RECIPROCAL CONTRACTING

MICHAEL PETERS

ABSTRACT. We describe a set of mechanisms we refer to as reciprocal mech-
anisms. These play the same role as direct mechanisms in single mechanism
designer problems in that they provide a ’canonical’, though abstract, way of
representing equilibrium outcomes. We use them to show that the set of out-
come functions supportable as Perfect Bayesian equilibrium in regular compet-
ing mechanism games is equivalent to the set of outcome functions supportable
as Perfect Bayesian equilibria in a reciprocal contracting game. We provide
a full characterization of this set of outcome functions. This characterization
makes it possible to by pass game theoretic complexities in order to under-
stand the impact of competition in competing mechanism games using a set
of inequalities.

1 INTRODUCTION

In  any interesting environ ents co petition between™§ r s invo'ves uch

ore than si p'e price co petition Se”ers at eBay attract buyers by a” owing
the to bid in auctions or to purchase at &4 xed buy it now) price or to choose
between so e co bination of the two Principa’s in a co  on agency vie for an
agents” attention with non-"inear pricing contracts the ber§ ts of which depend on
exact’y what »inds of non-'inearities exist in the contracts oigred by other princi-
pa’s Groups of bidders in procure ent auctions co'ude in an egort to co pete
both with other bidders and with the auctioneer

One co p'ication in dea’ing with these #ind of co petitive environ ents co es
fro the fact the ain too nor a’y used to thin about contracts - the reve ation
princip’e - doesn’t worr in co petitive environ ents %ﬂat it eans not to worr’
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conditions a deviation by one princip’e can so eti es be et by a punish ent
that is eted out by the co  on agent

This #ind of ‘ogic is co pounded in a = u'tip'e agency for exa p'e Ya ashita
207@)) in which a principa’ can asr his agents direct’y whether or not one of his
co petitors has deviated fro so e putative equi'ibriu , then co it hi se'f to
punish such a deviation If there are enough agents each of the agents wi'” report
a deviation truthfu”y si p’y because he expects the other agents to

The upshot is that co peting contract environ ents shou’d nor a’y be ex-
pected to support u'tip'e equi'ibriu  un’ess there are severe constraints on the
contracts that p’ayers are a”owed to ager

This ‘eads to a second co p'ication since the ru’es by which p’ayers interact in a
co peting contract environ ent are often obscured because the co” usive outco es
they support are i“ega’ For exa p'e a bidding ring in an auction supports its
co 'usive behavior by agreeing in secret to so e #ind of punish ent Inte”ectua’
property ‘obbyists negotiate ‘aws enforcing restrictive trade practices with po’iti-
cians private'y for uch the sa e reason If no one can see exact'y what they are
doing it is hard to » now what shou'd be ade i“ega’ This ares it even harder
to understand what equi'ibriu  outco es ‘oor ‘ir¢ since we do not even »now the
ru'es of the ga e by which these contracts and outco es are deter ined

The objective of this paper is to provide a way around these two obstac’es
provide a set of echanis s ca“ed reciproca’ echanis s and a ga ¢ which i¥
referred to as the reciproca’ contracting ga ¢ in which p’ayers co pete by choos-
ing these reciproca’ echanis s provide a fu”’ characterization of the set of
outco e functions that can be supported as wear perfect Bayesian equi’ibria in
this re'ative'y) si p'e co peting echanis ga e iﬁthen show that the set of
outco e functions supportab’e as equi’ibriu  in so e Yegular? co peting echa-
nis ga e is equiva’ent to the set of outco e functions supportab’e in reciproca’
contracting ga es

The advantage of this theore is two fp'd First, if we are interested in ques-
tions “ire whether co petition wi” supportiq ciency then we can address this by
studying the i pact of co petition on the ilnequa’ities that characterize equi'ib-
riu rather than reasoning through co p'ex ga e theoretic issues If nothing e’se
conc usions about the i pact of co petition wi” then be robust to the way that
co petition is ode’ed

Second for prob’e s ‘ire co usion and corruption in which the extensive for of
the contracting ga e is un'ire’y to be understood we can sti” use the inequa’ities
to characterize the equi’ibriu  outco es that wou'd be ost ‘east) desirab’e fro
socia’ point of view, then study the behaviora’ properties of these outco es

Fina"y because our approach can be used to characterize equi‘ibria in a’ co -
peting echanis ga es it wi' a’so characterize equi’ibriu  outco es when p’ay-
ers abi'ity to co it is restricted For exa p'¢ in a co on agency the agent
can co it to trade with a particu'ar se’er for exa p'e) but can't are this
co it ent contingent on any essages at a° Fro our ain theore , the set of
outco e functions supportab’e under there restrictions ust be contained in the set
characterized here For so e of these restrictiong the approach here ares it easy

2A regular competing mechanism game is a game in which the introduction of contracts does
not exogenously eliminate actions that are available as primitives to players.
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to see what adgjtiona’ constraints are needed to understand the new set of equi-
"ibriu brié y discuss these additiona’ restrictions for prob’e s where so e
payers cant co it at a” Indeed if no p’ayers can co it it is easy enough to
show that the set of outco es supported by our characterization is si p’'y the set

of co  unications equi ibriu Forges * 6))
%begin by discussing an exa p'e that i ustrates the approach then
provitled the ain theore sin the paper Hefore we return to discuss the re’atibnship

with other papers in the ‘iterature

2 EXAMPLE

Since ode’ing co usion is one prob’e for which the approach is ‘ire’y to be
usefu’, we consider a si p’e exa p'e in which buyers and se”ers bid in a doub’e
auction At this point we are si p’y interested in whether se”ers can use reciproca’
contracts to enforce what for the is a cousive outco e

In this story there are two se”ers and two buyers ie four p'ayers in a”*) Each
se’’er has a sing’e unit of output to which he or she assigns a va'ue of @ Each buyer
has a private va uation either v; or vy, ranred the obvious way with 0 < v; < v
Payag s to the se er are equa to the oney he receives whi'e payae s to each buyer
are equa to their private va'uation when they succeed in trading ‘ess the oney
they pay %lassu e that va'uations are corre’ated o are ‘ife si p'e suppose
that both valiations are the sa e with probabi'ity ¢ > § and that they are equa’y
‘ire’y to both be) v, or v; in that case

In the doub’e auction that guides the interaction between the , payers sub it
bids The two avai'ab’e goods are awarded to the two highest bidders at a price
equa’ to the third highest bid with the proviso that if there are ore than two
highest bidders then the good is awarded to buyers whenever possib’e and ran-
do 'y otherwise There is a continuu of ex postie:1 cient) Bayesian equi’ibriu
outco es for this ga e in which a” bidders bid ¢ € 0,v;) independent of type The
best that se ers can do in any of these equi'ibriu  outco es is a payag. of vy in
which case high va'ue buyers earn vy — v; and ‘ow va'uation buyers earn nothing
In a” of these equi'ibriu  outco es trade occurs for sure

i are interested in whether there is so , e »ind of co”usive outco e in which
se”er$ do better than they do in any of theseis; cient equi’ibria at akres this
a conceptua’y cha’’enging prob’e is the fact that it is hard to »tbw how se”ers
wol'd negotiate such an agree ent and how they wou'd enforcg it

%atever this co“usive echanis ig it ustu'ti ate'y be iﬁq cient The se”-
ers “ust restrict their supp’y so ehow in order to extract so e of the high va'ue
buyer’s infor ation rent atever agree ent the se”ers reach wi” u'ti ate’y de-
ter ine a trading price in thé‘auction for the three diigrent infor ationa outco es
- both high va'ug both ‘ow va'ue diigrent Va’ugs The argu ent we are trying
to ake is that in order to understand what se”ers cou’d da we don’t need to

ode’ the co”usion direct’y Instead the best they can do can be understood by
axi izing payog subject to a set of inequa’ities

