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1. INTRODUCTION

The threat of a potential takeover should discipline an incumbent management to serve in
the best interest of the shareholders. If the incumbent management were to underperform, a
more efficient raider would take over the company and introduce a better management. This
reasoning fails, however, when the ownership of a company is widely dispersed. A raider will
not initiate a value-increasing takeover of such a company because he cannot make any prof-
its due to the free-riding incentives faced by the small shareholders (see Grossman and Hart
(1980), Bagnoli and Lipman (1988), Harrington Jr and Prokop (1993)). The impact of one
small shareholder on the probability of success of the takeover is negligible. Therefore, if the
raider’s price offer is lower than the post-takeover value of a share, then the small sharehold-
ers who anticipate that the takeover will succeed hold onto their shares, which collectively
makes the takeover unsuccessful. Hence, successful takeovers are unprofitable. The free-riding
problem is thus a fundamental source of inefficiency in the market for corporate control.

This insight extends to environments in which small shareholders have private yet imper-
fect information about the post-takeover value of the company, while the raider is uninformed
(Marquez and Yilmaz (2008)). In fact, the raider’s inability to make a profit is exacerbated
due to the lemons problem arising from the asymmetry in information between the share-
holders and the raider. For any price the raider offers, only shareholders who believe that the
post-takeover value of the company will be low are willing to tender their shares.

We explore the roles of a minority large shareholder and of private information in takeover
contests where the raider suffers from free-riding.! Our main result shows that under sym-
metric information and in the presence of a large shareholder who holds a minority stake
in the company, the raider cannot make a profit. However, when there is asymmetric in-
formation, and hence the lemons problem, the raider may make strictly positive profits. In
other words, the existence of a large shareholder together with asymmetric information can
facilitate profitable takeovers, thus offering a new explanation for the occurrence of efficient
takeovers.

Other mechanisms have been proposed to overcome the free-riding problem. Dilution



mechanisms also create a conflict between minority shareholder protection and efficiency.
Since this conflict does not arise in our model, we interpret our result as suggesting that
minority shareholder protection can occur with efficient takeovers. Another distinct solution
proposed elsewhere is for the raider to secretly acquire a stake in the company before the
takeover attempt (Shleifer and Vishny (1986), Chowdhry and Jegadeesh (1994)). Whether
such acquisitions can take place depends on the depth of the market and the regulatory dis-
closure requirements. Finally, private benefits may facilitate takeovers (Grossman and Hart
(1980), Bagnoli and Lipman (1988), Marquez and Yilmaz (2008)). In the latter models, un-
like in ours, the raider does not make any profit on the shares he acquires from the share-
holders.

Very little, however, is known about takeovers of companies in the presence of large share-
holders. We study a model with incomplete information and one large shareholder.? With
some probability, the state is low and the value added from the takeover is zero. With the
complementary probability, the state is high and the value added is positive but only if the
takeover is successful. The value of the company is unchanged if the takeover is unsuccessful.
Each shareholder observes a private and imperfectly informative signal about the state. The
raider, who has no information beyond the common prior about the state of the world, sub-
mits an unconditional offer for the equity shares of the firm by specifying a price per share.
Each small shareholder then decides either to accept the offer and tender his share, or to
reject the offer and keep his share, while the large shareholder decides how many shares to

tender. The takeover succeeds only if the raider acquires at least half of all the shares.

We characterize the unique asymptotic equilibrium outcome of the tender game when the
number of shares goes to infinity. If the large shareholder’s stake is sufficiently high, then the
equilibrium price is positive, the takeover succeeds with probability one, and the raider makes
strictly positive profits. The small shareholders use a specific threshold strategy which leaves
the large shareholder with only two options. Either he does not sell all of his shares and the
takeover fails in the high state, or he sells everything and the takeover succeeds in the high
state with a positive probability. Opting for the lesser of two evils, the large shareholder sells
all his shares, and the raider acquires precisely half of the firm’s shares in the high state of
the world.

If the large shareholder is sufficiently large and sells all of his shares, then the raider needs
to acquire a smaller fraction of the small shareholders’ shares. The key to our result is that he
can buy the latter from the more pessimistic shareholders by offering a low price. Asymmetric

information therefore diminishes the free-riding incentives of some of the small shareholders.

2 ia;so show that the resu’ts easi’y extend to the case of any "arge shareho ders who together own "ess
than the stare needed for a tareover



The low price in turn gives the raider a profit from the large shareholders’ shares, but a loss
from the small shareholders’ shares, due to the lemons problem. The larger the stake held
by the large shareholder, the more the extent of the lemons problem is diminished, which
results in a higher profit for the raider. The raider is unable to make a profit without the large
shareholder due to the lemons problem; nor can he profit without asymmetric information
due to severe free-riding. Finally, the large shareholder’s equilibrium behavior is independent
of his information; therefore, his information is reflected in neither the equilibrium price offer

nor the probability of a successful takeover.

An important factor contributing to large shareholder formation is hedge fund activism.
Some recent and ever-expanding research explores the consequences of hedge fund activism.
Empirical evidence shows that the primary source of positive returns from hedge fund ac-
tivism is through the takeover premium which such funds get from the acquisition of the
target firm (Brav et al. (2008), Brav et al. (2010), Greenwood and Schor (2009)). Our re-
sults suggest that when a hedge fund becomes a minority large shareholder, this can help
facilitate an efficient takeover, thereby serving as a powerful incentive to the incumbent man-
agement. Moreover, our finding that the large shareholder’s information is not reflected in the
likelihood of a successful takeover suggests that hedge funds need not have any firm-specific

information in order to profit from takeovers.

Our model allows for several comparative statics that offer testable predictions on the
relationship between ownership structure, takeover success, and the distribution of takeover
gains. First, the larger the large shareholder’s stake, the more likely the takeover will succeed.
Second, as long as the large shareholder’s share is less than a threshold fraction, the raider
offers price zero, or does not attempt a takeover at all. However, once the large shareholder’s
stake exceeds that threshold, the raider’s price offer has a discontinuous jump to a positive
bid, which subsequently decreases with the large shareholder’s share. Third, the raider’s profit
is zero as long as the large shareholder’s share is less than the threshold level, and increases
smoothly with the large shareholder’s share, whenever it is above the threshold share. Finally,
the small shareholders’ payoffs are zero as long as the large shareholder’s share is less than
the threshold share; their payoffs have a discontinuous jump at the threshold share, and
thereafter decreases as the large shareholder’s share increases. A salient feature of our model
is that the small shareholders’ gains are nonmonotonic with respect to the large shareholder’s

initial stake.

In addition to the results described above, our paper offers a new methodology for study-
ing takeovers with a continuum of shareholders. We introduce an equilibrium concept in the
spirit of the rational expectations equilibrium. Our equilibrium concept differs from those

commonly used in the literature on takeovers with atomistic shareholders (for example,
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Grossman and Hart (1980) and Shleifer and Vishny (1986)). While the standard models of
takeovers with a continuum of shareholders assume that the probability of success is one when
exactly half of the shares are sold, we leave this probability to be determined endogenously
in equilibrium. We conclude that our equilibrium concept captures the behavior present in
the model with a large, albeit finite, number of shares, by showing that the outcomes of per-
fect Bayes-Nash equilibria of the model that has finitely many shares converge to the unique
equilibrium outcome of the continuum-shares model, as the number of shares goes to infin-
ity. In other words, we provide a micro-foundation for the model using standard equilibrium

concepts.

An important assumption in our paper is that the shareholders are privately informed
agents. In this respect, the closest paper to ours is Marquez and Yilmaz (2008). In their
model also, the shareholders are privately informed, while the raider holds no information.
Both our models can be thought of as a reduced-form model in which the raider does have
some information about the value of the takeover, yet this information is public. The crucial
part of our model is that the shareholders have private information, in addition to the public
information they share with the raider, and that they are asymmetrically informed. For
example, employees in the firm, each of whom owns a very small number of shares, might
know about the inner workings of the company, such as its corporate culture, which might
affect the post-takeover value of the firm. Certainly the case in which the raider has some
private information is also relevant. Indeed, our model serves as a building block for the
analysis of such a signaling game, since our analysis applies to characterizing the shareholders’
behavior after any price offer. Moreover, some previous studies show that in such games, the
only equilibrium is the one in which the raiders’ types are pooling, and hence the raider is
unable to signal his information (Marquez and Yilmaz (2005), Burkart and Lee (2010)).

Shleifer and Vishny (1986) consider a model with a large shareholder and a continuum
of small shareholders. In their model, the large shareholder is the raider, whereas in our
model the large shareholder is passive. They show that the raider makes strictly positive
profits, because he already owns a nontrivial share of the company and has strict incentives
to facilitate the takeover in order to increase the value of the shares he owned from the
start, even at the expense of a loss on the new shares he buys. Holmstrom and Nalebuff
(1992) study a complete-information model in which the firm is owned by several large
shareholders. They construct a particular type of equilibrium and show that the raider can
extract a significant part of the surplus when the number of shares goes to infinity, while the

number of shareholders and their relative position in the firm is held fixed.

Cornelli and Li (2002) analyze a setting with finitely many risk arbitrageurs participating

in a tendering game. The risk arbitrageurs in their paper are similar to the large shareholders
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in our model. However, the takeover succeeds only when the arbitrageurs collectively hold
at least half of the shares. In our model, the large shareholder does not have a controlling
stake, yet takeovers can still be successful.

A more recent paper by Burkart et al. (2006) analyzes the effects of a minority shareholder
in takeovers. They consider a complete-information environment with a large minority share-
holder, in which a successful raider faces a moral hazard problem in that he may extract
private benefits at the expense of the share value. In their model the large shareholder
sells all the shares in equilibrium. Moreover, the large shareholder would like to sell more
shares conditional on the takeover succeeding, because of the inefficiency of the post-takeover
private-benefit extraction. In contrast, while the large shareholder does sell all of his shares
in our model, he would have preferred to keep them in a scenario in which his behavior would
have no effect on the success of the takeover. In the model of Burkart et al. (2006), the more
shares held by the large shareholder, the more the raider’s equilibrium price offer is, and the
lower his profits are. We find the opposite in our model, where the price is nonincreasing and
the profits nondecreasing functions of the large shareholder’s stake.

The paper is organized as follows: In section 2, we first analyze the model with finitely many
shareholders without uncertainty, i.e., the complete-information benchmark model. In section
3, we introduce the incomplete-information model with a continuum of shares, and develop
the equilibrium concept for this model. In section 4, we solve the unique equilibrium of the
incomplete information model, and present our main theorem. In later sections, we extend
the model to allow for multiple large shareholders, or private benefits for the raider from a
successful takeover. Before concluding, We flesh out the comparative statics and provide the

incomplete-information model with finitely many shareholders with the convergence results.

2. COMPLETE INFORMATION MODEL

A firm is owned by a large shareholder who holds zn shares, where z € (0, 1), and (1 —2)n
small shareholders, each of whom holds a single share.® A raider wishes to take over the
company, with intention to run it, which is currently run by an incumbent management. The
raider needs to acquire at least 7 shares to successfully take over the company.

In the complete-information model, the value of the firm under the incumbent is commonly
known to be V) = 0. If the raider successfully takes over the firm, the value is increased to
Vi =1, with a per-share value v, = %

The raider makes an unconditional price offer p, which is followed by a subgame in which

the shareholders simultaneously decide how many shares to sell. The raider acquires all of

3For convenience we assu e 2n € N



the shares that are tendered to him. We now develop the notation for the strategies and
equilibrium in the subgames after the raider has made his price offer. A strategy for a small
shareholder o; € [0, 1] is the probability with which he tenders the share. Similarly, a strategy
for the large shareholder o is a probability distribution over {0, 1,...,nxz}. The probability
that the large shareholder tenders k shares, where k € {0, 1,...,nz}, is denoted as o (k).*

A profile of pure strategies is an equilibrium if and only if exactly n/2 shares are tendered.”
However, we will focus on the properties of symmetric equilibria of the tender subgames for
any p € (0,1/n).% Symmetric equilibria are equilibria in which all the small shareholders use
the same strategy. We denote such an equilibrium strategy profile by the couple (¢, o), where
the first component is the probability that the small shareholder tenders his share (hence,
¢ € [0,1]), and the second component is the large shareholder’s strategy.” An immediate
observation is that, for the given range of prices, there does not exist a symmetric equilibrium
in which small shareholders use pure strategies. Otherwise, either every small shareholder
would sell his share or every small shareholder would keep it. In the former case, the takeover
would succeed with certainty; hence, keeping a share would be more profitable than selling
the share. In the latter case, the takeover would fail with certainty and therefore, selling
rather than keeping the share would be the optimal action.

