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1 Introduction

When Sims (1998) proposed the idea of rational inattention, his motivation was the study of business
cycles. Sims considered a conventional dynamic stochastic general equilibrium model with various
forms of slow adjustment of real and nominal variables. He concluded that multiple sources of
slow adjustment were necessary for the model to match the inertia found in macroeconomic data.!
He conjectured that the inertia in the data could instead be understood as the result of a single
new source of slow adjustment: the assumption that people have limited attention and allocate
attention optimally. He called this assumption “rational inattention.”

The literature on rational inattention has grown since Sims wrote, but a DSGE model with
rational inattention on the side of firms and households has not been developed yet. This paper
constructs and solves a DSGE model with rational inattention on the side of firms and households.
Decision-makers in firms and households have limited attention and allocate attention optimally.
Following Sims (2003), limited attention is modeled as a constraint on information flow. Rational
inattention is the only source of slow adjustment.

We find that the rational inattention DSGE model with a single source of slow adjustment fits
macroeconomic data about as well as conventional DSGE models with multiple sources of slow
adjustment. For this result, it is essential that the model include rational inattention on the side
of firms and households. At the same time, we find that the outcomes of experiments are very
different in this model than in the conventional DSGE models.

Constructing a general equilibrium model with rational inattention is a non-trivial task, because
the modeler has to specify how agents who are imperfectly aware of economic conditions interact
in markets. We suppose that in each market one side of the market chooses the price and the other
side of the market chooses the quantity. One side of the market sets the price having optimally
allocated attention and the other side of the market chooses the quantity having optimally allocated
attention. In the model there are many firms, many households and a government. Firms produce
differentiated goods with a variety of types of labor. Decision-makers in firms make price setting
and labor mix decisions. Households consume the variety of goods, supply the differentiated types

of labor and hold government bonds. Households make consumption and wage setting decisions.

'Later Christiano et al. (2005), Smets and Wouters (2007), Altig et al. (2011) and many others confirmed Sims’s

conclusion in more formal analysis.



The central bank sets the nominal interest rate according to a Taylor rule. In goods markets, firms
set prices and households decide how much to buy. In labor markets, households set wage rates and
firms decide how much to hire. In the bond market, the government sets the nominal interest rate
and households decide how many government bonds to hold. The economy is affected by aggregate
technology shocks, monetary policy shocks and firm-specific productivity shocks.

Solving for the rational expectations equilibrium of the model is also a non-trivial task, because a
complicated fixed point problem arises. The optimal attention allocation by any single firm depends
on the attention allocation of all other firms and all households. The optimal attention allocation
by any single household depends on the attention allocation of all other households and all firms.
We figure out a tractable and reliable way to solve for the rational expectations equilibrium.

To evaluate the model, we calibrate it and compare its predictions with data and with the
predictions of the two most popular medium-sized DSGE models (Smets and Wouters, 2007, and
Altig et al., 2011). By a comparison with data we mean: a comparison of unconditional moments
in the model and in the data, and a comparison of impulse responses from the model and from the
vector autoregression in Altig et al. (2011).2

Two salient features of the U.S. data on output and inflation are: output growth is autocor-
related and inflation is strongly autocorrelated. The model matches these two features. Rational
inattention on the side of firms and households is essential for the model to match the two features.
A version of the model with perfect information matches neither feature. Rational inattention on
the side of firms yields only strongly autocorrelated inflation. The combination of rational inatten-
tion on the side of firms and households yields strongly autocorrelated inflation and autocorrelated
output growth.

The rational inattention DSGE model matches the impulse responses of output to shocks about
as well as the two most popular medium-sized DSGE models. The rational inattention DSGE
model does slightly worse than the standard models matching the impulse response of inflation to
a monetary policy shock; and does better than the standard models matching the impulse response

of inflation to an aggregate technology shock.

?The DSGE model in Smets and Wouters (2007) and the DSGE model in Altig et al. (2011) include multiple
sources of slow adjustment (Calvo price setting, habit formation in consumption, Calvo wage setting and so on) and
fit the data well. The Smets-Wouters model fits the data about as well, in terms of marginal likelihood, as a VAR.