%o i"ustrate suppose the three prices are pnp py and pn; The se”ers have to

*§ nd a way to share the trading responsibi’ity and to are the trading outco es
incentive co patib’e Thesche ewei p'e ent wi” have one of the se”ers sub it
a high bid which wi” resu’t in a trade on’y if both buyers have high va'ue The
other se”er wi” sub it a ‘ower bid that wi” guarantee hi a trade and deter ine
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each other type reports and corre’ating essages in the second round Oitthe equi-
‘ibriu  path there is a’so a third round in which p’ayers p'ay a cheap ta's ga e
This third round is trivia’ in the exa p’e so we defer a ore co p’ete discussion
The corre’ating  essages are nu  bers between @ and * The pub’ic co it ents
are essages taren fro a easurab e set which is to be described Each essage
is tied to a very spefi c co it ent which depends on the pub‘ic essages and
the essages that each p’ayer private’y sees at the end of the second stage
The actions A; for each p’ayer are bids ¢; in so e set o reep a bound on
notation, we assu e this set is an interva, though in the ain body of the paper it is
assu ed that actions are taren fro A9 niteset The essages used by p ayers in the
*§ rst round are proposa’s about how each p'ayer shou'd p'ay and what each p’ayer
shou’d do in case there is a disagree ent The ru’es of the reciproca’ contracting
ga e tie each proposa’ to a very speffc co it ent For a’y proposa’s are
“ists of direct echanis s %o describe thesg we describe echanis s that payers
ight use toi p'e ent the co usive outco e above
Second stage reports are a” private The reason for private co  unication is
that we ight not want a defecting buyer or se”’er to »now what these type reports
are However it isi portant in this story that p'ayers are co it ents based
on essages they send It is funda enta’ to echanis design that essages be
veMi ab’e so that co it ents can be based on the This idea is at the heart
of inscrutabi'ity Myerson * 3)) which a”ows an infor ed principa’ to hide his
type infor ation by aring co it ents based on a type report that he sends
after agents have agreed to @garticipate in his echanis  One dig erence between
the co peting echanis s fra ewors and the usua’ one is that after the principa’
sends this essage about his type his agents ay use his essage as part of their
own echanis s are going to adopt the si p’e assu ption that the principa’
can and does co  il'hi se'f to send the sa e essage to a” of his agents
Let D; be the set of easurab’e appings fro “4tup’es of corre’ating  essages
j#i} be
a ‘ist of “ direct echanis s for p'ayer ¢ with the interpretation that d; is the
echanis ¢ wi~ use when there is an agree ent whi'e p; is the echanis that ¢
wi” use when payer j refuses to participate in the agree ent Let § = {d;},_; 4,
with A the set of a’ 0 The set A represents the set of proposa’s about how the
doub e auction shou'd be p’ayed
Each proposa’ that the p'ayer ares in thé§ rst stage co  its the p’ayer to a
particu’ar action that depends on the proposa’s of the other p'ayers Spelfi ca’y if
{5"}1.:17__"4 is a co”"ection of proposa’s then the co it ent associated with these

in [@,7 and pairs of type reports into the set of bids Let ¢; = {di, {p;}

proposa’s for p'ayer i is assu ed to be

N (8,82, 8%, 6%) =

d; Sl=02=03=64
D 61 4§15t = 5TV #
a; € A; otherwise
In words this says that if p'ayer i ares a proposa’ 6° and the other three proposa’s

agree with his then i is co  itted to carry out his part of the proposa’ If2 of the
others” proposa’s agree with his but there is a sing’e p’ayer who disagrees then i
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is co  itted to carry out his punish ent against that p'ayer In a’ other cases i
issi py a’ owed to choose whatever action he ‘ires in the third stage

can now exp ain the echanis s that support the co”usive outco e de-
scribdd above Let @ = {x1, T2, x3,z4}be the vector of corre’ating essages For
exa pe for se’er % the corre’ating essage x1 is the essage that he sends to
each of the other p'ayers As entioned above we assu e his echanis co  its
hi tosendthesa e essage to each of the other p'ayers The essage x5 is what
he receives fro  se“er2 D nevy z) =Y, 21] ie, the fractiona’ part of the su
of the corre’ating essages For se”er , &% ne the direct echanis

di v,z) =

* 1
ph Y T) >3
A I %

whi'e for se”’er 2 the echanis

d5 v,x) =
P vV ZT)>3
vy ) >4

For buyers &% ne direct echanis s

d; v,x) =

Dy Vi =g
(Y Vi = U
For punish ents & ne the echanis

o v.a) = vy

when the deviating p'ayer j is a buyer and p* v,z) = @ when the deviating p ayer
is a se’’er

Our c’ai is that there is a perfect Bayesian equiibriu  for the reciproca’ con-
tracting ga e in which each p'ayer ares the proposa’

2 1) {dTaP:aPZ,PZ), d;f)zapzypz)a d§vﬂ§vﬂ§vﬂ§)v dzvp:’p:va)}'

The outco e function supported by this equi‘ibriu is the co usive outco e de-
scribed above

Yo see why notice that if each p'ayer akres this announce ent at th&§ rst stage
then each of the is co itted to use the echanis d} to deter ine thei§ na’
bid Suppose that each of the p'ayers is expected to choose his or her corre ating

essage unifor ‘y fro the interva’ [0,%, and that buyers are expected to report
their types to each echanis truthfu”y Since a” p’ayers co it the se'ves to
send the sa e corre’ating essage to each of the other p’ayers each of the p ayers
observes the sa e va'ue 7 x) - just as if it were a pub’ic signa’ If the corre ating

essages are a unifor , v z) wi’ be unifor =~ This device wi'~ ensure that ha'f
the ti e seer ? sets a ‘ow price v; and trades no  atter what the buyer va'uations
whi'e se”er 2 sets a high price pj and trades on'y if both buyers va'ues are high
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The transfor ation 7 has the property that if each of the p’ayers chooses his
corre’ating  essage unifor 'y then vy (mz 12 :cj) is unifor 'y distributed in-

dependent on z; 3 So it is sequentia’y rationa’ to choose a corre’ating essage
using a unifor distribution

Buyers need to carry out their part of the bargain which co  its the to bid
p;, when they have high types and v; when their types are ‘ow The consequence is
that there are three bids at p; when both buyers have high va'ues and both se”ers
trade at that price If one of the buyers has a ‘ow va'ueg then the se”er who bids v;
trades with the high va'ue bidders at price v; Finay when both buyers have ‘ow
va'ues the se”er who bid v; trades at that price

Notice that this is not part of an equi’ibriu  in the bidding ga e - buyers are
co itted to bid p; despite the fact that they rea’ize they cou'd ‘ower the trading
price by bidding ‘ess Their contracts co pe the to are this bid %o to checr
sequentia’ rationa’ity it is on’y necessary to checr that a high type bidder wou'd
rather bid p; than to bid v; By & nition p;, is the highest price that has this
property so incentive co patibi’ity is bui't in by design

The consequence of deviating and announcing so e other proposa’ in thé§ rst
stage is to co it the others to a punish ent that akes it i possib’'e to earn
surp us in the doub’e auction If a buyer deviates the others a’” bid v;, If a se”er
deviates the others a” bid @

The upshot is that each p’ayer is better 0g..proposing 2 1) than they are  aring
so e proposa because doing so resu'ts in the other p ayers punishing the uch
in the anner of a repeated ga e The appea’ of this extensive for is two fo'd -

MG rst it  ares the co peting echanis ‘ogic trivia’ This ought to are it uch
easier to understand how various contracting restrictions wor because the ga e
theoretic “ogic is ini a It i"ustrates the set of of outco e functions that can
be supported in so e co peting echanis ga e However osti portant the
set of outco e functions that can be supported coincides exact’y with the set of
outco e functions that can be supported in so e co peting echanis ga e %
turn to the argu ent for the genera’ case '

3 INCOMPLETE INFORMATION GAMES AND MECHANISM DESIGN

The basic approach in what fo”ows is to add the contracting ga e on top of a
basic ga e ofinco p'ete infor ation In this basic ga ¢ there are n p'ayers Each
p ayer has &9 nite action set A; and &9 nite type set T; In standard notation A
A_; represent cross product spaces representing a”’ p’ ayers actions and the actions
of a” the p'ayers other than i respective’y Si i'ar'y d§ne T = [[,T; and
T, = Hj# T; Types are joint'y distributed on T according to so e co  on
prior

Let ¢ be a ixture over the set of action prth ‘es A The notation Q is used to
represent the set of a”* such ixtures For any action pi*% ‘e ¢ we write g, to be the
probabi'ity of a under ¢ and ¢, = Y>,  da;.a_, use notation g4, to represent
the argina’ distribution over A; and g4_, to be the argina’ distribution over
A_; assu e that p'ayers have expected uti'ity preferences over ‘otteries Then
piayersf*references are given by u; - Q x T — R where u; is ‘inear in ¢ An outcome

3See (Peters and Troncoso-Valverde 2009), who develop the idea from (A.T Kalai and Samet
2010).
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function is a  apping w - T — @ So p’ayer i's pay%fro this outco e function
is E{uz w t) ,t) |ti}

One way to reso ve this ga e is to have a echanis designer co”ect infor a-
tion fro the p'ayers then te” each p’ayer what action to tare thiny of the

echanis designer as an enforcer here not just a coordinator - p'ayers have to
carry out the action the echanis designer te'’s the to whether they want to or
not

Obvious'y the echanis designer can on'y i p'e ent an outco e function w
if it is incentive compatible. Spelf ca’y for every i t; and t}

31) E{u; w t),t)|t;} >E{u; w tht ), t)|t}.