Suppose the raider offers a per-share price p € (0,1/n), and in the tender subgame, the
shareholders use a symmetric equilibrium strategy profile (¢, ). In such an equilibrium the

raider’s payoff is:

n(l—x)
U= u Yo 3 (") o ot ~ (1 oo + Bl

The first term is the expected value of tendered shares conditional on the takeover succeeding.
The second term is the price paid for the tendered shares, i.e., the expected number of
tendered shares times the per-share price p. In expectation, small shareholders tender (1 —
x)n¢ shares, and the large shareholder tenders E[k| shares, where the expectation is taken
with respect to the large shareholder’s strategy o.

As noted above, in any symmetric equilibrium the small shareholders use mixed strategies,

4Throughout the paper we &% ne the strategies for the shareho’ders in the subga es after the raider has

ade his price ag er If we had deve oped the strategies for the shareho ders in the nor a’-for ga ¢ instead
of the subga es after the raider’s price ogen then a strategy wou'd be a  apping fro a set of prices to a

ixed action
5This argu ent fo'ows the sa e reasoning ogered by Bagno'i and Lip an (, ®®)

6 focus on the prices in (0, /n) in order to exp ore whether the raider can are a prti t C'ear’y he
can fali'itate a tareover by ogering p > /n But such a tareover wi’ not be prtf tab’e

"The existence of a sy  etric equi'ibriu  of any tender subga e is easi'y estab’ished using standard
argu ents



¢ € (0,1); they must therefore be indifferent between tendering and not tendering their

shares:

If a small shareholder tenders his share, he receives price p. If he does not tender it, his
payoff is the expected value of the share, conditional on the takeover succeeding, times the
probability that the takeover succeeds, given that he is not tendering. This is represented by
the right-hand side of the above equation.

The key difficulty that arises in our model is pinning down the large shareholder’s behavior.
His equilibrium behavior is more complicated than the small shareholders’ behavior. Never-
theless, we can bound his equilibrium payoffs from below as follows: the large shareholder’s
payoff in any tender subgame is at least pnx, i.e., the payoff he obtains if he sells all his
shares. This lower bound is sufficiently tight to show that the raider’s profits approach zero
when the number of shares approaches infinity.

We will say that (p”, ¢™(:),0"(+)), for p™ € [0,1/n], is an equilibrium of the tender game
with n shares if (¢"(p"),0™(p")) is a symmetric equilibrium of the tender subgame after
the price offer p", for every p™ € [0,1/n]; and if p™ is the raider’s optimal price offer given
(¢"(-),0™(+)).® In other words, an equilibrium of the tender game is a subgame perfect equi-
librium in which, for every price offer, the shareholders play a symmetric equilibrium of the
tender subgame.”

In the following theorem, we show that the raider’s equilibrium profits converge to zero
along any sequence of equilibria of the tender games as n approaches infinity.!” This theorem
allows us to conclude that the existence of a minority large shareholder is not sufficient to

facilitate profitable takeovers.

THEOREM 1 Let {p™, ¢"(-),¢"(")}n be a sequence of equilibria of the tender games. The

raider’s equilibrium profit converges to zero as n — .

PROOF: See Appendix A. O

The intuition for why the raider cannot make any profits when there is a minority large

8Notice that we now a”ow for p € [0, /n This akes the set of the raider’s strategies co pact For p =
nobody tenders in the unique sy  etric equi'ibriu  of the tender subga e For p= /n on the other hand
a’ the shares are tendered In either case the raider’s pit% t is zero

9The existence of an equi'ibriu  of the tender ga e foows fro the standard resu’t about the existence
of subga e perfect equi’ibria

10Tn our proof of the theore we estab’ish a stronger resu’t' the raider’s pi*% ts approach zero unifor ‘y
across a’ equi'ibria



shareholder is very similar to the reason that he cannot make any profits in the absence of a
large shareholder. In order for a successful takeover, the raider needs to buy a nonnegligible
fraction of shares that are owned by the small shareholders, regardless of the strategy of the
large shareholder. However, when the number of shares is very large, the only way that a
small shareholder is willing to tender his share is if the price offer is at least the expected
value of his share after the takeover activity. The raider pays the same price for every share
he obtains; hence, he pays the expected post-takeover value of each share that he obtains,
and makes no profits.

Note that our result depends on the assumption that the large shareholder owns a minority
stake of the firm. If, however, the large shareholder would own a majority stake of the firm,
then for every positive price offer, there would be an equilibrium of the subgame in which
the large shareholder would sell exactly half of the firm’s shares, and the small shareholders
would sell none. Therefore, in equilibrium, the takeover would succeed and the raider would

get half of the surplus of the takeover activity.

REMARK 1 If, contrary to what we assume, the large shareholder holds a fraction x > 1/2
of the company, then the raider can facilitate a successful takeover by offering any positive
price. Namely, it is in the large shareholder’s interest to ensure a successful takeover. Small

shareholders’ holdings, on the other hand, are not necessary for a successful takeover.

While the literature so far has emphasized the raider’s inability to make a profitable ten-
der offer for a widely dispersed company (see, for example, Grossman and Hart (1980) and
Bagnoli and Lipman (1988)), Theorem 1 shows that profitable tender offers are impossible
even in the presence of a large shareholder as long as he does not hold a majority stake.
In light of Theorem 1, the inability of the raider to make a profitable tender offer is not a
consequence of the dispersed ownership of the whole firm, but is rather a consequence of the

fact that the majority stake is widely dispersed.

3. INCOMPLETE INFORMATION MODEL

We now introduce the model with incomplete information. In this part, unlike in the
complete-information model of Section 2, we study the takeover game with a continuum of
shares.!! The raider who wants to acquire the firm makes an unconditional price offer p for
the shares of the firm. There is a continuum of shares represented by the interval [0, 1], where

a mass of (1 — z) is held by a continuum of small shareholders of size (1 — z), and a mass

Un Section  we exp’ain why we present the co p’ete-infor ation ode’ assu ing a discrete nu ber of
shares whi'e ﬁlle inco p'ete-infor ation ode’ is presented with a continuu of shares
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x of the shares is held by a large shareholder. The large shareholder is not, however, large

enough to facilitate the takeover by selling all of his shares, i.e. z < 1/2.1?

There are two states of the world, w € {h,l}, and the common prior belief that w = h is
A € (0,1). The value of the firm is 1 if the state of the world is h and the takeover is successful.
The value of the firm is 0 if the state of the world is [ or if the takeover is unsuccessful. Each
small shareholder observes a signal drawn from a conditionally i.i.d. F'(s|w) with support
S = [0,1], and with the density function f(s|w), where w is the true state of the world.
Large shareholder observes a signal s € S := [0, 1] drawn from distribution H(s|w), with the
density h(s|w) and his signal is assumed to be independent of the small shareholders’ signals.

We assume that the monotone likelihood ratio property (MLRP) holds for the shareholders’

f(slh) h(s|h) 13,14
> Fem and 56

distributions, i.e. are strictly increasing on the interval [0, 1].

3.1. Strategies A strategy for the raider is a price offer p € [0,00). Every price offer
induces a tender subgame that we describe below. In a tender subgame with a fixed price offer
p > 0, a small shareholder either sells his share or keeps it, while the large shareholder decides
what fraction of his shares to sell. In particular, a mixed strategy for a small shareholder

specifies the probability that he tenders his share for each signal:
o:8—10,1].

A strategy for the large shareholder is a right-continuous and weakly increasing mapping
or S % [0,1] = [0, 1], which denotes the cumulative distribution function of the fraction of
the shares he tenders, and whose marginal on its first coordinate coincides with the distribu-
tion of signals. The first argument is the signal, and s denotes a generic element. The second
argument is the fraction, and r denotes a generic element. Modeling the strategy as a cu-
mulative distribution function ensures that payoffs are well-defined (see Milgrom and Weber
(1985)). The strategy oy, is weakly increasing in both of its arguments, and for every s € [0, 1],

it satisfies the following equation:

(1) opn(s,1) = AH(s|h) + (1 — N H(s]l).

12Note that in ‘ight of Re arr , we ‘oor at the case in which there is the free-riding probe , ie, z < /2

I3Notice that the strict’y increasing condition i p'ies that a”* the densities are ‘arger than zero and§ nite
for a” s € (0, )

14 & assu e strict MLRP so'e’y for expositiona’ purposes A’ of our resu’ts go through if we assu e the
wear version of MLRE ie, J;((Ssl‘];)) and ]Z((Ssl‘];)) are wear 'y increasing in s The wear MLRP acco  odates
a ong other things a for uation witl§ nite’y any signa’s
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The above condition ensures that the marginal distribution of o7 on its first coordinate is
equal to the signal distribution.'® The set of strategies of the large shareholder, ¥, is the set
of all strategies (distributions) satisfying equality 1. In addition, we introduce the conditional

distributional strategies, o (s, r|w), which we derive from o (-,-) as follows:

gy h(slo)
= [ [ Na(al) (1= MG o)

Note that o (s, 1|w) = H(s|w), for every s € [0, 1].

A strategy for a small shareholder, o, is a threshold strategy if there exists a signal s* € S

such that o(s) = 1 for every s < s* and o(s) = 0 for every s > s*.
A strategy profile in a tender subgame is a collection {o;}icjo1-2ju L - A strategy profile
is symmetric if o, = o; for every i,j € [0,1 — z], and (0, 0;) denotes a typical symmetric

strategy profile.

3.2. Payoffs A small shareholder’s payoff from tendering his share is the price p. The
expected payoff from keeping his share depends on his belief ¢ € [0, 1] that the takeover is
successful in state h and his belief that the state is h.' Let

-~ Af(s]h)
)= TG 1 (= VA

be the posterior belief of a small shareholder that the state is h, given his signal s. Then, the

payoff function of a small shareholder is given by the following equalities:

Ulp, s, q, keep) = B(s)q,

and

U(p, s, q, sell) = p.

Similarly, let the large shareholder’s posterior belief that the state is A when he observes
Ah(s|h)

N (s[B)+(1—N)A(s[])

payoff from tendering a fraction r € [0, 1] of his shares is given by:

signal s be BL(s) := . For a collection of beliefs ¢y, := q(r)re[oﬂ, the expected

U(p,s,q(r),r) =z (rp+ (1 —r)q(r)Br(s)),

15 % cou'd a'so ode the strategy of the s a’ shareho’der as a distributiona’ strategy However as we
wi'’ see‘ater in a” equi‘ibria the s a” shareho'ders” strategies have a thresho’d structure Hence we do not
have to assu e that the strategy of the s a” shareho der be representab’e by a distribution function

6The ro’e and eaning of the concepts such as the beief ¢ introduced here wi” be c’earer when we
®§ ne the equi'ibriu  concept be ow
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with the interpretation that ¢(r) is the belief that the large shareholder attaches to the
takeover succeeding in the high state when he tenders a fraction r of his shares.

Finally, the raider’s payoff (i) when he offers the price p, (ii) the shareholders use the
symmetric strategy profile (o, 0y ), and (iii) he believes the probability of takeover success as

a function of the large shareholder’s behavior is determined by the collection ¢y, is given by:

Ur(p,0,01,q1) = A/s q(r) (357" + (1 -2 /86[071} U(S)f(s‘h)ds) dop(s,r|h)

Ty

— ol [ A0S + 0= s |

s,T

rdoy (s, r)] .

The first term represents the raider’s benefits when the takeover is successful and the
state is high. The second term represents the total payment the raider makes to acquire the
shares. As a reminder, small shareholders’ strategy o is a standard behavior strategy which
prescribes for each signal s the probability with which a small shareholder tenders his share.

On the other hand, o is a distributional strategy.

3.3. Equilibrium A tuple T' = (0,0, ¢, Q(T)re[o,u) is a symmetric equilibrium of a tender

subgame with a price offer p if the following conditions hold:

(2) U(p,s,q,0(s)) > Ul(p,s,q,a), Va € {keep, sell} , Vs € [0, 1].

