .
These statements are summarized in the following proposition:

Proposition 9 (Equilibrium existence and multiplicity) Define
Z = inf{Z:u—i—k:(Z 1) E:ﬁ°(z°)>0forauz°>z}
and Z = suwp{Z:p+k(Z p) F:E(u+k(Z niz Z) F}.

(i) if . p, then pu+k(Z p) =F, and Z = +1, and any selection
P(Z)2 {O, P (Z)} characterizes an equilibrium.

(i) if F < p, and Z  Z, then for any Z° 2 [Z, Z], there exists an equilib-
rium, in which P(Z) = 0 if and only if Z AR

(t5i) if Z > Z, an equilibrium does not exist.

Proof. (i) and (i¢) are proved in the text.

(#91) If Z > Z, we show that the two equilibrium conditions on S are mutually
contradictory, i.e. E(u+k(Z p)jZ2R\S)>E(u+k(Z piz Z2)=
F for any S, such that ~]5 (z) is invertible over S. To show this consider an
arbitrary S, such that P (z) is invertible over S. Let S =(R\S)\{Z > Z}
and S = S\ {Z Z}, and notice that

E(u+k(Z wiZ2RS)=E(u+k(Z wiz 2)

+/§(u+k(Z W Eu+k(Z iz 2)e(2)dz
/S(u+k(z w E(p+k(Z wiz Z))¢(2)dz,

where we use ¥ () to denote the prior distribution of Z, which is normal with
mean g (and v () the corresponding density).

Now, for each Z 2 S, there exists Z°(Z) 2 S such that P (Z) = P (2°(Z2)).
Moreover, p > Z°(Z) > Z, so, ¢ (Z) < ¢ (Z"(Z)) and

p+k(Z p) E(u+k(Z wiZz Z)<p+k(Z2°(2) w),
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where the first inequality uses the fact that u+k(Z p) Ffor Z2 S, and
the second the fact that Z°(Z) > Z. But then,

(w+k(Z p) Ep+k(Z wiZz 2))¢(2)
< (u+k(Z(2) ) Ep+k(Z wpiz 2)e(2(2),

Lk 0 Bz Wiz 2)e@)az
<téw+kw%m W OEu+k(Z Wiz 2)v(2(2)dZ

téw+kw W E(p+k(Z Wiz 2)v(2)dZ
which impliesE (u+ &k (Z p)jZ2R\S)>E(u+k(Z p)iZ Z)=F m
The model without exogenous dividend thus admits a rich set of possible
equilibrium outcomes, including the potential for multiplicity, indeterminacy
and non-existence. Multiplicity and indeterminacy are a consequence of the
feedback on the signals’ informativeness: when the firm is certain not to invest,
private signals are worthless and traders are indifferent at a price of P = 0.
Since P = 0 is then at most partially revealing of Z, it is possible to sustain

(almost) arbitrary selections from the correspondence § 0, P (Z )} as equilibrium

prices.

Assuming that the exogenous dividend = (6), with 7°(6) strictly positive
introduces an exogenous motive for information aggregation and hence trading
based on private signals. This breaks the feedback cycle that is responsible for
multiplicity and indeterminacy in our benchmark model.

Non-existence on the other hand is linked to the non-invertibility of the
price function, and hence the non-monotonicity of ]5( ). In our benchmark
model, this non-invertibility occurs with unbounded support of F', and a thin-
tail assumption on the distribution G (). By removing the possibility of no
information aggregation and no investment at a price of 0 from the set of possible
market-clearing outcomes, the exogenous dividend 7 (6) makes non-invertibility
even more of an issue, unless 7° (f) is bounded sufficiently far away from zero
so that the resulting price function is guaranteed to be monotone.

Appendix C: The model with private manager’s
signal about 6

We have defined (y, z)-contingent manager’s (Z) and marginal trader’s (Z2)
beliefs by

A+ Ky + Bz 5 A+ kY + B(140)z

2W2) Serse 0 W e tBaT0)
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The price and expected dividend for an investment threshold F (Z) are:

E
V() = /y (07 + / (Z  F)dG (F))d®(yj-) /y oy, 2)d®(yz)

F
Pz) = /y 0Z+ [ (2 F)GE)SG = =) /y Py, 2)dd(yiz = 2, 2)

The manager’s pointwise maximization of the objective v +a w leads to the
foc. F=(1 «a)Z+aZ. In what follows we redefine the state variable by F,
as computing the distribution of F will then allow to analyze the unconditional
price, dividend and information aggregation wedge. With some algebra we can
derive the following relations:

B A+ 6(1+96) -
Z z = )\+/€+(1 Oé)ﬂ-i-ﬁ(s(F Z)a
N B A+ K+ B -
Z 2z = AR+l a)B—i—B(S(F 2),

which we can use to rewrite v(y, z) and p(y, z) in terms of F and z;

v(F,z) = pZ+/FFG(F)dF+G(F)(Z z F+2z)

Atk B(L+4) _

= NRrd wprpes Y
F B CVB N
+/F GE)AF GE g wrrm P
S iy .
p(F,2) = p<)\+n+(1 a)5+ﬂ6(z F)+2)
- - (1 B -
+/F GF)AF+ G F)y g™ B

Now we can integrate over z to write
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. A+ 6(1+9)

V) = el s EER P+ EGIP)

op (E(iF) F),

Atrt(l B+ 5o

F ~
+ /F G(F)dF G(F)

- A+ K+ 8o
P(F) = p()\+n+(1 a)B + 36

(E(zF)  F)+E(zF))

Th

(I o)
Atrt(l BB

([E(zjF) F).

+/ G (F)dF + G(F)

so we just need to to compute E(z]ﬁ) F and the variance of F. To do so, note
that we can write

Fop=wly 0+rE 0)+v (@ pn

where
wo o= (1 « r + r ,
A+ K+ po A k+B(1+0)
o= (1 a B4 ta B+ B6 ’
A+ K+ (5 A+ k+p(01+9)
o= (1 a K+ B0 K+ B(1+0)

A+ K+ Bo aA+n+5(1+6)'

Using the joint normal distribution between F' g and Z  p, we can write
(using Bayes rule)

) 1)

where 02 = ~2/k 4+ v2/(88) + v2/X. We can now write the wedge W (F) as
F y z

W) PE) V) = G+ ) i

which yields an unconditional wedge of

~ . (72/(B8) +~ /A o2)B
E(W):/ﬁ(W(F))d‘I)(F):[Jg Crri( B8

] Cov(G(F),F) > 0.
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