Incentive co patibi'ity as &% ned above is co p’ete’y standard so there is no
need to discuss it further On the other hand a p'ayer cannot be coerced into
participating in this echanis - he has to agree at the interi stage to be bound
by the echanis designer’s ex post reco  endation §1at akes this probe
so ewhat co p'ex is the fact that the payag to a p ayer wlo chooses not to partic-
ipate is not exogenous since he can sti” choose whatever action he wants In that
even; we a”ow the echanis designer toi p'e ent a punish ent that inc'udes
a reco  endation to the non-participating p ayer about which action he shou'd
tare atever this punish ent is the p’ayers shou'd sti” want to report their
types trdthfu”y whi'e the non-participating p’ayer shou'd want to carry out the
reco  endation of the echanis designer after updating his be'iefs conditiona’
on receiving the reco  endation)

Let p; - T — @ be an outco e function that is i p'e ented when p ayer i
chooses not to participate in the echanis thati p'e ents w s refer to this
outco e function as a punishment. The outco e function w is individually rational

if there is a co”ection of punish ents {p;} such that for every p’ayer 4

i=1,n

E{Uj w t) ,t) |ti} Z
E{u; pi t),t) [t} >

32) t?,X { f.‘XE{ui (ai,pAﬂ. t;,ti,i),t) |ti,di,tl}}E{pai f;,t,i) |tl}
% a’l K

and for each p’ayer other than 4 there is so e be'ief about distribution of p ayer
types such that
33) E{u; pi tj,t—5).) [t;} > E{u; (pi (t.1-5) 1) [t}

gnat fo"ows shows that an outco e function w is supportab’e as a wear perfect
Bayedian equi'ibriu  in some co peting echanis ga e if and on'y if there is a
co’'ection of punish ents and be'iefs such that 31} 32) and 3 3) ho'd There
are two parts to this First beginning with an outco e function that satf§ es
these constraints we need to construct a co peting echanis ga e which can
be used to support the outco e function as an equi'ibriu have a'ready
described this ga ¢ it is the reciproca’ contracting ga e described"above Notice
that the reciproca’ contracting ga e p’ays the ro’e of a ‘direct echanis ~in the
usua’ reve ation princip'e Genera’ co peting echanis ga es are ana ogous to
indirect echanis s
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Most of the work in the rest of the paper is devoted to exp aining exact’y how the
reciproca’ contracting ga e acco p'ishes this Zhis borrows a nu ber of ethods
that are probab’y unfa iiar so we brear the up a bit in the discussion that
fo'ows to exp ain heuristica”y how they wory ZThey are co bined in the proof of
the ain theore which appears in the appendix

The other part of the proof is to show why co peting echanis ga es have
enough structure to ensure that the constraints given above are a” satf§ ed in
equi'ibriu % defer this discussion unti’ “ater in the paper

\

31 Reciprocal Mechanisms. The reciproca’ contracting ga e i ics the c’as-
sicco peting auction ga e in which p'ayerssi u'taneous’y announceco it ents
to direct echanis § then report their types to each other However, the co  it-

ent phase of the ga e ay not fu”y deter ine the actions of the p’ayers In the
co peting auction ga ¢ for exa p'e buyers are sti” free to choose which se”er
to visit More i portant herg a deviating p'ayer ight de'iberate’y want to de’ay
his action choice To dea’ with this we add £9 na’ stage in which p’ayers whose
actions are not fu”y co  itted p'ay a cheap ta’s ga e which deter ines thé§ na’
outco e The basic ‘ogic is that p’ayers atte pt to co e to a reciproca’ agree ent
about how to p'ay the ga e The cheap ta’s ga e deter ines the outco e when
they cannot§ nd such an agree ent %o capture a”* this the reciproca’ contracting
ga e invo ves three parts - co it ents type reports and the cheap ta’s ga e

%o areco it ents the p'ayerssi u'taneous are proposa’s The proposa’
is taren fro a co on essage space A for each payer describe these
proposa’s and the co it ents that are attached to the o ‘entari'y though
they are si p'y a genera’'ization of the proposa’s described above

In the reporting part of the ga ¢ each payer 7 private’y sends a signa’ in the
set [T; x [0, to each of the other p'ayers Thé§ rst e'e ent of this signa’ is a type
report the second is a corre’ating essage used to support rando ization %
refer to this essage as a ‘type report, though the p’ayer reports ore than just
type In particu’ar for reasons that wi” be apparent o entari'y we focus in what
foows on situations in which the p’ayer chooses his corre’ating essage rando 'y
using a unifor distribution on [@,7 7o reep things conceptua’™y si p'g we say
that a p'ayer reports his type truthfu’'y" if he announces his true type and chooses
a corre’ ating essage unifor 'y

In the cheap ta’s ga ¢ p ayers te” each other what essages they heard in the
reporting stage then based on what they hear fro the others they reco  end
an action to any p ayer whose actions are not yet fu”y co  itted refer to the
reports about other p'ayers type reports in the reporting stage as recdllections. Of
course the advice that p’ayers give other p’ayers are just ca”’ed reco  endations
For a’y the essages avai'ab’e to p'ayer ¢ in the cheap ta's stage are taren fro
&9 nite set M; =T_; x A_; - just the product of his reco ections and his reco -

endations Once the cheap ta’>  essages have a” been sent any p’ayer whq has
not yet fu”y co  itted hi se'f chooses an action Since i sends a  essage in M; to
every other p’ayer in the cheap ta’s stage the action space for every unco  itted)
p'ayer in the cheap ta's ga eis A x [T} x [@,% "' x Mi"_i1 x A;

need'§ rst to A ne the proposa’s in A Dne T, = [T, x[0,F "' x

Hj 2 'T; < [0,* This is the set of type reports that p’ayer i observes at the
end of the reporting stage This is a”* the type reports 7 sent to other p'ayers as
we as a’ the type reports he received fro other p'ayers Let
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easurab’'e appings d; - T — A; % refer to each of these appings as a direct
mechanism. )

There are two dig erences between these echanis s and ore conventiona’ di-
rect echanis s First a funda enta” part of echanis design with infor ed
principa’s is Myerson’s inscrutabi’ity princip'e Myerson * 3)) in which a princi-
pa’ is a“owed to choose a echanis  fro a set spelf ed ?)eforehand) at thesa e
instant that his agents send their type reports This a” owsjthe principa’ to hide his
type fro agents at the point where they sub it their type reports to hi % are
going to give p ayers the sa e option here In the co peting echanis envlron-

ent, however payers ay want to hide the echanis they are using fro so e
other p’ayers S ‘et the do this for ay by a”owing the to condition their
actions on the edsages they send to other p’ayers In particu’ar if a direct echa-
nis co  its to an arbitrary action un’ess the essage the p'ayer sends to each of
the other p’ayer is the sa ¢ then we refer to the echanis as a homogeneous di-
rect echanis A direct echanis that co itstosend thesa e essage on'y
to so e subset of the other p'ayers wi'~ be referred to as a partia”’y ho ogeneous
direct echanis  Observe that co  itting to send the sa e essage to a group
of p’ayers is not the sa e thing as aring the essages pub’ic precise’y because
p'ayers can ‘i it the set of the opponents who see the sa e essage 4

The second sense in which these echanis diipr fro standard direct ech-
anis s is that they a” ow p’ayers to send one another ‘corre’ating essages” The
ro'e of such essages wa8§ rst pointed out by Pecr T 5 ) Apart fro the fact that
such essages can be used to support corre ation they wi” a’so  ake it possib’e to
i pe ent what are %Qctive’y rando echanis mf whi'e sti” writing echanis s
as appings fro essages into actions rather than ixtures over actions)

A punishment mechanism p{ for p'ayer i to use against p'ayer j is a partia’y
ho ogeneous direct echanis in which 4’s action is independent of p'ayer j's
type and in which ¢ co  its to an arbitrary action un’ess the signa’s he sends to
a’’ p ayers other than j coincide

can now describe the set of co it ent essages A a’ong with the co  it-

\ . .
ents associated with each of the  Let §; = {di7 {pﬁ} 4#} be a “ist consisting
JFe

of a ho ogeneous direct echanis aong with n — 7 punish ent echanis s for
p ayer i to use against each of the other p'ayers Heuristica™y thé§ rst echanis
in this “ist is a ‘cooperative’ echanis that p'ayer i wi' use when the other p’ayers
are cooperative The punish ent echanis s represents what ¢ wi”” do when each
of the other p'ayers uni’atera’’y refuses to cooperate The notation § = {41,...,0,}
represents a ‘ist of such ‘ists one for each of the n p'ayers A is the set of a” such
)

The function A; - A" — D, describes the co it ent associated with each array
of signa’s In what fo‘ows the functions d; and p; use second round signa’s as their
argu ents In that casg we can abuse notation s'ight’y and write the co it ents