(3) / Ur(p, s, q(r),r)dor(s,r) > / UL(p, s,q(r),r)dop(s,r), Vog € 3.
s€[0,1],r€[0,1] s€[0,1],r€[0,1]
0, if (1—2) [ o(s)dF(s|h) +ar < 1/2
4) g =<1, if (1—x) [ o(s)dF(s|h) +zr > 1/2

€ [0,1], if (1 —x) [, o(s)dF(s|h) +ar =1/2.

(5)  q= / a(r)dor (s, rlh).
s€[0,1],r€[0,1]

The first two conditions above are the standard conditions requiring that the sharehold-
ers’ behavior is optimal given their beliefs. Condition (4) describes the large shareholder’s
beliefs about the probability of the successful takeover in the high state when he tenders
a fraction r of his shares, given the fixed behavior of the small shareholders. The frac-
tion of shares tendered by the small shareholders in the high state, given strategy o, is
(1—2) fol o(s)dF(s|h). Therefore, if the large shareholder tenders fraction r of his shares and
if (1—x) fol o(s)dF (s|h) 4+ xr is larger (smaller) than 1/2, then the takeover succeeds (fails)

11



with certainty. The indeterminate case is when (1 — x) fol o(s)dF(s|h) 4+ xr = 1/2. We leave
the large shareholder’s beliefs, in such a knife-edge case, to be determined in equilibrium.
Finally, condition (5) requires that the small shareholders’ belief ¢ about the success of the

takeover in the high state be derived from ¢y, using the large shareholder’s strategy ory.

REMARK 2 Our equilibrium concept is different than Nash equilibria or refinements thereof,
in that our equilibrium contains variables such as the probability of a successful takeover. This
s in the spirit of the rational-expectations equilibrium concept, and allows for the probability
of a successful takeover when the fraction of shares acquired is one-half to be determined
endogenously. We show later that our model has a unique equilibrium outcome. Moreover,
we show in Section 8 that the unique equilibrium outcome of the model with a continuum of
shares is precisely the limit of the equilibrium outcomes of the takeover model with finitely

many shares.

The raider’s continuation payoff from offering p when the tuple T' = (o, 0z, ¢, Q(T)re[o,l}) is

played in the tender subgame is denoted by:

H(pa T) = UR(pa g,0r, QL)

Note that a price p > 1 can never result in a positive payoff for the raider; we therefore
restrict his price offers to the interval [0, 1]. We say that the collection (p,T'(p')pejoq) is an
equilibrium of the takeover game if each T'(p') is an equilibrium of the tender subgame with
price offer p/, and if p € argmaxycpIL(p', T'(p)).

When there is a unique equilibrium of a tender subgame for a given price p, we write
II(p) for the raider’s profit when all other players play the unique equilibrium of the tender

subgame.

4. EQUILIBRIUM CHARACTERIZATION

In this section we characterize the equilibrium behavior of the shareholders for both on
and off the equilibrium price offers. In particular, in Theorem 2 we show that there is a
unique equilibrium of each tender subgame, and we calculate the raider’s profits in each of
these equilibria. In Theorem 3, we show that it is possible that the raider makes a positive
price offer, the takeover is successful in the high state, and the raider makes strictly positive
profits. We start with a preliminary observation that the small shareholders use threshold

strategies in any tender subgame.

LEMMA 1 In any equilibrium of the tender subgame where p > 0, the small shareholders

12



use a threshold strategy, i.e., there is a o € [0,1] such that the small shareholder tenders his

share if s < o and keeps it if s > 0.

ProoF: The MLRP condition implies that a small shareholder’s belief 5(s) is a strictly in-
creasing function. Fix an equilibrium of the tender subgame for some p > 0,7 = (0,0, ¢, Q(T)re[o,l})~
The small shareholder’s payoff from tendering a share is p, while keeping the share yields
qp(s). Therefore, if o(s) > 0 for some s, then for every s’ < s, it follows that ¢f(s") < p and
hence o(s') = 1. Similarly, if o(s) < 1 for some s, then ¢5(s") > p for all s’ > s, and therefore

o(s') =0 for every s’ > 5.7 O

In the following development, we identify the small shareholders’ equilibrium strategy with
the threshold signal 0. When there is no confusion, o € [0, 1] denotes both the threshold signal
and the small shareholders’ equilibrium strategy.

We call a signal s* € [0, 1] pivotal if it has the property that when the small shareholders
use the threshold s*, and the large shareholder tenders all his shares, then the fraction of

tendered shares is 1/2. Since x < 1/2, the pivotal type s* € (0,1) is uniquely defined'® by
F(s*|h)(1 —z) 4+ 2 =1/2.

The critical price p is the price that would keep the pivotal type indifferent between tendering
his share and keeping it, if he believed that the takeover would be successful with probability

one in state h. In particular,
6)  p:=p(s").
REMARK 3 Note that both s* and p are decreasing in x.

We now present the unique equilibrium of each tender subgame with a price offer p > 0.
The structure of equilibria depends on whether the price offer is below or above the critical

price.

THEOREM 2 (Characterization) For any p > 0, there is a unique equilibrium of the tender
subgame, T = (0,01, 4,4() o)
(i) If p <p, then
a) o = s*.

"Here we use a convention that if ¢ and p are such that gB(s) < p for a” s



b) or(s,7) =0 for every s € [0,1] and every r < 1.
c) q= %, q(1) = % and q(r) =0 for all r < 1.

Moreover, the raider’s profit is given by:

M ) =rlp (A% (1= N[ -2 (| + x]) |

(i) If p > p, then
a) o =11ifp > p(1), and otherwise is the unique solution to the equality 5(o) = p.
b) There is a signal s, € [0,1] and a fraction a < 1 such that, if the large shareholder’s
signal s > sy, then he tenders fraction a of his shares; and if s < s, then he tenders
all of his shares.
c)q=1,q(r)=0 forr <a, and q(r) =1 for r > a.

Moreover, the raider’s profit is given by:

(p) = A1 = 2)F(alh) +(a(l = H(sp[h)) + H(sp|h))]
(8) —pA[(L = 2)F(o]h) +a(a(l — H(sc[h)) + H(sr|h))]
—p(1 = N[(1 — 2)F(o|l) + z(a(l — H(se|1)) + H(sc|l))].

PROOF: See Appendix B. O

The theorem characterizes the unique equilibrium of tender subgames under two cases.
The first one is when the price p is smaller than or equal to the critical price p. In this case,
the small shareholders’ equilibrium threshold is s*, and is independent of the exact value of p.
The probability of a successful takeover in the high state (q) is determined endogenously so
that a shareholder receiving the signal s* is indifferent between tendering and not tendering
his share. If he tenders his share, he receives the price p, whereas if he keeps it, then it is
worth zero in the low state, and one in the high state but only if the takeover succeeds. Such a
shareholder believes that the state is high and the takeover succeeds with probability 5(s*)q.
Therefore, the probability of a successful takeover is linear in the price offer (see Figure 1 for
a depiction).

The large shareholder, on the other hand, tenders all of his shares regardless of his signal.
His behavior is optimal because by tendering anything less, he would cause the takeover to
fail in the high state with certainty, by the definition of the pivotal signal, s*. Such a takeover
failure would render the shares he held back valueless. In equilibrium, the large shareholder
has no reason to withhold any of his shares. Indeed, in the low state he wants to sell all his
shares, while in the high state the takeover fails if he withholds any fraction of his shares.

His behavior is therefore independent of his signal.

14



q (probabi’ity of success in state h)

0 D p (price)

Figure 1: This figure shows how the equilibrium probability of a successful takeover in state
h, denoted by ¢, varies with the raider’s price offer. In particular, ¢ = % forp<pandg=1
for p > p.

The shareholders’ behavior, as described for p < p, and the definition of s* imply that
exactly half of the shares are sold in the high state. The raider’s payoff can now be decomposed
into two parts. He benefits only from the shares that he holds in the high state conditional on
the takeover succeeding, as captured in the first term in equation 7. Since (i) the probability
of the high state is A, (ii) the probability of the success of the takeover in the high state is
q, and (i77) exactly half of the shares are being sold in the high state, this yields Aq/2. The
second term in equation 7 represents the expected amount the raider pays for shares in the
equilibrium. It is the price p times the expected quantity of shares he has bought. Notice that
more shares are sold in the low state than in the high. This is because the large shareholder’s
tendering decision is independent of his signal, and the small shareholders tender their shares
when they observe the low signals, which are in turn more likely in the low state. This is a
so-called lemons problem. Only the more pessimistic small shareholders are willing to tender
their shares. Therefore, the raider who wants to induce a successful takeover in the high state

must accept losses on the shares he buys from the small shareholders.

The second case is when the price offer p is larger than p. In this case, the small share-
holder’s equilibrium threshold ¢ is greater than the pivotal signal, s*. Namely, the small

shareholder with a signal s* is indifferent between tendering and keeping his share even when
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the probability of success is one and the price is p. He, therefore, strictly prefers to tender
when the higher price is offered and the probability of success is less than or equal to one.
Consequently the equilibrium threshold must be above s*. An argument similar to the one
above implies that the large shareholder either tenders a fraction a of his shares, which is
barely sufficient to ensure a successful takeover in the high state, or he tenders all of his
shares. He certainly tenders all the shares when he deems the high state unlikely, in which
case even a successful takeover does not generate a high post-takeover share value. On the
other hand, he tenders only fraction a of his shares, the smallest fraction which renders suc-
cess in the high state certain, when his signal favors the high state. More importantly, when
p > P, the takeover succeeds with probability one in both states.

Before we proceed to the characterization of the raider’s equilibrium price offers, we show

that the raider’s profit from offering a price zero is zero.
LEMMA 2 T1(0,7) = 0 for any equilibrium of the tender subgame where p = 0.

Proor: When p = 0, ¢ = 0. If on the contrary ¢ > 0, it would be optimal for the small
shareholders not to tender their shares and to obtain a positive payoff, which contradicts
q > 0. Since the probability of success in the high state is zero, the raider expects a payoft of

zero regardless of how many shares are tendered.!’ O

In the next theorem, we characterize the raider’s optimal behavior. The raider, depending
on the parameters of the environment, either offers the price zero and makes zero profits, or

the price p, in which case he makes a positive profit.

THEOREM 3 The raider’s profit is maximized at either p =0 or p =p. If

then the raider offers the price p, and the takeover is successful with probability one in both
states. If instead 11(p) < 0, then the raider offers price zero, and the takeover fails with
certainty in the high state.

PROOF: See Appendix B. O

Only one of two prices may arise in equilibriium. Either the raider is not willing to offer a
positive price for the shares, or he pays the lowest price that ensures a successful takeover in
the high state.

19Ghareho’ders” equi'ibriu  behavior for p = 0 is restricted on’y by ¢ = 0 In the ‘ow state the tareover
cou'd succeed with any probabi'ity
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pr?ﬁ ts

0 15 price (p)

Figure 2: This figure shows the relationship between the profits of the raider and the price
offer he makes. If A1 — 5(s*) (AL + (1 — N)[(1 — 2) F(s*|) + x]) > 0, then the profit function
has the shape of the thick curve (higher curve); otherwise, it has the shape of the thin curve
(lower curve). In either case, the profit function is strictly decreasing in the price offer in the
range p > p.

To see that no price strictly between zero and p is offered, notice that for any such price
the threshold type of the small shareholders is s*. Moreover, the indifference condition for
the type s* implies that p = ¢f8(s*). Hence, the price and the probability of a successful
takeover in the high state are linearly related to each other. The fraction of shares that the
raider acquires does not depend on the price, as long as p < p, because the large shareholder
tenders all of his shares at any such price. Therefore, if offering a positive price is a better
strategy than offering a zero price, then the marginal cost of increasing the probability of
success in the high state is strictly smaller than the marginal benefit from increasing such a
probability. Consequently, offering p dominates any offer below p.

The raider does not want to make an offer larger than p. Note that the total surplus is
equal to the probability of a successful takeover in the high state. This probability is 1 as
long as the price is at least p. Therefore, the total surplus is independent of the price offer
in that range. However, the surplus that goes to the shareholders strictly increases with the
price offer. Hence, the raider’s profits are lower with higher price offers. (See figure 2, which
shows that the raider’s profits are linear in price until the price reaches p and are decreasing
when the price is above p.) Below, we argue that both asymmetric information and a large

shareholder are necessary for the raider to make positive profits in our setup.