The Altig et al. model was developed to fit impulse responses from a VAR. See also Christiano et al. (2005).



Let us give more details. All three models produce hump-shaped impulse responses of output
to a monetary policy shock and an aggregate technology shock. All three models also yield a
persistent impulse response of inflation to a monetary policy shock. However, the impulse response
of inflation to a monetary policy shock is monotonic in the rational inattention DSGE model,
whereas this impulse response is hump-shaped in the two standard medium-sized DSGE models and
in the data. On the other hand, in the data inflation responds strongly on impact to an aggregate
technology shock — an order of magnitude more strongly than to a monetary policy shock. The
rational inattention DSGE model matches this fact, whereas the standard DSGE models fail to
match this fact.

To develop intuition for the business cycle dynamics under rational inattention, we examine the
behavior of households and firms in the DSGE model.

Consider the consumption-saving behavior of households. Utility-maximizing consumption in
the model equals minus the sum of current and future real interest rates. We find that households
decide to pay little attention to the real interest rate. For this reason, consumption differs signifi-
cantly from utility-maximizing consumption: consumption responds slowly to a change in the real
interest rate. This result is important because in a large class of models monetary policy affects
the real economy through the following channel. The central bank moves the nominal interest rate;
due to some form of price stickiness the real interest rate changes; and consumption responds to
the change in the real interest rate. The model predicts that the last part of this channel will be
slow, that is, consumption will respond slowly to a change in the real interest rate.

In the data, consumption also responds slowly to a change in the real interest rate. The literature
on VARs finds that consumption shows a hump-shaped response to a monetary policy shock.> The
literature on conventional DSGE models finds that the fit of those models to macroeconomic data

4 With a large degree

is maximized when the degree of habit formation in consumption is large.
of habit formation, consumption responds slowly to a change in the real interest rate. Our model
suggests that the observed slow reaction of consumption to the real interest rate is the outcome of
a decision problem by households with standard preferences but with limited attention.

The result that households choose to pay little attention to the real interest rate holds for low

3See, for example, Leeper et al. (1996).
1See, for example, Smets and Wouters (2007), Justiniano and Primiceri (2008) and Altig et al. (2011).



and high values of the coefficient of relative risk aversion. When risk aversion is low, a deviation
of consumption from utility-maximizing consumption costs little in utility terms. As a result, it
is unimportant to be aware of movements in the real interest rate. When risk aversion is high,
utility-maximizing consumption varies little with a change in the real interest rate. Therefore, it is
again unimportant to be aware of movements in the real interest rate.

Next, consider the price setting behavior of firms. We find that decision-makers in firms decide
to allocate little attention to monetary policy, some attention to aggregate technology and a lot
of attention to firm-specific productivity. This allocation of attention implies that prices respond
slowly to monetary policy shocks, fairly quickly to aggregate technology shocks and very quickly
to firm-specific productivity shocks. The endogenous attention allocation allows the model to: (i)
produce a much stronger response of inflation to an aggregate technology shock than to a monetary
policy shock, consistent with the aggregate data, and (ii) match the empirical finding by Boivin et
al. (2009) and Mackowiak et al. (2009) that prices respond very quickly to disaggregate shocks.

Furthermore, the endogenous attention allocation implies that the model yields strong and
persistent real effects of monetary policy shocks while profit losses are small. In any model with a
price setting friction, firms experience profit losses due to deviations of the price from the profit-
maximizing price. In our calibrated model, the expected per-period loss in profit due to deviations

of the price from the profit-maximizing price is thirty-five times smaller



monotonic. The reason is that in our model there is an additional effect. When the central bank
stabilizes the price level more, decision-makers in firms decide to pay less attention to aggregate
conditions. This effect per se makes the output gap more volatile. We find that, for reasonable
parameter values, this additional effect dominates and fighting inflation more aggressively increases
the variance of the output gap due to aggregate technology shocks. This is important: the rational
inattention DSGE model gives a very different answer than the conventional DSGE models to
the basic question what happens to the real economy when monetary policy fights inflation more
aggressively.