4Myerson’s inscrutable mechanisms implicitly assumes that the principal ’sends’ the same
message about his type to every agent. What is different here is that agents can also make com-
mitments that are allowed to depend on this common message. It is possible to design mechanisms
that check that a principal has sent the same message about his type to each of the other players.
The way this is done is to have each of the players tell each other what messages they heard from
the other players, and to commit themselves to arbitrary actions unless these reports agree. The
details are in (Peters and Troncoso-Valverde 2009).
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associated with each array of§ rst round signa’s as

d; 30% - §; = 6"V
34 i 05,0-3) =< p! 36% 3G 6 ASNG A

a; € A; otherwise

In this notation pé and d; represent the corresponding e'e ents of §; and the
notation 3 eans there exists a unique”

By 3“) each array of reciproca’ echanis s announced by the p’ayers in the

A4 1st stage pub’ic’y co  its that p’ayer to either a ho ogeneous direct echanis |,

a partia”y ho ogeneous punish ent echanis , or a”ows the p’ayer to choose
whatever action he 'ires after “istening to cheap ta’s essages Iftheco it ents
a’ agree a’ the p'ayers can dq according to the'§ rst ‘ine of 3“4 is to send
type reports to the other p’ayers These reports fu”y deter ine a” the actions so
the cheap ta’ ga e at the end is irre’evant If there is a sing’e dissenting p ayer
second ‘ine on the right hand side of 3“4} that p'ayer si p'y ‘istens to the cheap
ta’s  essages then tares an action The non-dissenting p ayers send one another
type reports send their reco ections to each other then are reco  endations
to unco  itted p‘ayers In every other history p’ayers p'ay a cheap ta’s ga e in
the third and fourth rounds A wear Perfect Bayesian equi‘ibriu  of this Bayesian
ga e is & ned in the usua’ way

This for a'is now ares it possib’e to state the§ rst theore

Theorem 1. If there are four or more players and w is an outcome function sat-
isfying (3.1), (3.2) and (3.3), then there is a weak Perfect Bayesian equilibrium in
the reciprocal contracting game that supports w. Furthermore, along the equilibrium
path of this game, all players announce a common signal 0* in the first stage, report
their types truthfully, and choose a correlating message uniformly from the interval
[@,% in the second stage.

The fu” proof is contained in Section/” * Thei portant part and oreﬂv',j cu't)
part of this theore is the part that shows how to support outco e functions w that
satisfy the restrictions given by 3 %) 32) and 3 3) as equi'ibria The essentia’
‘ogic is straightforward - if a” the other p'ayers atch aco it ent d then a” of
the are ob’iged to carry it out If so e payer decides to deviatg then the others
i pe entapunish ent Theoutco e function w a’ong with the punish ents {p;}
and inequa’ities provided by the centra’ized echanis provide the basic bui'ding
b’ocks that are used to construct the strategies in the reciproca’ contracting ga e

There are two basic co p'ications Thé§ rst ste s fro the fact that the out-
co e function w t) invo'ves a joint rando ization possib’y invo'ving corre ation
over the actions of a” the p’'ayers whi'eanyco it entdbypayerion'yco its
hi toarando ization over his own actions 7This is where the corre’ ating essages
are used %adopt a ethod fro A% Ka'aiand Sa et20'0) and a s'ight gen-
era’ization ol'it in Peters and Troncoso- & verde 200 )) which converts the private
corre’ating  essages into so ething that worrs ‘ird a pub'ic rando izing device
that the p’ayers cannot anipu’ate Once we have &reated this device detai’'s are
in the proof) it is straightforward to construct the contracts thati p'e ent w and
its various punish ents p;

The second co p'ication ste s fro the fact that when the echanis designer
punishes a p’ayer who refuses to participate he ight need to send the p’ayer an
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infor ative reco  endation Since there is no centra’ized echanis designer in
the reciproca’ contracting ga ¢ we need t6*§ nd a way to induce the punishing
p ayers to send the right reco  endations on their own Zhese reco  endations
have to depend on the types of a” the p'ayers At the sa e ti ¢ there cannot
be any incentive for the p ayers who are co  unicating these reco  endations to

anipu’ate the % acco p'ish this by having the deviating ignore reco  en-
dations fro the othels un’ess they agree This is where the assu ption that there
are four or ore p'ayers is used The deviator wi'' hear at "east three reco  enda-
tions and wi” fo ow the provided at ‘east two of the agree At the point where
the punishing p ayers send their reco  endations they thins that) they »now
the types of a the other punishing p'ayers Zhe reason they don’t anipu’ate
their reco  endation is that they anticipate a very spef c type contingent rec-
o  endation fro the other punishing p’ayers and be'ieve their reco  endation
wi” be ignored if it doesn’t atch Then continuation p’ay supports an outco e in
which the punishing p’ayers send the sa e reco  endations because each of the
expects the others to send that reco  endation

The theore is stated here for wear Perfect Bayesian equi’ibriu It is possib’e
to odify the story in a fair'y straightforward was so that be’iefs ae_the equi’ibriu
path are consistent in the sense of sequentia’ equi’ibriu % restrict to arbitrary
o;path be'iefs here because the reciproca’ contracting ga Ve isn’'t*§ nite so we
are ab’e to avoid a sighf cant technica’ discussion about how to &% ne sequentia’
equi'ibriu  in continuous ga es®

32 Competing Mechanism Games. The reciproca’ contracting ga e is but
one exa pe of a ‘arge set of potentia’ ga es It has a nu ber of properties that
see unusua re ative to the standard ‘iterature on co  on agency and co pet-
ing auctions For exa p'e a” p’ayers are a”owed to co  unicate and to co it
In aco on agency for exa p'e principa’'s can't co  unicate with each other
and the agent has no co it ent abi’ity In a co peting auction ga e bidders
aren’t a” owed to send corre’ating essages In a prob’e with co”usion the grand

echanis designer is co peting with a group of co uding p’ayers who often go to
great pains to hide the ethod they are using to organize Papers ‘ire Ya ashita
201@) or Peters and Troncoso- & verde 200 ) show how the set of supportab’e out-
co es exp odes when p’ayers are a” owed tb co  unicate essages ore co pex
than their payog types Sequentia’ co J ents support diiprent outco es than
si u'taneous co it ents Pavan and Ca'zo ari,200 )

This vast array of ode’ing choices ares it isa cu't to co e to spelf ¢ con-
c’'usions about the i pact of co petition Zhis is Q'ne reason that characterizing
the set of outco es supportab’e as equi‘ibriu  is usefu’ since it is possib’e to side-
step the co p’icated ga e theoretic detai’'s Of coursg restricting p ayers™ abi'ity
to contract wi” i pose restrictions on what can be supported in equi'ibriu %
return to this issue be'ow At this point what we want to do is to show is thal®

5The only part of reciprocal contracts that isn’t finite is the correlating messages. However, if
mechanisms are Lebesque measurable functions of correlating messages, then the set of mechanisms
is actually fairly simple. The functions map into a finite set of actions. If the functions are required
to be Lebesque measurable, then they can all be characterized by a finite set of number in [0, 1]
where the functions jump from one action profile to another.
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whatever restrictions see s appropriate in a particu’ar app’ication the equi'ib-
riu outco e functions supported in the app’ication can a’so be supported with
reciproca’ contracts

The ain co p’ication in doing this is to try to describe in so e fair'y genera’
way what a ‘co peting echanis “ga eis 7Thisis hard because there are so any
diigrent ways to approach co peting echanis s Yhe best #»nown variants of
this co e fro the co peting auction “iterature for exa p'e Epstein and Peters
T ) Ya ashita20%@) or Peters and Troncoso- & verde 200 )) or the ‘iterature
dilco  on agency Pavan and Ca’zo ari 200%) or Marti rt and Sto'e 2002)
aiﬁ(;‘ Bernhei and inston * ¢)) in which echanis designers si u'taneous’y

er echanis s whleh ard co it ents based on a spetf ¢ group of p'ayers
ca’'ed agents However a usefu’ description shou'd a’so capture ode’s in which

echanis s are ae ered sequentia”y as in Pavan and Ca’zo’ari 20@ ) or private'y
asin Sega and &hinston 2003) 1

Rather than tryilig to deve op this tedious for a’is , we tare a s}‘ight;y dig erent
approach here interpret a co peting echanis ga e an extensive for ga e
of inco p'ete infor ation iinterpret the nodes of this ga e as opportunities
for p’ayers to send essages A path through the ga e is an ordered sequence of

essages So e of these essages convey co it ents so e type infor ation
whi'e so e are just cheap ta’ In order to interpret the essages we use an
outco e function A\ which assigns a pi¥% ‘e of actions to each path through the
ga e tree The pit ‘e of actions indirect’y deter ines each p'ayer’s payog .