REMARK 4 (The roles of asymmetric information and a large shareholder)
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e Suppose that the small shareholders hold no private information, and their signals are
uninformative about the state of the world. Suppose, in addition that they are using a
threshold strategy. Then p = X\, and F(s*|h) = F(s*|l). Therefore, 11(p) = 0, and the
raider makes no profits.

e Suppose that there was no large shareholder, i.e., suppose that x = 0. In that case,
rearranging the equation for I1(p) and using the MLRP condition, we find that 11(p) < 0.

5. MULTIPLE LARGE SHAREHOLDERS

We now show that our results extend to a setting with multiple large shareholders. Suppose
there are K large shareholders, j € {1,2..., K'}. Large shareholder j holds a fraction x; of
the total number of shares. We assume that x := Zj; x; < 1/2.2

First we consider the complete-information setup, where the value of the company in the
case in which the takeover succeeds is 1. In a tender subgame of the game with n shares and
a price offer p, the large shareholder j’s strategy is o1 ; € A(0,1,...,nxz;), i.e., a probability
distribution over the number of shares he tenders to the raider. As the number of total shares,
n, grows large, the raider’s equilibrium payoff approaches zero. For the intuition that follows,
consider a very large number of shares. In a symmetric equilibrium the small shareholders
use mixed strategies,?! i.e., they are indifferent between tendering and not tendering their
shares. This means that the probability they assign to the takeover succeeding must be equal
to the price p. In turn, the ex ante expected surplus is equal to p, and the small shareholders’
surplus is (1 — z)p. On the other hand, each of the large shareholders can guarantee himself
the payoft pz; by selling all of his shares; thus the large shareholders together get at least
xp. But then there is no surplus left for the raider.

Now suppose that there is incomplete information about the state of the world, and a large
shareholder j receives a private signal, which is distributed according to the probability dis-
tribution function H;(s|w). In this case, there is a multiplicity of equilibria in the continuum
model due to the possibility of coordination failures among large shareholders. However, there
also exists an equilibrium in which, after the price offer p = S(s*), the large shareholders
tender all their shares, and the takeover is successful with certainty. In this equilibrium, the
raider’s profit is the same as in the unique equilibrium of the tender subgame with price offer
P in the model with a single large shareholder who holds fraction x of all the shares. Hence,

if I1(p) > 0, the raider offers price p and the takeover succeeds with certainty.

20Thenu ber of ‘arge shareho’ders K, is a” owed to be an$§ nite nu ber Note that thes a’* shareho’ders
are i nitesi a’ co pared to any of the ‘arge shareho’ders since each ‘arge shareho’der owns a constant
fraction of the§ r

21Sy  etry here eans that a”’ the s a” shareho’ders use the sa e strategy

18



6. PRIVATE BENEFITS

Suppose that the raider obtains some private benefit, B > 0, if the takeover is successful,
irrespective of the state of the world.

In the complete-information scenario, the raider’s equilibrium payoft converges to B, and
the probability that the takeover succeeds goes to one as the number of shares, n, grows.
This is very similar to the result obtained by Marquez and Yilmaz (2008) in an environment
without a large shareholder. The reason is that, given that the raider can in the limit not
make a profit on the shares, he makes certain that he receives the private benefit B. He can
always achieve this by offering the shareholders the full post-takeover value of the company.

In the incomplete-information game with a continuum of shares, the shareholders’ behavior
is the same regardless of the size of B; therefore, the characterization of the shareholders’
behavior carries over from the environment with B = 0. For any strictly positive price offer,
the raider receives at least half of all the shares in the high state of the world. As in the
case in which B = 0, prices above p are dominated for the raider by p.?? In the remainder
of the analysis we focus on the case in which p € [0, p]. For the prices in (0, p|, exactly half
the shares are sold in the high state. This in turn means that the raider receives a fraction
of shares that strictly exceeds one-half, and therefore the takeover succeeds with probability
one, in the low state of the world.

There is a multiplicity of equilibria in the tender subgame after p = 0, with the common
feature that the takeover succeeds with probability zero in the high state, and that all the
shareholders have payoff zero. However, the equilibrium outcome is unique, because when
the raider offers any positive price, the takeover succeeds in the low state with probability
one.

In equilibrium the raider offers either price p or zero. Prices above zero increase the proba-
bility of a successful takeover in the high state, but do not affect the probability of a successful
takeover in the low state or, for that matter, the fraction of shares that the raider acquires.
In particular, for any price p < p, the probability that the takeover succeeds in the high
state is p/p. Hence, if the raider prefers to offer a positive price to offering a zero price, then
he also prefers to offer p to offering any price strictly less than p. The equilibrium price is
p if II(p) + AB > 0. In other words, there is a threshold B > 0 such that if B > B, then
the takeover succeeds with probability one in both states. Otherwise, it is only successful in
the low state. Moreover, this threshold is strictly smaller than the threshold identified by
Marquez and Yilmaz (2008) if > 0, and coincides with their threshold if 2 = 0.

22For a” those prices the tareover in the high state occurs with probabi'ity : thus the expected surp’us
is A\ 4+ B Increasing the price fro p can on’y increase shareho’ders’ payog s and thus decrease the raider’s

payog .
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Some care is required when II(p) + AB < 0; (equivalently, II(p) + B < (1 — A\)B). In this
case, the raider offers price zero, the takeover succeeds with probability one in the low state
and with probability zero in the high state. While we pointed out that there are equilibria of
the tender subgame after price offer zero in which the takeover succeeds in the low state with
any probability, the tender equilibrium requires that after the price offer zero, an equilibrium
of the tender subgame is played in which the takeover succeeds with probability one in the
low state. Otherwise, the raider would have a profitable deviation to a price just slightly
above zero, which would ensure that he obtains the private benefit B at least in the low
state.

To sum up, we state the results argued above in the form of a Theorem, without providing

a formal proof.

THEOREM 4 In an incomplete-information model in which the raider has some commonly
known private benefits B > 0, the raider offers either price p or zero. He offers price p if
II(p) + AB > 0. Moreover, given the size of the large shareholder’s stake x < 1/2, there exists
a B, such that if B > B,, the takeover succeeds with probability one in both states and the

raider makes a profit.

7. COMPARATIVE STATICS

We now investigate the impact of the large shareholder’s stake size on the raider’s profit
when he offers the price p. In the next lemma, we show that the raider’s payoff is strictly

increasing in the large shareholder’s holdings in the firm.

LEMMA 3 Let II(z) := II(p(x)) be the raider’s profit when he offers the price p and the large
shareholder holds a fraction x < 1/2 of the shares. Then fl—g > 0.

PROOF: See Appendix B. O

Next we argue that II(x) is positive when z is close to, but smaller than, 1/2, and neg-
ative when x is just slightly above zero. Together with the fact that II(z) is increasing and
continuous in x, this ensures the existence of z* < 1/2 for which II(z*) = 0. Moreover, for

any x > x*, the raider turns a profit on the takeover.
THEOREM 5  limg o II(z) < 0 and lim, ~ 2 II(z) = 5[A — 5(0)] > 0.

PROOF: See Appendix B. O
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II(x) is the raider’s profit when the large shareholder owns a fraction x of the shares and
the raider offers the price p. The negative limit, when x tends towards zero, then means that
by offering p, the raider would incur a loss. This in turn means that the raider will prefer to
offer the price zero. This result is in line with the results from Marquez and Yilmaz (2008),
who have shown that when the firm is owned only by small shareholders, the raider cannot
make a profit.

The surprising result is that for larger x, the profit from offering the price p is larger.
One might think that if there were a large shareholder, the raider would have a much more
formidable opponent to deal with, which would lower his profit. However, the large share-
holder gets in his own way and sells all of his shares. In fact, the larger his stake, the more
shares the raider obtains from him. For example, suppose x = 0.49. Knowing that he will
get all of the shares from the large shareholder, the raider needs to acquire one percent of
the company from the small shareholders. But then, by offering a low price, he can target
precisely the most pessimistic small shareholders who jointly own one percent, because they
are willing to sell for a low price.

This brings us to another part of the result. The limit of the raider’s profit as x goes
toward one-half depends on 5(0), that is, on the belief of the small shareholders who receive
the lowest possible signal. Since the prior probability of the high state is A and we assume
MLRP, it follows that 3(0) < A. However, 5(0) can be anywhere in [0, A). If it is closer to
zero, the agent who is observing the lowest signal is almost certain that he is in the low state.
In such an environment the low signal is very informative about the state. If 5(0) is closer to
A, then the shareholder who observes signal 0 holds almost the same beliefs as he did prior to
observing the signal. Such a signal is rather uninformative. Our result shows that as x tends
to one-half, the raider’s profit is higher when the bottom signal is more informative. This is
not only because of the conveyed information per se, but because the greater informativeness
of the bottom signal helps the raider to differentiate the shareholders. This in turn enables
him to buy the shares from the most pessimistic shareholders relatively cheaply.

Finally, if the raider can reap private benefits from a successful takeover, then for every
benefit B > 0, there is an z(B) < 1/2 such that if © > x(B), the raider makes a strictly
positive profit and the probability of a successful takeover is one. If, on the other hand,
x < x(B), then the raider cannot make a profit, he offers the price zero, and the probability
of a successful takeover in the low state is one, while the probability of a successful takeover in
the high state is zero. Moreover, z(B) is (weakly) decreasing in B, x(0) < 1/2, and z(B) = 0
for B as identified in Marquez and Yilmaz (2008).23

2The function 2(B) is strict'y decreasing for B € [0, B and constant at 0 for B > B
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8. FINITE MODEL AND CONVERGENCE

In this section we introduce the tender game with finitely many shares and incomplete
information. There are n shares in total. Each one of the (1 — x)n small shareholders holds

a single share, while the large shareholder holds xn shares.

8.1. Strategies and Payoffs A mixed strategy for the raider is a distribution over a set
of prices, [0,1]. In a tender subgame after the raider’s price offer, a strategy for a small
shareholder is a mapping from his signal to the probability with which he tenders his share,
denoted by 0" (s). A strategy for the large shareholder describes the number of shares he
tenders for every realization of his private signal. It will be convenient to describe his strategy
as a joint probability distribution function over his signals and the fraction of shares that
he is tendering. Remembering that 3, is the set of all strategies for the large shareholder in
the model with continuum shares, let the set X7 C ¥, be the set of strategies such that for
any o} € X7, for every s € [0,1], and for every i € {0, 1,...,nx — 1}, the strategy o} (s,r) is

i i+l

nx’ nx

constant in the interval r € [ ) A strategy for the large shareholder in the game with
n shares is an element in 37, and a typical strategy is o}. The large shareholder’s strategy
induces a probability distribution on the fraction of tendered shares conditional on state h,

denoted by ¢" : {0,1,...,nz} — [0, 1], and defined as:

g"(i) == (o7 (s,i/nx) — of(s,i — 1/nx))dH (s|h) , for i > 0;
s€[0,1]

g"(0) := / - o7 (s,0)dH (s|h).
s€(0,1
We specify the payoffs of the small shareholders and the large shareholder in the same way

that we did for the continuum shares case in Section 3. In particular, the small shareholders’

payoffs are

U(p, s, q, keep) = B(s)q,

U(p, s, q, sell) = p,

where p denotes the price offered for the firm, s denotes a shareholder’s signal, and ¢ represents
the probability of the success of the takeover in the high state, conditional on the shareholder
keeping his share.

REMARK 5 We interpret the raider’s price offer p as the price he offers for the whole
company, which converts into offering a price p/n per share. The small shareholders’ payoffs
are then p/n if they tender and B(s)q/n if they do not tender. The latter payoff is due to
the fact that in the high state the company is worth 1, with a per share value of 1/n. But
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now notice that the small shareholders’ behavior is determined by the ratio of p and [((s)q.

Therefore, the payoffs defined above capture the relevant behavior.

The large shareholder’s payoff when tendering a fraction r of his shares is

U(p,s,q(r),r) =z [rp+ (1 =r)q(r)Be(s)],

where ¢(r) is the probability he attaches to the takeover succeeding in the high state, given

that he is selling a fraction r of his shares.

8.2. Equilibrium We say that a couple 7" = (0}, 0") is a symmetric Nash equilibrium
of the tender subgame, when there are n shares, and when the price offer for the firm’s total

shares is p, if the following two conditions hold:

Ulp,s,q"1,0(s)) =2 Ulp, s,q"y,a), Va € {keep, sell} , Vs € [0, 1],

and
/ Us(p. 5.q"(i/na), i/na)do(s,i/nz) >
zf 0,1,...,nx s€[0,1]
Z / Ur(p,s,q"(i/nx),i/nx)dc] (s,i/nx), Vo, € X7,
zf 0.1,...mz. * 5€[0:1]
where }

(1—-z)n
o= 3 (e e

k=n/2—i

nx (1-z)n—1 (1 B ;)j)n 1
q", = Zgn(z) Z < . )‘bﬁ(l _ (bn)(l—x)n—l—k.
=0

k=n/2—i
The term ¢"(i/nx) is the probability of a successful takeover in the high state when the

large shareholder tenders exactly ¢ shares, while ¢", is the probability of a successful takeover
in the high state, conditional on a particular small shareholder keeping his share. The term
¢, refers to the probability that a small shareholder tenders in the high state, and is defined

as follows:
o= [ Flelmyio™s)
s€[0,1]

The probability of a successful takeover in the high state is:

o g (1—x)n
"= g"() Y, ( " )d)ﬁ(l — ) ITIE,
i=0

k=n/2—i
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For any p > 0 and T™ = (0™, 0}), the raider’s payoff function, II(p, T, is defined similarly
to the payoff function in the model with continuum shares. Specifically, its definition is as

follows:
(1—z)n

mpr) = A (Lo | X (077 )ekn sty

k=n/2—i

rdaL(s,r)} :
We say that a tuple (p",T"(p'),cjo,)) is an equilibrium of the tender game if each T"(p')

~ [(1 = o TSI + (1= el + 2 /

s,r

is a symmetric Nash equilibrium of the tender subgame with price offer p’, and Il(p, T'(p)) =
Supp’E[O,l] H(p/> T(p/))

REMARK 6  Note that our equilibrium concept is equivalent to a perfect Bayesian equilibrium
when the strategies are defined as measurable with respect to the prices. In fact, even after off-
equilibrium price offers by the raider, the shareholders’ beliefs about the state of the world are
unchanged and equal to their posterior belief obtained by Bayesian update using the common

prior X and their signal.**

8.3. Convergence Let an outcome 0 := (p, 7, q) € [0,1] x [0, 1] x [0, 1] be a tuple, where p
is a price, 7 is the raider’s profit, and ¢ is the probability of success in the high state. Every
equilibrium of a finite game induces an equilibrium outcome. Notice that the model with
continuum shares has a unique equilibrium outcome as long as II(p) # 0, and let § denote

this outcome.

THEOREM 6 Let {0"},—0.1... be a sequence of equilibrium outcomes, where each 6™ denotes
an equilibrium outcome of the tender game with n shares. If the equilibrium outcome of the

model with continuum shares is unique, then lim,, _,..0" = 6.

PROOF: See Appendix C. O

The proof proceeds by showing that the equilibrium strategies of the small shareholders,
0", and that of the large shareholder, o}, as well as prices, p", and probabilities of success in
the high state, ¢", converge to their counterparts, (o, 0, p, q), in the game with a continuum
of shares. From these limiting objects we derive a mapping ¢(r), representing the large share-
holder’s beliefs about the success of the takeover in the high state when selling a fraction
r of his shares. We conclude by showing that (p,o,0r,q,q(r)rcp,1)) is an equilibrium of the

tender game with a continuum of shares.

24For a precise state ent of PBE see Fudenberg and Tiro'e (,", , D% nition® 2)
348
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REMARK 7  Although in Theorem 6 we only state that the equilibrium outcomes of the finite
share model converge to the unique equilibrium outcome of the model with continuum shares,
we also prove that equilibrium strategies in any subgame after a positive price offer converge
to the unique equilibrium strategy profile of the model with continuum shares. Therefore, the
off-path equilibrium behavior of the model with continuum shares is also approximated by the

off-path equilibrium behavior of the finite-shares model.

9. DISCUSSION

We have analyzed the impact of a large shareholder (or shareholders) on takeovers. The
main finding of the paper is that, without any informational asymmetries, the raider cannot
facilitate profitable takeovers even with a minority large shareholder. However, when the
shareholders are privately and asymmetrically informed, and the raider is not, the presence
of a large shareholder can facilitate profitable takeovers.

In this paper, we focus on a simple mechanism in which the raider offers a price per share.
As Bagnoli and Lipman (1988) note, an alternative mechanism which specifies that the raider
will pay a price per share if and only if all the shares are tendered extracts the full surplus
from the takeover by making every share pivotal. However, such offers are highly impractical
and unobserved in practice. In a related paper, we show that when the shareholders have
private information about the state of the world, conditional offers such that the seller pays
a price p per share if at least half of the shares are tendered, do not increase the raider’s
expected profit in the continuum shares model (Ekmekci and Kos (2012)).%

Lastly, we should point out that there is a slight disparity between the presentations of the
complete and incomplete information models. The former model is presented in the setup with
finitely many shares, while the latter is presented in the setup with a continuum of shares.
We chose to present the complete-information model using a finite number of shares in order
to better compare our results to the results obtained previously by Bagnoli and Lipman
(1988) and Marquez and Yilmaz (2008). Alternatively, we could have adapted the model in
the incomplete-information section. This, however, would deliver a multiplicity of equilibria.
In particular, any price offer not exceeding one would be an equilibrium, since the raider’s
profit is zero in every such subgame. We could then show that the equilibria of finite games
converge to an equilibrium of the continuum game, which in turn implies that the raider’s
equilibrium profits in the finite model approach zero as the number of shares grows. This

approach, however, is expositionally more involved. In contrast, the incomplete-information

ZPA si i'ar resu’'t was estab’ished in an environ ent without a “arge shareho’der in Marquez and Yl; az
Q007
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model with a continuum of shares has a unique equilibrium outcome. We therefore found it
much more suitable for developing the results and the corresponding intuition than countless

taking of limits.

A. PROOF OF THEOREM 1

We break down the proof of the theorem into a sequence of lemmata. We start by rewriting
the raider’s payoff in a form that will prove convenient later. For ease of exposition we fix n

and omit it from the labeling of prices and shareholders’ strategies, until further notice.

LEMMA 4 Let {¢,0} be a symmetric equilibrium of a tender subgame after the raider offers
a price per share p € (0,1/n). The raider’s expected payoff in the equilibrium can be written

as

where
i) =0 304 (5 ) ("ot - apo-an

is the expected profit he makes on the sales of the small shareholders, and

2

n(l—x)

T(p) = v1 ) o(k) [[k —Eolk ) <”) ¢ — )" Bk (”2 e - )«5%"“( - ¢>”(1$>3+’“] :
k i=2—k

the expected profit he makes on the large shareholder.

PROOF: As argued in the main text, in any symmetric equilibrium the small shareholders
use mixed strategies, i.e. ¢ € (0,1). Given that they are mixing they must be indifferent
between keeping the share and selling it at the price p, assuming that everybody else is using

the equilibrium strategy:

n(l—z)—1

9) p=u Za(k‘) Z (n(l _Z@ - 1) ¢i(1 _ qﬁ)n(l—x)—l—i.

i—n_
=3 k

The raider only obtains a positive payoff from the shares he buys when the takeover succeeds,
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while he has to pay a price p for every tendered share. His profit is therefore

n(l—z)

(10 wlp)=ud o) 3 ((1[ x))aﬁi(l—cb) M7 i 4 k) = (1= @)ng + B[k p.

i=5—k

where (1 — z)n¢ + E[k| is the expected number of tendered shares: (1 — z)n¢ by the small
shareholders and Ek] by the large shareholder.

The expected profit from the small shareholders is

1)

_vlz ;

5k

and the profit from the large shareholder

n(1—a)
w)=ud o) 3 ( o “”)czf’(l—as)"“—x)—"k—E[k]p.

We will use the following two equalities:

(1) znj(j)as(l— =¢nnll(”‘1) 1 gy

i=k )

and

o E (0o E (7o (oo

1= 1=

The derivation of the first can be found in the appendix of Marquez and Yilmaz (2008).
The intuition for the second one is easily explained in terms of coin-flips. Suppose, ¢ is the
probability of heads. Then the left-hand side of the equation is the probability that at least k
out of n flips are heads. This is equivalent to the probability that at least k out of n — 1 flips
are heads plus the probability that exactly k£ — 1 out of n — 1 are heads times the probability
that one additional coin comes up heads: (" 1) P11 — @) ko,
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Now,

n(l—zx)
) = wY o) Y ("‘ "”)w =95 ( — 2ymp
k i=2—
n(l—x) n( —.I) _ . n(l—z)—1 - —x)— - -
- w2l 3 < i )(bz( —¢) T~ ( i )sz( — p)nmm -1
k i=5—k i=2—k

- ”1ZUU€) (; - ) <n(ﬂ __Ij))(ﬁk( _ gyr—e) =gtk

2

where the second equality is obtained by substituting in for p from (9) and the third by using
(11). Notice that the profit from the small shareholders is nonnegative due to the assumption

that the large shareholder owns less than half of all shares, rendering o(



ProoOF: The large shareholder’s payoff in the specified equilibrium is

n(l—x) B - .

i=2—k
n(l—x)

= ’UlZO’(kJ)TLJJ Z (n( ;I))qsi( it

=2k

n(l—x) n(l—z)—1

— n Y o) {k 3 <"‘ ;I’)w I g 3 <”‘ e )w —¢>"<”>”]

=2k =2k

With probability o(k) the large shareholder tenders k shares for which he receives kp. The
remaining nx — k shares are each worth v; in the case the takeover succeeds which occurs
with probability Z"(l @) (" (li_m))gbi(l — ¢)"1=2)=%_ The second equality is obtained after sub-

stituting for p from (9) and rearranging.

Now
n(l—z) n(l—z)—1

= =1
=3 =3 k

n(l—x)

=vine ) olk) Y (”‘ . @)w’( — )" (p)

=1 _
=3 k

n(l—z)
< Ulna:Za(k‘) Z <n( ;x)>¢i( _ ¢)n(1—w)—i — nap
=2 —k

n(l—x)

nxvlza(k)[z <”< >>¢z( _ gy z_"“i)‘l <n< i >¢( _ gynlima)-i- }

=T =T
=7 k =73 k

o o [ (€ Yo oo
2

where the first inequality follows because the large shareholders can always guarantee himself
the payoff of nxp by tendering all the shares, implying uy (p) > nap. The equality in the fourth
line is obtained by substituting for p from (9), and the last equality follows by using (12).

Also
"= n( —x)\ 1 ; e n —x)— ; 1 1
Za(k) k Z < i >¢Z( - ¢)n( —w)—i Elk Z < . >¢Z( _ ¢)n( —x)—1—i
i=5—k =2k

n(l—x)
_ pyni-a)-i ( —2)n— Bk, (=2 2tk
ijcr(k)(k Elk )] () 1 Elk K%_k_ ><z> (—9) +D

i=5—k
using (12).
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The last two (in)equalities together yield

n(l—x)

ol _ URWT} _ yn(l—z)—i (no — o ( —I)?’L— 2k, _ yA-z)n—2
Sowk-pl Y (1)o -t < - Bl Lo |( )T ot o],

k i=5—k 2

O

LEMMA 6 Let {0, ¢} be a symmetric equilibrium of the tender subgame after p. Then

1 n(1—2)\ . .1 .
w(p) < W <§+x) ( n(12_x) )2 (1-z)

VAN

5

Q.

=z

Ne—— — N M/

o3

I NS
Pl

+

3

I

—
VR

=

—_

|

CEE

<1
< nnl|l=+=x

1 n(l—x)
- —n(l—z)
: ”(2”)( nie) )2 ’

where the first line follows from the above Lemmata, the second from the equality (7)) =
("_1)+( ") and the last from observing that ("(,}__If))qﬁ%—k(l—qﬁ)(l_l’)"—%“‘f < (((113)):)2—(1—:(:)71‘
2 —s

k—1 k—1 =

O

Finally, Stirling’s approximation yields
n(l — .:C) 2 n(l—x)
ni—) | = Ao od 7
e (1l —x)n

Therefore, for large n,

1 2 1

(13)  7(p) < (5 + ) mﬁ,

for every p € [0,1/n] and every equilibrium (¢,0) of the tender subgame with price p.
Remember that, while for the above lemmate we assumed p € (0,1/n), we also know, as

stated in the main text, 7(0) = m(1/n) = 0. Since the bound (13) is uniform over all p and
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equilibria of the tender subgames generated by p, the limit supremum of the raider’s profit
goes to zero along any sequence of equilibria of tender games. Clearly so does limit infimum.