The picture that fo ows shows the reciproca’ contracting version of a si p'e
prisoner’s di'e  a ga e with the cheap ta’s part eft out to areitsi p'er)

In this ga e p’ayers announce pub’ic essages representing co it ents over
two rounds In thé'§ rst round each p‘ayer can oger a contract that conditions
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direct’y on the other p’ayer’s contract This is the contract 6* in the picture The
a'ternative is a contract 6.4 that a”ows the p’ayer to defer his choice unti’ the
second round The outco e function ) is disp’ayed on the far right of the picture
Notice that if p'ayer * announces the essage #* in hid§ rst infor ation set then
the outco e function forces hi to use action ¢ in every history in which p’ayer 2
uses essage 0% and to use action d in every other history fo” owing that choice
So fro the outco e function A the interpretation of the essage 6* is that it is a
reciproca’ contract that co  its p’'ayer ? to use action c if p’ayer to sends signa’
0% and to use d otherwise

Any set of behaviora’ strategies specify a possib’'y rando path consisting of a
sequence of essages The outco e function A converts every sequence of essages
into a p¥% ‘e of actions for the p'ayers P'ayer i's payog. in the history in which
p ayers send the sequence of essages m is given by uw; A m),t) In the exten-
sive for  version of the reciproca’ contracting ga e pictured above the history of

essages {0*,0*,d,d} supports the prif ‘e of actions {c, c}

Let {04,b;},_, , be behaviora’ strategies and be'iefs for the p'ayers specifying

ixtures over éssages avai ab e to p ayers in each of their infor ation sets and
be'iefs about the history of p’ay prior to the infor ation set Let ¢ be an infor ation
set for p'ayer i The continuation ga e associated with ¢ is the extensive for ga e
of inco p'ete infor ation in which each p'ayer’s type is his payag  type fro the
origina’ ga e a’ong with his infor ation about the history of p’ay prior to + Be'iefs
for p'ayer ¢ in this continuation ga e are given by b; ¢) For every other p ayer j
the p'ayer’s type t; in the continuation ga e describes a ong other things) the

ost recent infor ation set ¢; in which he sent a  essage So p’ayer j's be'ief in the
continuation ga e are his be'iefs in the infor ation set ¢; Associated with each
history h € ¢ there is an outco e function that describes type contingent ixtures
over action prth ‘es when a”’ p’ayers use the confinuation strategies associated with
{oi,0_;} fro the infor ation set ¢ onward §sing i’s be'iefs in the infor ation
set 4 we write p t;,t_;|0;,0_;,¢) as the outco e function conditiona” on attaining
this infor ation set when p’ayers are using the continuation strategies associated
with O'i,O'_i)

Given an array of behaviora’ strategies {o;,0_;} a co” ection of infor ation sets
7 is attainable with probability m by p ayer 7 in the continuation ga e associated
with ¢ if there is a continuation strategy for ¢ at ¢ such that an infor ation set in
T is reached with probabi'ity at “east m given i's be'iefs b; ) and the continuation
strategies o_;

An infor ation set ¢ for p'ayer i has the no-commitment property if i) the
outco e function pa_, t;,t_;|ol,0_4,¢) is independent of ¢} and ii) for each a; €
A, there is a strategy o) such that pa, t;,t_;|o},0_;) assigns probabi'ity * to the
action a; In words a no-co it ent infor ation set is one in which 4 can carry
out any action he ‘ires without changing the behavior of the other p’ayers i
say that a payer ¢ is unco itted in infor ation set ¢ if he has a continuation'
strategy that attains an infor ation set having the no-co it ent property with
probabi‘ity *

Definition 2. A contracting ga e is said to be regular if for every pr% ‘e o of
strategies each p'ayer i has a strategyo, that attains so e no-co it ent infor-
ation set with probabi’ity * ©

6This definition is inspired by a similar assumption in (Peters and Szentes 2008).
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This restriction is i posed because we are interested in adding contracts that
enhance p ayers” strategy sets not in contracting ga es that i pose arbitrary re-
strictions on what p’ayers can do For exa p’e consider the co p’ete infor ation
ga e of atching pennies with payogs 1 and —*) 7This ga e has a unique Nash
equi'ibriu  in which both p ayers’ pay%is zerq which akres it pretty predictive
by ga e theoretic standards % a'ready #now we cou'd change the outco e of
this ga e by re oving actions &r changing ti ing want to »now whether
contracts that both p’ayers wou'd want to use ight chailge the set of equi’ibriu
outco es for the ga e

Suppose we specify the fo owing contracting ga e p'ayer 2 is a” owed to choose
one of two contracts Th#§ rst co  its hi to tai’s the second to heads % now
a‘ow payer } sti’ oving si u'taneous’y with p'ayer 2 to co it hi seTin a

anner that depends on the co it ent ade by p'ayer2 ” The on'y equi'ibriu
wou'd then have p'ayer + co  itting to atch or is atch) the co it ent of
p ayer 2 Payag s wou'd then be * for p'ayer * and @ for p ayer 2

In this exa p'¢ we wou'd say equi'ibriu  strategies are not regu’ar for p’ayer 2
If p'ayer ! is using his equi‘ibriu  strategy then there are no strategies avai'ab’e to
payer 2 that a”ow hi to change actions without si u'taneous’y changing p ayer
1's response The contracting ga e we bui'd on top of the atching pennies is
si py depriving p'ayer 2 of the abi'ity to se’ect his action si u'taneous’'y with
p ayer }

It is possib’e to use the ethods we describe be'ow to ana’yze irregu’ar ga es
For exa p'e inthe atching penniesexa p'e iftheasy  etric contract structure
see s the right one for so e reason then we cou'd ana’yze it by changing the orig-
ina’ ga e fro atching pennies to sequentia’ atching pennies 7he contracting
ga e wou'd then be regu ar with respect to this sequentia’ ga e

‘4 THE EQUIVALENCE OF COMPETING MECHANISMS AND RECIPROCAL
CONTRACTING

% can now state the ain theore
\

Theorem 3. Suppose the outcome function w can be supported as a weak Perfect
Bayesian equilibrium in a regular contracting game. Then there is a collection of
punishments {p;} such that (3.1), (3.2) and (3.3) hold.

i=1,...,n

Proof. Let w t) be the outco e function supported by so e equi‘ibriu  of a regu’ar
co peting echanis ga e in which strategies are o* It satf§ es 3 1) by the usua’
reve ation princip’e

The ga eisregu’as soihas abehaviora’ strategy o, that attains ano-co it ent
infor ation set with probabi'ity * ite

“n) p tlod) =E {p tlo*,0)[t, 0]}

In words p is the outco e function that prevai's when p'ayer i uses the behaviora’
strategy o) then reverts to o once a no-co it ent infor ation set is attained
The payog associated with o} is

Ef{u p tlo]),t) [t}

"This is how the meet the competition argument works.
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A p'ayer with type ¢; can 1 ic the behavior of a payer of type t; by adopting
the sa e ixture over feasib’e essages in each of his infor ation sets as the
type ¢, p ayer does in each of his corresponding infor ation sets Modifying the
behaviora’ strategy in this way provides a new behaviora’ strategy that attains a
no-co it ent infor ation set with probabi’ity ¥ The payag to p ayer a p ayer
of type t who does this is
E{u; p tht_)|o}), tit—i) |t}

Further ore once this new behaviora® strategy reaches a no-co it ent infor-

ation set, we can odify the strategy again by having the p’ayer with type t;
adopt his origina’ strategy o* fro that infor ation set on So if 7 has a behaviora’

strategy that attains a no-co it ent infor ation set with probabi’ity % then
there ust be a strategy such that

E{u; p tlo]) ) [t:;} =
ZE {ul (a/i)bA—i t‘o’;) ’t> |ti7ai}E{;ai t|0'2> |tl} >
A;

tieai)“i 4 ai/gf{i- E {uZ (a;,[)Afi tht_i)|or) ,t) [t;, a,-} E{pa, ti,t_i)|o})|t:}.

The equa’ity fo ows fro the "aw of iterated expectations and the fact that the
joint distribution of actions of the other p’ayers is independent of a; in every no-
co it ent infor ation set The inequa’ity fo ows fro the fact that o} attains
ano-co it ent infor ation set with probabi'ity * This vet§ es that the punish-

ent p -|ol) sath§ es 32)

The punish ent p -|o}) sat®§ es 3 3) for the p'ayers other than i because of
the fact that each such p’ayer is using behaviora’ strategy o* which is sequentia”y
rationa’ as part of a wear perfect Bayesian equi’ibriu [l

Co bining this theore with Theore * gives the foowing coro” ary:

Theorem 4. If an outcome function w is supportable as an equilibrium in a reqular
competing mechanism game with four or more players, then it is supportable as an
equilibrium in the reciprocal contracting game.

The basic “ogic of reciproca’ echanis sis quitesi pe-co peting echanis s
are co pex but u'ti ate'y it is possib’e to understand quite a bit about the
by using we” understood ‘ogic that ‘oors uch ‘ire the ‘ogic in repeated ga es
As with the ‘iterature on repeated ga es this eans that any things can be
supported as equi’ibriu  outco es It isi portant to understand that there are
two distinct reasons for u'tip’icity here As a’'ways any particu’ar co peting

echanis ga ecanhave anyequiibriu outco es Forexa p'e the reciproca’
contracting ga e we described above has a “arge nu ber of equi’ibriu  outco es

However there are a'so any diigrent ways to ode’ co peting echanis s
Each ode can have any equiibriu outco es The reciproca’ contracting ga e
described above can be used to understand a” these outco es This is ana’ogous
to the fact that there are any diiprent incentive co patib’
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properties that cou'd be used to identify cousion Further org the reciproca’
contracting ga e provides a convenient contracting ga e ana’ogous to a direct

echanis in the usua’ reve ation story) that can be used to thinr about strategic
issues

One exa p'e of a regu’ar contracting ga e is any cheap ta’ extension of the
basic Bayesian ga e described in Section 3 that does not a” ow p’ayers any addi-
tiona’ co it ent abi'ity In any such ga ¢ p'ayers are unco itted in every
infor ation set The set of outco e functions supportab’e as equi‘ibriu  in such a
ga e is just the set of co  unications equi’ibriu Forges ' ¢)) of the origina’
ga ¢ and can be described for a”y by setting p; = w for each p'ayer in 32) and
33) Any co  unications equi'ibriu outco e is supported/as an equi‘ibriu in
the reciproca’ contracting ga e in the obvious way since p; = w for each %)

CONSTRAINTS ON CONTRACTING

As we have entioned ost co peting echanis ode’s are very spelf c
assu ptions about what can and can’t be contracted on As we have shown the
outco e functions supportab’e as wear perfect Bayesian equi’'ibriu  in such ga e

ust be contained in the set of outco e functions supportab’e as equi'ibriu in a
reciproca’ contracting ga e This suggests that constraints on contracting can be
trans ated into constraints on the set of supportab’e outco es

7o put it another way no indirect contracting ga e can support a bigger set
of outco es than the reciproca’ contracting ga e un'ess it so ehow od¥ es the
strategic position of so e p ayer in the origina’ ga e In this sensg¢ the reciproca’
contracting ga e is ana ogous to a ‘co pete arretss ode wherg in the con-
tracting sensg everything is worring as it shou'd If it is possib’e to articu’ate
a constraint on contracting the natura’ approach is to i pose that constraint on
the reciproca’ contracting ga e in order to iso'ate its i pact fro other i p'icit
restrictions i posed in the indirect contracting ga e This akres it possib’e to get
a better idea of how the constraint worr s

Any ind of co p’ete ana’ysis of this issue wou'd go we'* beyond the scope of this
paper, so we on'y sretch the way this ight work for a specia’ case A verysi p'e
constraint on contracting wou'd be to assu e that so e p'ayers si p'y cou'dn’t
co itata” Thisissi p'e because this constraint on contracting is ‘ire’y to ‘oor
the sa e in every contracting ga e Ca’ a p'ayer a no-commitment player if he
is unco  itted in the sense of DY nition %4 ! in every one of his infor ation sets
That is to say that no atter where hd§ nds hi se’f in the ga ¢ he a'ways has a
behaviora’ strategy that attains a no-co it ent infor ation set with probabi’ity
18

Suppose that thé§ rst m p’ayers in a contracting ga e are no-co it ent p’ay-
ers The other n —m payers wi~ be referred to as co it ent p’ayers Suppose
there are at ‘east 3 co it ent p'ayers If wesi p'y add the restriction that p'ay-
ers ? through m are no proposa’s in the reciproca’ contracting ga ¢ then it is
straightforward to show that equi’ibriu  wi” i pose a constraint on the outco e
function si i'ar to the second part of 32) for each of the no-co it ent p ayers
In other words whatever action the no-co it ent p ayers are supposed to tare
in a supportab’e outco ¢ it had better be the case that that action is a best rep’y

8An example would be an agent in an intrinsic common agency who can supply effort to any
subset of principals that he wants.
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for the conditiona’ on # nowing they are supposed to tare that action A si i'ar
restriction has to be added to the punish ent

Yo see what is ‘earned fro this suppose we had instead ode’ed an indirect
contracting ga e with no co it ent p'ayers and anaged to characterize its
equi'ibriu There are two possibi'ities to consider - there is an outco e in the
indirect ga e that can’t be supported in the restricted reciproca’ contracting ga e
and converse'y In thé§ rst case the outco e function can be supported in the
unrestricted reciproca’ contracting ga e by the theore s above so there ust
be so ething about the indirect ga e that is aring it possib'e to by pass the
contracting restriction Qwatever it is ight be interesting but not because of the
contracting restriction Si"i'ar'y if there is an outco e function that is supportab’e
in the restricted reciproca’ contracting ga ¢ but not in the indirect ga ¢ the
conc usion is that the indirect ga e is i p'icit'y i posing ore restrictions on
contracts

The point issi p’y to i ustrate that the reciproca’ contracting approach can be
used to study the i p’ications of restrictions on contracting even though the ga e
itse'f supports a ‘arge nu ber of equi‘ibria

5 LITERATURE

1,

Epstein and Peters ) provides a type space and set of echanis s which
a”“ows agents to convey' ' larret infor ation a’ong with infor ation about their
payag type They sho at every echanis that is oigred in the equi'ibriu
of a principa’-agent type co peting echanis ga e coincides with a echanis
in universal set of mechanisms in which agents report types that convey a” their

arret infor ation. The set of echanis s that is feasib'e in a particu’ar ga e

apsintoas a subset of the universa set of echanis Nonethe'ess they were
ab'e to show that provided echanis were not restricted in how they dea’'t with
payog.. types pure strategy equi‘ibria are typica”y robust to expansion of the set
of feasib’e echanis s Thus pure strategy equi'ibriu  in ‘naive’ direct echa-
nis s for exa p'e the equiibriu in co peting direct echanis s described by
McAfee * 3)) can be supported as equi’ibriu  re’ative to the universa’ set of

echanis '$ The ﬁia cu'ty with naive direct echanis s is that they cannot be
used to cburacterize so e of the outco es that can be supported as equi'ibriu
re’ative to the universa’ set of echanis s

The 'iterature on co  on agency any co peting principa’s but on’y a sing’e
agent) tried to re edy this by abandoning the reve ation princip'¢ and si p’y ask-
ing for so e set of indirect echanis s that cou’d be used to support a” outco es
that ight qua’ity as co  on agency equi ibriu Marti ort and Sto'e 2062)
and Peters 2007) show that every robust) equi'ibriu re'ative to any set of indi-
rect echanis sinco on agency is an equi'ibriu re’ative to the set of enus
Pavan and Ca'zo'ari 200 ) show a si iar resu’t for co  on agency using what
they ca’” the set of ‘extenided direct echanis s A’ robust pure equi’ibriu in
CcO  on agency are equifﬁbriu re ative to the set of extended direct echanis s

As usefu’ as the co  on agency too's arg they have two shortco ings First,
co  on agency is specia’ since there can on’y be one agent, and principa’s can’t
co unicate Second though the set of echanis s  enus) that this ‘iterature
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Og ers is considerab’y si p’er than the universa’ set of echanis § they are not
cient’y structured to a” ow a characterization of supportab’e outco es ?

Ya ashita 20%@) has recent’y suggested a way to extend the co  on agency
‘ogic to prob’e s in which each principa’ has any agents Asin co  on agency
principa’s si p'y asr agents what to da and co it the se'ves to carry out the
reco  endation as ‘ong as the ajority of the reco  endations agree A charac-
terization theore for this case is given by Peters and Troncoso- & verde 200 ) for
co peting echanis ga es with at ‘east four p'ayers and at "east one printipa’

One consequence of these theore s is that the set of a”ocations that gan be
supported as equi’'ibriu  with co peting echanis sis ‘arge This fact has been
observed before Starting with the ‘arge ‘iterature on de’egation ga es Fersht an
and Judd * /] Fersht an and Ka'ai* (7)) anu ber of papers have shown ‘arge
equi'ibriu | sets for specia’ cases Kat 20@, Tennenho'tz 2004 Ya ashita 20'Q
Peters andl Troncoso- &’ verde 200 ))globur paper digers fro  these in two ways
First wei pose no restrictions on Hhe environ ent Katz2W0@s, Tennenho'tz 2004
forexa p'e assu eco pete infot ation Ya ashita 201@) assu es that p'ayers
who oger contracts have no private infor ation

Second’'y ‘ire the papers by A7 Ka'ai and Sa et 2010)!° and Peters and
Szentes 200 ) we provide a co p’ete characterization of supportab’e equi’ibriu
outco es rather than si p'y i ustrating that a “arge nu ber of equi'ibriu  out-
co es can be supported However we do not assu ¢ asdo AT Ka'ai and Sa et
201@) that p'ayers have co p'ete infor ation

In this sensg the paper ¢ osest to this one is Peters and Zroncoso- & verde 200 )
which provides a characterization of outco e functions supportab’e as equi;ibriJ
using Ya ashita’a consensus echanis s 7he di¢ erence between the two is ghe
equiva ence resu’t given here for reciproca’ contracting ga es and regu’ar co peting

echanis ga es Genera 'y the set of outco e function supportab’e by consensus

echanis s is strict'y contained in the set of outco e functions supportab’e as
equi’ibriu  with reciproca’ contracting The reason for the diigrence is that the
reciproca’ contracting ga e a ows p ayers who are punishing a deviator to send
infor ation to the deviator during the cheap ta'» part of the ga e !