This concludes the proof of Theorem 1.

B. PROOFS FOR THE INCOMPLETE INFORMATION MODEL

Proof of Theorem 2: Suppose that there exists an equilibrium of the tender subgame

after some price offer p > 0, and denote it by T' = (0,01, q,q(r) ). In the following

refo,1
development, we will fix this candidate equilibrium, and characterize it[s I]Jroperties. Then we
will verify that such an equilibrium exists.

Before we characterize the equilibrium, we remind the reader of two definitions from the
main text. The pivotal type, s* € [0,1] is the type such that if the small shareholders use
the threshold strategy s*, and if the large shareholder tenders all his shares, the fraction of
tendered shares is 1/2. Since x < 1/2, there is indeed an interior threshold signal s* € (0, 1),
which satisfies the equality, F'(s*|h)(1 — x) + x = 1/2. Price p is the price that makes the
small shareholder observing the threshold signal s* € (0, 1) indifferent between tendering her
share or keeping it, if she believes that the takeover is successful in state h with probability
one. In particular, p := 5(s*).

The first claim shows that the probability of the success of the takeover is larger than zero.

CLAamM 1 ¢ > 0.

PROOF: Suppose, on the way to a contradiction that ¢ = 0. Then, not tendering yields an
expected payoff of zero, while tendering yields p > 0, therefore o = 1. Consequently, at least
1 — x of shares are sold regardless of what the large shareholder does, resulting in ¢(r) = 1

for every r € [0, 1]. In turn ¢ = 1, which contradicts the hypothesis that ¢ = 0. O

Next we establish a lower bound on the threshold used in an equilibrium by small share-
holders.

Cram 2 (1 —xz)F(olh) + 2 >1/2.

ProoF: If the claim was not true, less than half the shares in total would be sold in the
high state, even if the large shareholder were to tender all of his shares. Implying ¢(r) = 0
for every r € [0, 1]. Therefore, ¢ = 0 which would contradict Claim 1. O

The above claim establishes that in any equilibrium the strategy of the small shareholders
is such that the large shareholder could guarantee that at least half of the shares are sold in
the high state, if he wanted to.
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In what follows we define the notation for the share of the large shareholder that needs to be
tendered so that exactly half of the shares are tendered in the high state, given the equilibrium
strategy of the small shareholders. Notice that such a share of the large shareholder exists in

an equilibrium due to the previous claim.

DEFINITION 1 Let

1/2— (1 —xz)F(olh)

1.

a := max{0,

In the next claim we show, roughly speaking, that the large shareholder never sells less than
fraction a of his shares. Moreover, if he is selling precisely a and if g(a) < 1 then it should
be that a = 1. Indeed, if the large shareholder were to sell a < 1 with positive probability
and ¢g(a) < 1, then he would be better off by selling just slightly more than a which would
ensure the success of the takeover in the high state and yield a significantly larger payoff on

the shares the large shareholder keeps.

CLAaM 3 Ifor(s,r) >0 for somer <1 and s € [0, 1], then q(r) = 1.

PROOF: The proof is in two steps. First, if o (s,7) > 0 for some r < 1, then r > a. To see
this, note that ¢(r) = 0 for r < a, in which case the large shareholder gets p for the shares he
tendered and zero for the ones he keeps. Therefore, tendering all shares does strictly better
than r < a. Hence, o (s,r) = 0 for every r < a.

For the second step, we show that the claim is true under the two remaining cases: i) r > a
and ii) r = a.

i) When r > a, q(r) = 1 by the definition of a and by the equilibrium requirement on ¢(r).

ii) Now suppose that r = a, or(s,a) > 0, r < 1, and suppose contrary to the assertion of
the claim, that g(a) < 1. Then the large shareholder has a profitable deviation by tendering
a fraction arbitrarily close to but above a, by which he pushes the probability of the success
in the high state to 1. This contradicts the equilibrium condition that o; maximizes the large

shareholder’s payoft. O

If the small shareholders expect the success of the takeover in the high state to be less
than certain, then it must be the case that the large shareholder is selling all of his shares.

Otherwise he could increase the probability to one by selling just slightly more shares.

CLamM 4 Ifq <1, then op(s,r) =0 for everyr <1 and s € [0, 1].

PrROOF: Let ¢ < 1. If a = 1, then the claim is true because o (s,7) = 0 for every r < a =1

as shown in Claim 3.
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Let a < 1, and on the way to a contradiction assume that oz (s,r) > 0 for some r < 1.
Then ¢(r) = 1 for all such r, by Claim 3. Moreover, if a < 1, then ¢(1) = 1. Therefore ¢ = 1,
contradicting the supposition that ¢ < 1. 0

So far we have established several properties of the equilibrium. In what follows, we will

complete the characterization under two cases: i) when p < p and ii) when p > p.

CASE 1: Suppose that p < p.
When the price p is below the threshold p the takeover cannot succeed with certainty in
the high state.

CLa 5 Ifp < p, then g < 1.

PROOF: Suppose on the way to a contradiction that ¢ = 1. Then, either 0 =0 or ¢ > 0. If
o >0, then p = qf(0), p < p = B(s*), and B(-) is strictly increasing imply o < s*. Therefore,

(I1—x)F(olh)+z < (1 —2)F(s*|h) +z=1/2,
hence ¢(r) = 0 for every r € [0, 1]. Consequently ¢ = 0, which contradicts the assumption we

started with. A similar analysis yields a contradiction when o = 0. U

Claim 1 and 5 put together yield that in any equilibrium, it has to be the case that
q € (0,1). From the previous analysis we also know that in such an equilibrium, the large
shareholder would try to tip the scale in the favor of the certain success, if he could. The

only way he can be prevented from doing so is if he is already selling all of his shares.
CLAIM 6 op(s,r) =0 for every s € [0,1] and r < 1.

Proor: From Claim 5, we know that ¢ < 1. The result is then implied by Claim 4. U

In words, the large shareholder tenders all his shares regardless of his information.

CLAM 7 a=1,0=5s" and q= ﬁ(’s’*).

Proor: If a < 1, then ¢(1) = 1, and since the large shareholder would be tendering
all his shares by claim 6, ¢ = 1. This contradicts the statement of Claim 5 that ¢ < 1.

Therefore a = 1, and using the definition of a, ¢ = s*. Finally, since ¢ is the threshold type,

Y p
9= By = Bls)

completing the proof. O
Below, we summarize the characterization of the equilibrium of the tender subgame when
p<p.
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SUMMARY 1 If0 < p < p, then

* p

o=s, QZM, UL(S,T‘):O,

for every s € [0,1] and r < 1, and

q(1) = q, q(r) =0,

for every r < 1. It is straightforward to verify that this is an equilibrium. We conclude that

there is a unique equilibrium for 0 < p < p.

CASE 2: Suppose that p > p.
First we establish that if the price offer is high, then in equilibrium, the takeover succeeds

with probability one in the high state.

CLam 8 Ifp>p theng=1.

PROOF: On the way to a contradiction, assume that ¢ < 1. Then by Claim 4, o7 (1,7) =0
for every r < 1, i.e., the large shareholder tenders all his shares. Moreover, p > p and ¢ < 1
imply 8(0) = £ > p = [(s") and therefore ¢ > s*. But then ¢ = 1, because the large
shareholder tenders all his shares and (1 — x)F(o|h) + x > 1/2. This contradicts the initial
hypothesis that ¢ < 1. U

REMARK 8 Since ¢ = 1, o is found by the identity 3(c) = p. Since p > p, 0 > s*.%

At low prices, p < p, the takeover succeeds in the high state with a probability ¢ smaller
than one. The only way to prevent the large shareholder from increasing this probability to
one was if he was already tendering all of his shares in the equilibrium. For a high price
p > p, however, the probability of the takeover succeeding in the high state must be one, as
shown in Claim 8. This leaves scope for the large shareholder to keep some of the shares if

he deems them more valuable then the price the raider is offering.

DEFINITION 2 Let s; be the signal that satisfies fr(sp) = p, if such a signal exists. Let
sp =0 14f B.(0) > p and let s;, :=1 1f Br(1) < p.

sy, is the signal at which the large shareholder’s expected value for each of his shares is

equal to the price, when he is expecting the takeover to succeed with probability one.

26If p > B( ) weset 0 = , in which case the s a’ agents tender their shares for a” the signa’s
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The following claim shows that the large shareholder tenders fraction a of his shares when

his signal is high and all of his shares when the signal is low.

CLAIM 9 i) or(s,7) =0 forr < a and any s € [0,1]. In words, the large shareholder does
not tender a fraction less than a.

it) For s < sp andr < 1:o0r(s,r)=0. For s > s and r € [a,1):
or(s, ) = AlF(s[h) = F(sc|h)] + (1 = A)[F(s]l) = F(sc|l)].

Notice that o (s,1) = AF(s|h) + (1 — X\)F(s|l) for all s € [0,1], by the definition of distribu-
tional strategies.

In words, the large shareholder tenders exactly fraction a if his signal is above the threshold
signal sy,. He tenders all his shares if his signal is below sy,.

ii1) If sp, < 1, then q(a) = 1.

ProOOF: Part i) follows directly from Claim 3.

We will argue part ii) by considering two cases: ¢ = s* and o > s*. If ¢ = s*, then a = 1
by the definition of a and s*. Since the large shareholder never tenders a fraction smaller
than a, as in part i), or(s,r) = 0 for every r < 1 and every s € [0,1]. ¢ = 1 then implies that
q(a) = 1.

If o > s*, then a < 1. When s < sy, the price p is greater than (3 (s), by the definition of
sr,. Therefore, it is optimal for the large shareholder to tender all his shares. Hence, if s < sz,
then o (s,r) = 0 for every r < 1.

If s; = 1, then the proof is complete. So, let s, < 1. A direct calculation shows that

tendering any fraction » > a is dominated by tendering fraction “;T of shares. Moreover, if

q(a) < 1, then tendering a fraction arbitrarily close to a from above is a profitable deviation.
Therefore, the optimality condition for the large shareholder’s strategy delivers that ¢(a) = 1.
Since op,(s,7) = 0 for r < a, in any equilibrium from part i), o (s,a) = A\[F(s|h) — F(sp|h)]+
(1 = MN)[F(s|l) = F(sg|l)] for s > s, which concludes the proof. O

We have proven that all equilibria of the tender subgame have the following structure:

1) If0 <p<p,theno =s* ¢= B(’;*), or(s,r) =0 for every s € [0,1] and r < 1. Moreover,
the raider’s profit is:

I(p) = Mq/2 — p/2) + (1 = N)(=p[(1 — 2)F(s*|l) + z]).

ii) If p = p, then 0 = s*, ¢ = 1, or(s,7) = 0 for every s € [0,1] and r < 1; the raider’s
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profit is:
I(p) = AM(1/2 = p/2) + (1 = A)(=pl(1 — ) F(s7|I) + x]).

iii) If p > p, then o satisfies S(0) = p, ¢ = 1, op(s,r) satisfies the findings above; the
raider’s profit is:
II(p) = A[(1 — z)F(o|h) + z(a(l — H(s|h)) + H(sL|h))]
—pA[(1 —2)F(o|h) + x(a(l — H(sp|h)) + H(s|h))]
—p(1 = N[ —2)F(o|l) + z(a(l — H(sL|l)) + H(sL|l))]-

r\a

Proof of Theorem 3: We start by rewriting I1(p) for p < p. Inserting ¢ = p/5(s*) into
(7), we obtain

A 1
szp[—( —1)—1—)\ 1—o)F(s*|l) +x
0 =r|5 (557 -1) ~ 0=V =P+

Since the profit function is linear in p, for p € [0,p], if A/2(1/5(s*) — 1) — (1 — A)((1 —
x)(F(s*|l)) + « is non-negative, then any price less that p is weakly dominated by p. If on

the other hand, the expression is negative, then any price p € (0, p] is dominated by zero.

Next we will provide four inequalities to argue that any price p > p is dominated by p.
Before we proceed notice that p > p implies o > s*.

For the first inequality, o > s* and p = /\f(a|h)AfEU‘h)) o imply:

A1 =p)F(alh) + (1 = M) (=p)F(o|l) < A1 = p)F(s7|h) + (1 = A)(=p) F(s7[]).
To see this, we rewrite the inequality by plugging in the value of p and rearranging to obtain:

F(olh) _Flol) _ F(s'|h) _ F(s'l)
flalh) — flall) — flalh)  floll)

The above inequality holds because the derivative of K(s) := ?((;"Z)) — ?((jff)) with respect to s

is negative when s < o, due to MLRP.

The second inequality follows directly from p > p:

AL =p)E(s"[h) + (1 = A (=p)F(s"|1) < AL = p)F(s7[h) + (1 = A)(=p) F(s"[1).
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The first two inequalities together yield
(14) AL =p)F(s*|h) + (1 = A (=p)F(s*|1) > A(L = p)F(o|h) + (1 = A)(=p) F(o]l).

The third inequality follows from the MLRP condition in a similar fashion as the first
inequality, but by using the condition p = fr(sz) (The case of p > £r(1) leads to sp = 1,
and the inequality follows similarly.):

AL =p)la(l = H(sp|h)) + H(sg|h)] + (1 = A)(=p)la(l = H(s.[l)) + H(sL|l)]
<AL =p)+ (1 =A)(=p)

Indeed, rearranging shows that the above inequality is true if and only if:

I—H(SLVL) h(SL|h)
I—H(SL”) h(SL|l)

v

This last inequality follows directly from MLRP.
The fourth inequality again follows directly from p > p

AL =p)+ 1 =N)(=p) <AL —=p)+ (1= A)(-p)
The last two inequalities yield

(15)
A1=p)+(A=A)(=p) > A(1=p)[a(1=H (s |h))+H (s |h)+(1=A)(=p)a(1—H (s.]1))+H (sL[])].

Now, for p > p:

(D) — (p) =

A?‘*—ﬁ) GTR) 4 (=N — A —2)F D) = M =) — ) F(alh) 4 ) — A — 2)F(all)

1 2M —D)—p( —A) =M —pla( — H(splh) 4 H(splh) 4 p( —Na( — H(sc|l)) + H(sL|l)
> 0,

where thé§ rst equa’ity uses the identity /2 —x = F(s*|h) the ter in the second ‘ine is ‘arger
than zero due to ( “4) and the ter in the third ‘ine due to (5 ) O

Proof of Lemma 3: s*(x) is strictly increasing in z, which is readily seen from

(16) (1 —2)F(s*h) + o =1/2.
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Therefore 5(s*(z)) is strictly decreasing in z. II(x) can be rewritten as follows:

() = 2 = B(s")3 + (1= V(1 2)F(s"}) +al].

The first term is decreasing in s*, hence increasing in x. Next we show that the second term is
decreasing in z. First, 5(s*) is decreasing in x. Second, as we will show below, (1—z)F(s*|l)+z

is decreasing in z, finishing the proof. Differentiating (16) with respect to x yields

0:1—F@ww+u—xﬁ@wm§j
Now:
A=W ED ey + (1 - a7
| = F(s*|h)

= 1= F(s"l) = f(s7|l) f(s|h)

< 0,

where the second line follows from (16) and the third from MLRP. This concludes the proof.
O

Proof of Theorem 5: Let s*(x) be defined by
. 1
(1 —2)F(s"(@)lh) + 2 = 5,

for all = € [0,1/2]. Then
ling 1) =t (§ = 5(6°(0)) |3 + (L= V[(1 = P (0 + ]| )
A

:%_5@wm{§+a—Aﬁw%mm]

where the third line follows by observing 1/2 = F'(s*(0)|h) and rearranging, and the inequality
is due to MLRP.
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On the other hand,

, (A ] A ]
Jim 1) = i (5= 5(°@) |5 + 0= W[ - )Pl +]])
1
— L - 50)
> 0,
where the second line follows after observing s*(1/2) = 0. O

C. FINITE MODEL AND CONVERGENCE: PROOF OF THEOREM 6

We prove Theorem 6 via a sequence of Lemmata. In particular, we show that equilibrium
outcomes of the finite shares model converge to the unique equilibrium outcome of the model
with a continuum shares. In the following development, we denote the strategies in the finite

shares model with n shares using the superscript n.

C.1. Threshold Strategies The next lemma is a preliminary observation showing that
the equilibrium strategies of small shareholders in finite shares model have a threshold struc-

ture.

LEMMA 7 Let T™ = (o},0") be a symmetric Nash Equilibrium of the tender subgame with
price offer p when there are n shares. Then the small shareholders’ strategy o™ is a threshold

strategy.

PrROOF: The MLRP property on the signal distribution implies that §(s) is strictly increas-
ing in s. A small shareholder’s payoff from tendering a share is p, whereas the payoff from
keeping it is 5(s)q",. Therefore, if U(p, s, q™,, keep) > U(p, s,q™,, sell) for a signal s € [0, 1],
then U(p, s, q", keep) > U(p,s',q", sell) for every s < s. Similarly, if U(p, s,q", sell) >
U(p,s,q", keep) for a signal s € [0, 1], then U(p, s, ¢";, sell) > U(p, s',q",, keep) for every
s > s. O

Henceforth, the equilibrium strategy of a small shareholder will denote the threshold type
of the strategy, i.e., the term ¢” denotes the threshold type of the strategy. Hence

¢ = F(0"|h).
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C.2. Convergence Let the collection {p",T",¢"},—12.. be a sequence where each p" €
[0,1] is a price, T™ is a symmetric Nash equilibrium of the tender subgame with price offer
p" and n shares, and ¢" is derived from 7" as described above. In the following development,

we fix this sequence.

C.2.1. Method of proof We first prove that, the equilibrium outcomes of the sequence
{p", T", q"}, converge to the unique equilibrium outcome of the continuum game we identi-
fied in the main text. On the way to the result, we first argue that there is a strategy oy € ¥,
to which the sequence o} converges. Moreover, 0" converges to a threshold o, prices, p", con-
verge to a price p, and ¢" converges to ¢q. From these limit objects, we derive a new mapping
q(7)refo,1) and show that (07,0, ¢, q(7)rep,1]) is an equilibrium of the tender subgame with a
price offer p in the continuum game. Finally we show that the equilibrium prices of the finite
games, p", converge to the equilibrium price, p, of the continuum game.

The lemma below shows that every collection {p",T", ¢"}, has a convergent subsequence.

LEMMA 8 There exists a subsequence of {p",o", o},q"}, and an increasing and right-
continous function oy, € Xy, such that o} (s,7) — or(s,r) at every continuity point of or(s,r),

pt—=p, q" —=p, " —o0.

PROOF: Since p*, 0", ¢" € [0, 1] for all n, the sequence {p", o™, o}, ¢"}, has a subsequence
{pk o gk ¢"FY,,. along which the object {p™*, ™ ¢"*},., converges. Sequence {07},
has a subsequence {azkj }nkj which converges to a distribution due to Helly’s theorem; dis-
tributions here have a bounded support (see Billingsley (1986), Thm 25.10). Moreover, since
all the distributional strategies along the sequence {07/ },,; satisfy the property (1) so does
the limit. Therefore, the limit distribution of {o}*},4; is in Xy, and {p™4, g% gt gk},

is a convergent subsequence of {p", ", o7, q" },. O

From this point on, we use the term lim,, ., to take the limit over the convergent subse-
quence identified in the previous lemma. We denote the limit point to which the subsequence
converges with the collection of the price p, threshold signal o, large shareholder’s strategy
oy, and the probability of success in the high state, g.

So far we identified a limit of a sequence of equilibria of finite games. In the following
development, we establish that the limiting strategies constitute, a part of, an equilibrium of
the continuum game. Note, however, that an equilibrium in the continuum game is identified
by two strategies, one for small shareholders and one for the large shareholder, a probability
q and a mapping {q(r)}rc,1). In our description of the equilibrium of the continuum game
we will use the limit distributions for the strategies, the limit of ¢" for ¢, while in the next

definition we describe how to specify the mapping {q(r)},c0,1- Let a := min{a*,1} € [0,1]
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where a* is the solution to (1 — x)o + xa* = 1/2.

DEFINITION 3 Let q(r) = 0 for all r < a, q(r) = 1 for all v > a. If or(1,alh) —
lim, .- 0(1,y|h) > 0, then let

B q— (1—o05(1,alh))
ala) = or(L,alh) = limy .- op(1,ylh)’

otherwise let q(a) be an arbitrary number between 0 and 1.

First we establish that ¢(a) as defined above can actually be interpreted as a probability.

LEMMA 9 ¢(a) € [0,1].

PRrROOF: We start by showing ¢(a) > 0. On the way to the result, note that for every ¢ > 0,

nr

1—-0"(l,a+e€lh) = Z g"(i).

i=(a+e€)nz



n> N,

nx

1-ed-o"lateh)=1—¢ > g"()

i=(a+e€)nz

nr (1-z)n
<> 3 (077" )ek - o
i=0 k=n/2—i

n

= q".

Since the inequality is true for every large n, it has to be true in the limit:
g>(1—e€e)(1—o0r(1,a+€lh)).

Moreover, the last inequality holds for every € > 0, and o, is right continuous, therefore

qg>1—o0r(1,alh).

Next we argue that ¢(a) < 1. For this, it suffices to show that
1—gq> lim or(1,y|h).
y—a~

Suppose, to the contrary that 1 — ¢ < lim,_,,- 01(1,y|h). Then there exists an ¢ > 0 such
that

(17) 1—g<or(l,a—elh).

1 — ¢ is the probability the small agents attach in the limit to the failure of the takeover in
the high state. It is easy to verify that

no:
F—i—1

: - n(; (1 - I)n —z)n—
L=g=lm > g"G) > ( ek = g0
i=0 k=0

Fix an €5 such that 0 < €, < €; and notice that definition of a and the fact that ¢,, converges

to ¢ imply

n_j—1

5 (1Yt

k=0
uniformly for all i < (a — ez)nz. The idea is, in the limit game «a is the fraction of shares
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that the large shareholder needs to sell, so that exactly half of the shares are sold, given the
small shareholders’ strategy. Thus, if he is selling a fraction smaller than a, and the small
shareholders’ strategies are converging to the limit strategy, it has to be the case that for
large n the takeover is failing with probability 1 in the high state.

But then there exist an €3 > 0 and N such that for n > N

n_ji—1

R N 1—2z)n e
L—q=lim » ¢"() ) (( N ) )¢Z(1—¢n)(1 ek
i=0 k=0
(1—e2)nz ne 5 —i—1 (1 x)n
S SRS SRFLUD D () LR N
=0 i=(1—e2)nz k=0
(1—e2)nzx
> g"(i) — €3
=0

Since the above inequality holds for every €3 and o7 (1,a — es]h) = lim, ZZ(.:)Q)M g" (i),

1- q Z UL(lva - 62‘h)7

which contradicts (17). Hence, 1 — ¢ > lim,_,,- 01(1, y|h). O

Now that we have established the limiting structure of the game we need to show that the
limiting strategies, together with the beliefs, form an equilibrium of the continuum game.
First we show that the limit threshold signal of the small shareholders represents the optimal

strategy for them in the continuum game.
LEMMA 10 o is such that U(p, s, q, keep) > (<)p if s > (<)o.

PROOF: Similarly as in the calculations for the complete information case

nx ) (1 — a’,’)n - 1) %_i (1—z)n—24i
n__.n _ n(; 2 1— ¢, xnzz’
I ;go( S ek a0

which is easily seen to converge to 0 as n goes to infinity. Now, ¢"; — ¢, and ¢, — ¢ imply
~ —q.

Let s < 0. Since o™ — o, there is a N such that for every n > N, s < ¢". Observing
the threshold signal ¢” makes a small shareholder indifferent between tendering and not
tendering, in the game with n shares. Therefore, U(p™, s, q",, keep) < p". U continuous in
q"y, ¢"y — ¢, and p"™ — p imply U(p, s, q, keep) < p. Since this is true for every s < o, and

since 3(s) is increasing in s, it follows that U(p, s, q, keep) < p. A similar argument shows
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that U(p, s, q, keep) > p for s > o. O

The last piece of the puzzle in the limit result for the equilibria of the tender subgames is
to establish that the large shareholder’s limiting strategy oy, is a best response to the small

shareholders’ limiting strategies in the continuum game, given the limiting price and beliefs.

LEMMA 11

/UL(p,s,q(r),r)daL(s,r)Z/ Uy (p, 5, g(r), 7)dG(s, 1),

) 5,7

for every o, € ¥p.

PROOF: Suppose, contrary to the assertion of the lemma, that there exists a o, € ¥ such
that

[ vitps.a)ndon(sn) < [ Ustosatr). o),
We will consider two cases: a < 1 or a = 1.