Fina™y this paper in any way re’ies on the argu ents deve’oped in Peters and
Szentes 200 ) They show that the si p'e cooperate or be punished” ‘ogic that
is used to construct reciproca’ contracts can be used to understand equi‘ibriu in
co peting echanis ga esno atter how rich the space of contracts is There
are three diec erences between the two papers First the space of feasib’e contracts
in Peters and Szentes 200 ) is as "arge as it cou'd be In other words the set
of feasib’e contracts in that paper is uch ‘arger than the set considered here
The critica’ resu't in that paper is that equi'ibriu  outco es ust satisfy 3 1)
and 32) even when the space of contracts is very ‘arge This ares it possib’e
in this paper to turn the resu’t around and show that equi'ibriu in a reciproca’
contracting ga e can be used to support the sa e outco es as can equi'ibriu  with
&% nab’e contracts Absent the theore in their paper there is no way to #now

9Characterizations of outcomes for special environments have been given by (Peters and
Troncoso-Valverde 2009). Though it might not be apparent why yet, we would also include
(Tennenholtz 2004) and (A.T Kalai and Samet 2010) in this category.

10We borrowed the randomizing trick in (7.1) from this paper.

1Ty see why this might make a difference see (Celik and Peters 2008) or (Dequiedt 2006).
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whether the equi‘ibriu  outco es described here are robust to the introduction of
new contracts 2

The second dig erence is that Peters and Szentes 200 ) restrict p ayers abi'ity to
co unicate once contracts are announced Here we a” ow p ayers to continue to
co unicate a” the whi'e aring co it ents about how this co  unication
wi” be hand'ed 7This is what is used to expand the set of equi’ibriu  outco es
supportab’e with reciproca’ contracts to inc'ude a”* outco e functions satisfying

31) and 32) rather than just a subset as was the case in Peters and Szentes
200 )

Fina”y and "easti portant Peters and Szentes2@@ ) restrict attention to pure
strategy equi'ibriu  As a consequence their characterization does not capture the
rando ization and correation that are possib’e in co peting echanis ga es
As a consequence their approach cannot be i ediate’y adapted for a reve ation
princip’e

¢ CONCLUSION

have shown that a”* equi'ibria of co peting echanis ga es can be un-
derstbod using reciproca’ echanis s, The advantage of this is that reciproca’
echanis s are conceptua’’y no oreﬂs’;, cu't to wors with than ordinary direct
echanis s Soreciproca’ echanis s provide a usefu” ana’ytic approach for prob-
‘e s in which a broad c’ass of echanis s is feasib'e
Lize direct echanis § reciproca’ echanis s ake it possib'e to understand
equi'ibriu  outco es with co petition without worrying about the intricacies of
particu’ar indirect echanis s that are used in practice Apart fro the standard
“ogic of incentive constraints reciproca’ echanis s si p'y add the ‘ogic that if
everyone e se wants to do so ething it is si p’e to write a contract that co  its
you to do it too

I APPENDIX: PROOFS
1+ Proof of Theorem 3.

Theorem. If the reciprocal contracting game has four or more players, there is a
weak Perfect Bayesian equilibrium that supports the outcome function w if and only
if w satisfies (8.1), (3.2) and (3.3). Furthermore, along the equilibrium path of this
game, all players announce a common signal 6* in the first stage, report their types
truthfully, and choose a correlating message uniformly from the interval [@,% in the
second stage.

Proof. % begin by showing that any outco e function w satisfying 3 1) 32)
and 3 3)Ycan be supported as a wear Perfect Bayesian equiibriu in the recip-
roca’ contracting ga e The reciproca’ contracts that are announced a’ong the
equi'ibriu  path of the ga e require a direct echanis for each p'ayer and a ’ist
of punish ent echanis s begin by describing these echanis § and the
corresponding equi’ibriu  path Yeciproca’ echanis s

Index the action prf “esin A inso e arbitrary way Let w® t) be the probabi‘ity
assigned to action pi*% ‘e a* by the outco e function w when p’ayer types are given
by the vector t The notation a¥ eans the action taren by p’ayer i in action prt% ‘e

%

12A150 note that the definition of regularity of competing mechanism games is adapted from
their paper. They show that games in which players can use definable contracts are regular.
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a* For t,x) € T; ‘et t;; and z;; be the type and corre’ating essage that p’ayer
i sends to p'ayer j The variab’es t; and x; are the corresponding essages that ¢
receives fro  j # 1 The vector of essages that i receives fro the other p ayers
are t_; and z_; Now % ne a ho ogeneous direct echanis such that

)

. k'
de t,x) = {a§ k=g 3T
3 k)
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The ‘ogic of the proof is then straightforward If a p'ayer aresco it ent %
he shou’d anticipate the outco e function w If he deviates he shou'd anticipate
payerstoi p'e entapunish ent During the punish ent he wi” hear cheap ta’s

essages that provide hi the sa e infor ation that he wou'd have received fro
the echanis designer and so he wi” anticipate the sa e punish ent outco e
he wou'd have faced against the echanis designer Since the construction of the
outco e function ares this unpi®% tab’e he won't want to deviate

The co p’ication in proving a’ this is to specify sequentia’’y rationa’ continua-
tion p’ay that supports the outco e

Continuation Play when all players make the same commitment: If
a’ payers arethesa eco it ent % each p'ayer shou'd choose a corre ating

essage using a unifor distribution on [@,*, then send that corre’ating essage
and their true type to every other payer

The cheap ta’s ga e is irre’evant in this case so strategies for the continuation
can be A% ned arbitrari'y As we exp’ained above if p’ayers report truthfu’y and
choose their corre’ating essages unifor ‘y these echanis s wi” joint'y i p'e-

ent w Since w is incentive co patib’e by 3 ) and the corre’ating essages are
non- anipu’ab’e these strategies are i  ediate’y sequentia”y rationa’

i;eed to specify strategies for infor ation sets in which p'ayers are a co -

on it ent § which does not coincide with 6% In this casg we assu e a’
p ayers report corre ating essages using the unifor distribution as above This
reporting strategy is non- anipu’ab’e so no p’ayer has an incentive to deviate fro
this reporting strategy no atter type reports are being sub itted Conditiona’
on this p’ayers choose essages fro &9 nite set and each array of essages de-
ter ines a payog. Since this & nes #§ nite Bayesian ga ¢ there exists at ‘east
one set of strategies that constitute a Bayesian equi’ibriu For each co on
co it ent ‘et these Bayesian equi'ibriu strategies constitute the continuation
strategies of the p'ayers They wi” evident'y be sequentia’’y rationa’ given p ayers
interi be'iefs Since these infor ation sets p'ay no ro’e in supporting equi’ibriu ,
we wi not discuss the again

Continuation Play when there is a unilateral deviation in commit-
ments: If there is a uni'atera’ deviation to an a’ternative co it ent by so e
payer j then each of the p'ayers other than j is co  itted to the partia”y ho o-
geneous punish ent echanis p{” Their actions are fu’y co  itted however
they need to send reports and possib’y reco” ections and reco  endations during
the cheap ta’ part of the ga e Iftheco onco it entis diigrent fro v,
then we proceed as above an use any Bayesian continuation equi'ibriu  to & ne
strategies So we focus on the case in which the co  on echanis is §“. For the
rest of the process the sequentia’ rationa’ity of the various strategy ru’es depend
on what p’ayers expect to occur “ater in the ga e so we specify the strategy ru’es
then return to provide be'iefs that —are these strategy ru’es sequentia”y rationa’

Reporting Strategies (A): If a” p'ayers except payer j are co it ent
5“ then every payer incuding j shou’'d report his type truthfu”y to each of the
p ayers other than j we take it for granted here and fro now on that this inc'udes
choosing the corre’ating essage unifor ‘y etc) Zhe p ayers other than j shou'd
babb’e'* when they are reporting to p’ayer j

14Babb1e, means to send every feasible message with the same probability.
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gwn j is a uni'atera’ deviatoy choose as part of the equi'ibriu ) three ar-
bitraly payers other than j who wi” co  unicate with j during the cheap ta'x
ga e kfﬁ refer to these three p’ayers as j's communication partners.