Case 1: a < 1. There exist an € > 0, and a 7, € ¥, such that:

(18) /UL(p,s,q(r),r)daL(s,r)</ Ur(p,s,q(r),r)dar(s,r),

) S,

or(la+e€)=ar(l,a—e),

and o (1,y) = ay, for y € [0,a — €). The idea is to take the strategy 6, and construct a new
strategy o, by shifting the probability mass that (1, -) assigns to the interval [a — €, a + €
toward the endpoint of the interval, a+e¢. The existence of a 7, satisfying the above inequality
is guaranteed because, given a < 1, shifting the shares slightly above a cannot decrease the
payoff discontinuously.

Let for every r € [0, 1],
ar(s,r) :=ap(s,i/nx),

for the unique ¢ that satisfies 1 — 1 < rnz < 1.

In what follows, we will show that the large shareholder’s equilibrium payoffs in the finite
games converge to his payoffs in the continuum game with price p and tuple 7. We will use
this finding together with the hypothesis that o, is not a best response to find a profitable

deviation from o} when n is large, obtaining a contradiction.
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In particular, let UL (p™, 0", o7) be the large shareholder’s payoff from following the strategy
o7 when the small shareholders follow the symmetric threshold strategy ¢”, in the finite game

with n shares and a price offer p”. We argue that:
(19)  lim Unlp".0" o) = [ Uslp.s.a(r).r)dos(s.),

n—o0

(20) lim U, (p",o",07) = /UL(p, s,q(r),r)dar(s,r).

We start with the first equality. Note that for every € > 0, ¢"(r) converges uniformly to 1
in the domain r > a + € and converges uniformly to zero in the domain r» < a — €. The large

shareholder’s payoff can now be rewritten as:

Ur(p™, 0", c}) = E /[ ]UL(p",S,q"(i/nx),z'/n:v)daﬁ(s,z’/n:z)
. s€(0,1
zf 0,1,....,nx

— Z /e[o , Ur(p",s,q"(i/nx),i/nx)do} (s, i/nx)

zf (a+e€)nz,...,nz

" / UL ") ) or)
. se|0,
zf 0,1,...,(a—s)nx}

n 3 / UL(p", 5, 4" (i/na), i/na)do (s, i /nz).
s€[0,1]

zf (a—s)nx-i—l,...,(a-l—s)nx—l}

We use the facts that ¢"(-) — ¢(-) uniformly for r € [0,a — €] U [a + ¢, 1], o} converges to
or, and that Up(p, s, q(r),r) is continuous in r € [0,a—¢€]U[a+¢, 1] and in its first argument,
to argue that there is an N such that for n > N:

@) S U s ) ifna)dois,ifna) >
zf 0.1,y s€[0,1]
2 / UL(pu S, Q(T)7 T>d0L(S7 T) B / UL(p7 S, q(T>7 T)dO’L(S, T)‘Il
r>a+eJs r<a+eJs
a-+e (at+e)zn (1-z)n ( —:E)TL
w(a— €)p / dor( ,r)4a( —a—X[ > '@ Y ( N )szﬁiﬁ( — )R — e
a—e i=(a—€)zn k=n/2—i

In the above expression thé'§ rst two ter s on the right-hand side are the ‘i it payogs in the
spelf ed regions obtain the third ter by exp’icit'y rewriting the Uy ter in the integra, and

bounding it generous'y The second inequa’ity be'ow bounds the ‘arge shareho'der’s payog_ fro
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above in asi iar fasion as thé§ rst inequa’ity did fro be'ow"

@2) 3 / VL™, 5,4"G /na), i fn)doti (s, i/nz) <

0,17 n €[0,1]

/ UL(p7 S, q(T), T)dO’L(S, T) B / UL(p7 S, q(T>7 T)dO’L(S, T)‘,
>ateJs r<a+eJs

ate (a+e€)zn (1—-z)n
a(a e>p/ dor( 7)1 z( —aH 6>A< AU <( zn >¢n( — )17 k) 1e
a—c i=(a—e)zn k=n/2—i
Re e ber that
I T (1—a)n—k
g="i > ¢"G0) ) Lo —on) :
i=0 k=n/2—i
The above su can be sp'it into three parts where thé§ rst su is fro 0 to (a — €)zn — , the

second fro (a — €)zn to (a4 €)zn and the third fro (a1 €)an 14 to xn Th§ rst su converges
due to the &% nition of ¢ to O and the third to i ;e Zﬁ(a+e)m+1 g"(#) which is in turn equa’
to —or( ,a+ €lh) Therefore:

(a+€)zn (1—-z)n

q= —or( a4 €h) n1—>oo Z g" (%) Z <( —ka:)n>¢£( — )1

t=(a—e€)xn k=n/2—i

@2 ) can now be rewritten as

Z Ur®", s,q"(i/nx),i/nz)dof(s,i/nx) <

iE 0L €0,1]
</ / Unps.a)Ndons. ) 4 [ [ Untposa)rdoss.r)
r>ate r<ateJs

+x(a e)p/ dor( ,7)42( —a+4 eMg—( —or( ,a+ €lh))) 4 2e.

—€

and (22) as

Z Ur®", s,q"(i/nx),i/nz)dof(s,i/nx) >

f Oln €[0,1]
> [ / Unps.a) Ndons. ) 4 [ [ Untposa)rdoss.r)
r>a+e Js r<a-t+e Js

a+e€
7‘33(a—€>17/ dop( ;)4 o( —a—e)Mg—( —or( ;a4 €h))) —

—€

Since the above inequa’ities ho'd for every ¢ > ( and since the cu u'ative distributions are
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right-continous functions-

(DY / U™ 5,4 /na), i n)dorf s, i /) =
n—o0 6[0,1]

f 0,1,...,n
- / UL(p7 S, q(T>7 T)daL(S7 T) 1 / UL(p7 S, q(T>7 T)daL(Sa T)
r>aJs

r<aJs
1 xap[O-L( ,CL) - l 70-L( 7y> 4 x( - a))‘[q _( - UL( 7a’h)> .
y—a

Rep'acing the &% nition of ¢(a) and rewriting the &% nition of Ur(p, s, ¢(a),a) we get-

i Z / Ur(®",s,q"(i/nx),i/nx)do}(s,i/nx) =
fo’l’ n
/ / UL(pv S Q(’f' dJL(s 7" / / UL(p7 S, Q(T), T’)dO’L(S, 7") 4 / UL(p7 S, Q(a), (I)dO'L(S, (1)

>a Js <a s

N / UL(p737Q(T)7T>d0L(S7T)'

This co p'etes the proof of (y ) (0) can be shown using the sa e ethod aftef§ rst observing

that o7 is constructed so that it converges to o, at every continuity point of 57, and that

Ur(p",o",07) = Z / Ur®", s,q"(i/nx),i/nz)dct(s,i/nx)
£ 0 [0,1]
— Z / Ur(®",s,q"(i/nx),i/nx)dc}(s,i/nx)
zf (a+e)nz,..

1 Z / Ur(p"™,s,q"(i/nx),i/nx)do}(s,i/nx),
if 0. (a—e)

because r( ,a 1 €) = ,a—¢€) by construction Now the steps used in the proof of (y ) can be
used to show i pyeo Ur(p", 0", 07) = [Ur(p, s,9(r),r)do(s,7)
(°) () and @0)i Py

Hzmwﬂw@:/wmawwwnmm

> / UL(pu S, Q(T)7 T>d0L(S7 T)

=i U0 0p).

n—oo

Therefore there exists an n such that
UL(pna Una 52) > UL(pn7 Unv 02%

contradicting the fact that o} is a best response

Case 2" a = %‘i rst argue that if @ = , and if p > O then the strategy &, according to

\
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which the "arge shareho'der tenders a”” shares at every signa’ gives the "arge shareho der a strict’y
higher payag . then any other strategy in the continuu ga e In particu’ar ‘et ( , ) = and
or( ,7) =0foreveryr < Then [Ur(p,s,q(r),r)dor(s,r) > [Ur(p,s,q(r),r)do’(s,r) for every
o7 # o1, Indeed when the "arge shareho der tenders ‘ess than fraction @ in the continuu ga ¢
the probabi'ity of a successfu’ tareover by the d% nition of q is zero Therefore it is prtf tab’e
for the "arge shareho'der to deviate towards tendering fraction a of his shares Moreover, the ‘arge
shareho’der’s payog fro  tendering a’ his shares is px

If o is subopti a, then &; yieds the "arge shareho der a strict'y higher payag . than o
JUL(p, s,q(r),r)dor(s,r) < xp Moreover [Ur(p,s,q(r),r)dor(s,7) = 1 nooo Ur(p", 0™, 0})
Since p™ — p we concude that for so e n Ur(p",0",0}) < zp" But then tendering a” the
shares in the ga e with n shares is a pi®% tab’e deviation fro o} for the "arge shareho'der con-
tradicting the assu ption that o7 is a best response

The on’y re aining case is p = 0 In this casg a strategies give the "arge shareho der zero payog.

in the continuu ga ¢ and hence a” strategies are best responses O

The above lemmata can be combined to establish that the limit (¢, 0z, ¢, ¢(r)rep0,1)) of the

sequence {0", 07, q"}, is an equilibrium of the continuum game with the price offer p.

LEMMA 12 The tuple T = (0,01,4,4(r)re0,1)) @5 an equilibrium of the tendering subgame

in the continuum game with price p.

PROOF: The above lemmata show how to construct the belief function ¢(r), and establish
that o0 and o are best responses for the small shareholders and the large shareholder, re-
spectively. In particular, lemma 11 shows that o, is a best response to ¢(r) and p, lemma
10 shows that small shareholder’s strategy is a best response to ¢ and p. In definition 3,
we construct ¢(r) in a way that it satisfies the equilibrium conditions for ¢(r). Moreover,
q(r) integrates to g using o, by construction. The only caveat that the definition doesn’t
deliver is if the large shareholder’s strategy doesn’t have a mass on fraction a. In this case,

qg=1—o0r(1,a), and this follows from the two inequalities above inequality 17. O

The last thing to argue is that the limit of equilibrium prices coincides with the equilibrium

price of the continuum game.

LEMMA 13 Let {p", 0™, 07} be a sequence of prices and equilibrium strategies of the tender
subgames with price offer p™ in the finite shares model with n shares. If lim,, p” = p, then,
lim, I(p", 0™, 0}) = (p,T(p)), where T(p) is the equilibrium of the tender subgame with a

price offer p in the model with continuum shares.

ProoOF: We omit the formal proof to this result, as it is very similar to showing how the

48



large shareholder’s payoff in the finite shares model converges to his payoff in the model with

a continuum of shares; as in equality (19). O

LEmMMA 14 IfTI(p) # 0, then p", II"(p™) and q" converge to the unique equilibrium price,

profit and the probability of success in the high state in the continuum model.

PROOF: Let p be the equilibrium price in the model with continuum shares. We will first
show that p" — p. By the previous lemma, lim,, II(p, 0™, o) = Il(p, T'(p)), where (o™, o) is
an equilibrium of the tender subgame after the price offer p. Since II(p) # 0, II(p, T'(p)) >
I(p/, T(p")) for every p’ # p. Now, suppose on the way to a contradiction that lim,, p" = p’ #
p. then again by the previous lemma, imII(p", o™, 07") = II(p/, T'(p')) < Il(p, T(p)) where
(¢, o) is an equilibrium of the tender subgame after price offer p™. This is a contradiction
to I(p"™, o™, 0") > Il(p,0", o}). Now that we have established that p™ — p, we can use the
previous lemma to conclude that lim, II(p™, 0", o}) = (p, T'(p)).

Now we’ll argue that ¢" converges to ¢. In every tender sub game, ¢" converges to ¢, as
delivered by Lemma 12. On the other hand, in any equilibrium the raider offers either price
0 or p. Moreover, Theorem 3 implies his choice is unique unless I1(p) = 0. For both prices
p = 0 and p = p the probability of success in the high state, ¢ is uniquely defined as shown
in Lemma 2 and Theorem 2, respectively. Therefore, unless II(p) = 0, ¢" converges to the
unique probability of success in the high state in the continuum model.

Finally, notice that II"(p™) converges to the unique profit, even if II(p) = 0. While in the
latter case there might be a multiplicity of prices in the limit, 0 and p, both of those prices
deliver profit 0. U
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