Recollections (B): If a” payers except j ake co it ent 6% then each of
j'sco  unication partners shou'd truthfu”y reco”ect to each other the type report
they heard fro j

Reco endation strategies are ore co p'ex since there are so e path is-
sues to dea’ with o dea’ with on path reco  endations observe that in the
centra’ized i p'e entation described in 31} 32) and 33) when p'ayer j re-
fuses to participate he nonethe ess sends a type report to the echanis designer
who then acts in the ro'e of a ediator and sends a reco  endation to hi that
depends on the type ¢; he reported and on the reports {_; the echanis designer
has received fro the other p'ayers The probabi’ity distribution over this reco -

endation is the argina’ distribution pa, t;,t_;) since j is supposed to want to
carry out this reco  endation Let pi‘é tj,t_;) be the probabi'ity assigned to
action a; by this argina distribution

Recommendations (C): For each co  unication partner ¢ if at “east one
of the recoections of the other two co  unications partners coincides with the
report t~j that 7 received fro j then 7 shou'd send j the reco  endation

k/
r3) a; " j = ki/anj’fj' (,t—;) > LZ xir],
T=1

i

where t_; and z;; are i’s reco ection of the type reports fro the p ayers other
than j Otherwise each of the co  unication partners shou'd babb’e to j Each
of the p'ayers who is not a co  unication partner with j shou'd babb’e to j

Note that, as above if p'ayers corre’ating essages are chosen unifor 'y and the
reco ections of a” three p’ayers coincide then fro j's perspective each of the three
payers wi” send hi thesa ereco endation and each suchreco  endation a;
wi’ occur with the sa e probabi'ity as it wou'd have if the centra’ized echanis
designer were aring the reco  endation after hearing reports fj and t_;

The strategy of the uni'atera’ deviator depends on the reco  endations he
receives Yo A% ne strategies choose so e action that axi izes his expected
payag. given his interi be'iefs and given that he expects the other p’ayers to
report their types truthfu’'y to one another in other words he shou’'d anticipate
the; punish ent ps_, t_;)) % wi'” refer to this action as p'ayer j's interi best
rep’y \

P’ayer j now expects to hear the sa ereco  endation fro exact’y three p ay-
ers Further ore this reco  endation shou'd have positive probabi’ity given the
strategy % ned by / 3) and his interi be’iefs The other p'ayers are babb'ing
in our construction so j shou'd ignore any reco  endations that they are The
infor ation sets in which Bayes ru’e does not ad it a we” &% ned posterior be-
“ief are those in which the deviator j sends a co  on type report to at “east two
of his three co  unication partners but does not get a co  on reco  endation
bacr A'ternative’y Bayes ru'e does not give a posterior be'ief in infor ation sets
in which the three co  unication partners areaco onreco endations but
this reco  endation does not ‘ie in the support of 7 3) % refer to these as
off-path infor ation sets \
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Infor ation sets in which Bayes ru’e is we" & ned are those in which j sent a
co on type report to at ‘east two of his co unication partners and receives a
co onreco endation say a; in the support of / 3) bacs fro each of the

at j does in these infor ation sets shou’d depend on the co  on type report If
this co  on type report was t; then he shogjd update his be’iefs about t_; given
thereco  endation a; using  3) with ¢; = ¢; He shou'd then choose a best rep’y
to pa_, t—j) ichevgr action this happens to be wi” be referred to as his best
rep'y given the réport ¢; and reco  endation a; ; refer to these infor ation
sets as on-path information sets with type report t; and' recommendation a;.

Actions (D): If every p'ayer but j co  its to 0, in any on-path infor ation
set with type ¢; and report a; j shou’d use the action that is a best repy to ¢t; and
a; In particu’ar if ¢; is j's true type then he shou'd obey the reco  endation
a; of his co  unication parters In any oi;path infor ation set j shou'd use his
interi best rep’y

Finay in a” the histories for which there are three or ore distinct co  it-

ents payers si py pay a cheap ta’s continuation ga e using their interi
be’iefs Any strategy ru'es for the payers that are part of a Perfect Bayesian
equi'ibriu  of this cheap ta’* ga e wi’ act as appropriate sequentia’y rationa’
continuation strategies Such an array of strategy ru'es wi' exist because the ga e
id§ nite Again since these infor ation sets arise after uni'atera’ deviations we
don’t need to discuss the further

This co p'etes the description of the strategy ru’es % can now verify their
sequentia’ rationa’ity % a'ready exp ained why strategies Yare sequentia’’y ratio-
na’ when a”* p'ayers as%e the sa e co it ent and why they are sequentia”y
rationa’ when p'ayers are 3 or ore diiprent co it ents So we begin with
reporting strategies after a uni'atera’ deviation Case A above) In this casg each
non-deviating p’ayer expects j's co  unication partners to cofi r each others
reco ections by B) then are by C) the sa e reco  endation to j that the
centra’ized echanis designer wou'd have ade By D) abovg j is expected to
carry out this reco  endation So p'ayers anticipate the outco e function p; It
is then sequentia”y rationa for p’ayers other than j to report their types to one
another truthfu”y by 3 3)

The deviating p’ayer on the other hand isnot co  itted sohe can send dig erent
reports to each of the non-deviators If he sends the sa e report t; to at "east two
of hisco  unication partners then by B)and C) he wi” face the punish ent p;
anticipating by / 3) to receive the sa e distribution of reco  endations as what
he wou'd have received fro the echanis designer If he sends three diigrent
reportg then by the second part of C) he wi” receive an uninfor ative report By

32) it is sequentia’y rationa’ then for hi to report the sa e type toa’” p’ayers 1%

The sequentia’ rationa'ity of the non-deviators’ reports to the deviator are i -

ediate since the others don’t pay any attention to the

By B) and the fact that j reports truthfu”y if ¢ is one of j's co  unication
partners he expects each of the others to hear a reco” ection that coincides with the
type report they heard fro j which they expect to coincide with the type report
they heard) As a resu’t, they be’ieve that their own reco”ection wi” be ignored

150bserve the role that the recollections player here, since they prevent the deviating player
from sending different messages to each of his partners in order to try to get more information
out of them.
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It is therefore sequentia”y rationa’ for i to reco’ect j's type truthfu”y no atter
what he be'ieves

A si i'ar reasoning is used for reco  endationsg though there are a coup’e of
%Apath possibi‘ities Again ‘et i be one of j's co  unication partpers who heard
J report t; 1If i hears at “east one reco”ection that coincides with t; and be'ieves

on path) that j reported truthfu”y to each of his co  unication partners and
that if there is a reco ection fro one of the co  unication partners that doesn’t
coincide with ¢; that this report was the resu’t of a tre b’e then he shou'd be'ieve
that both his co  unication partners have reported ¢; to each other He wi” then
expect both of the to arethesa ereco endation deter ined by  3)) to j
no atter what reco  endation he sends By D) any reco  endation he ares
wi” be ignored in this case This estab’ishes that it is sequentia’ rationa’ for hi
to send a report deter ined by /3) .

On the other hand if both of the reco”ections he receives dig er fro  ¢; then ¢
shou'd be'ieve that j tre b'ed fro truthfu’ reporting to babb’ing independent’y
to each p'ayer By D) this eans that j is going to use his interi best rep’y
no atter what reco  endations he receives nder these circu stances it is
sequentia’’y rationa’ for i to babb’e when aring his reco  endation

Fina"y if j sends three die erent reports to hisco  unication partners he shou'd
expect the to truthfu’y reco”ect these to each other By C) this wou'd induce
the to babb’e when aringreco  endations Thus it is sequentia”y rationa’ for
J to use his interi best rep’y If he ares two or ore co  on reports t; and
receives a co  onreco  endation a; as a resu’t then it is sequentia”y rationa’
for hi  to use his best rep’y to t; and a; by & nition If he arestwoorco on
reports but doesn’t get a co  onreco  endation then any sequentia’y rationa’
choice of action wi” do

Fo”owing a” of this 32) guarantees that it does not pay any p ayer to deviate
fro theco it ent essage 0¥

Yo prove the other direction begin with an outco e function w that is support-
ab’e as a wear perfect Bayesian equi’ibriu in reciproca’ echanis s P‘ayer i’s

equi'ibriu payog_is
4 E{u w t),t)|t;}.

Let 6’ ade by so e p'ayer 4 that ensures that with probabi'ity % ¢ chooses his
action without co it ent Let p’ ¢) be the outco e function associated with a
deviation to §’ by p’ayer ¢ The various conditions 3 )} 32) and 3 3) then fo” ow
i ediate'y fro the fact that p’ is continuation p'ay associated with a weak
perfect Bayesian equi‘ibriu , and fro the fact that i cannot ber®§ t by deviating
to ¢’ O
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