Another conventional wisdom derived from DSGE models currently used for monetary policy
analysis is that more strategic complementarity in price setting implies stronger real effects of
monetary policy shocks. A common way to raise strategic complementarity in price setting is to
make a firm’s marginal cost curve more upward sloping in own output.> When we increase strategic
complementarity in price setting by making a firm’s marginal cost curve more upward sloping in
own output, we find that, for reasonable parameter values, real effects of monetary policy shocks
become smaller. The reason is that in our model there is an additional effect. When the marginal
cost curve becomes more upward sloping in own output, the cost of a price setting mistake of a
given size increases. Decision-makers in firms therefore decide to pay more attention to the price
setting decision, implying that prices respond faster to shocks. This additional effect dominates for
reasonable parameter values and thus real effects of monetary policy shocks become smaller. The
conventional wisdom that strategic complementarity in price setting necessarily strengthens real
effects of monetary policy does not hold in the rational inattention DSGE model.

Let us also describe what happens when we raise the standard deviation of any aggregate shock.
Decision-makers in firms and households decide to pay more attention to the aggregate economy.
This result explains the evidence in Coibion and Gorodnichenko (2012) who study survey data on
expectations finding that the degree of attention to the aggregate economy rose markedly during
the turbulent 1970s and fell significantly during the subsequent calm period.

This paper belongs to the literature on rational inattention following Sims (2003).° The main

5See, for example, Altig et al. (2011).
6See, for example, Sims (2006), Kacperczyk et al. (2012), Luo (2008), Maékowiak and Wiederholt (2009), Matejka

(2011), Matejka and Sims (2010), Mondria (2010), Paciello (2012), Paciello and Wiederholt (2012), Van Nieuwerburgh
and Veldkamp (2009, 2010) and Woodford (2009). Sims (2010), Veldkamp (2011) and Wiederholt (2010) review the



difference to all the existing literature on rational inattention is that we solve a DSGE model with
rational inattention on the side of firms and households, and that we compare the model quanti-
tatively with data and conventional DSGE models. The most closely related paper is Mackowiak
and Wiederholt (2009). In that paper the demand side of the economy is an exogenous process
for nominal spending, whereas here the demand side of the economy is determined by households’
optimization and a monetary policy rule. This allows us to conduct experiments that central banks
are interested in (e.g., what happens when the central bank fights inflation more aggressively).
Moreover, households optimize under rational inattention. This is critical for the ability of the
model to match the data.”

This paper studies consumption by households with limited attention when the real interest
rate fluctuates. Sims (2003, 2006), Luo (2008) and Tutino (2012) also study consumption-saving
decisions under rational inattention but assume that the real interest rate is constant.® Therefore,
the point that households have little incentive to attend to the real interest rate (for low and high
values of the coefficient of relative risk aversion) is not in those papers. This point is important
because in a large class of models monetary policy affects the real economy by moving the real
interest rate. If this is indeed the channel through which monetary policy affects the real economy,
then the attention that households devote to the real interest rate is crucial.

The paper is also related to the literature on business cycle models with imperfect information
(e.g., Lucas (1972), Woodford (2002), Mankiw and Reis (2002), Angeletos and La’O (2009a, 2009b)
and Lorenzoni (2009)). The main difference to this literature is that in our model decision-makers
choose the information structure, i.e., the information structure is derived from an objective and
constraints. This has two implications. First, the model gives an explanation for the equilibrium
information structure. Second, the model predicts how the equilibrium information structure varies
with policy. The fact that the equilibrium information structure varies with policy has important

implications for the outcomes of experiments.

literature on rational inattention.

"Paciello (2012) solves a stochastic general equilibrium model with rational inattention on the side of firms. The
main differences are that in his model households have perfect information and the model is static in the sense that:
(i) all exogenous processes are white noise processes, (ii) the price level instead of inflation appears in the Taylor rule,

and (iii) there is no lagged interest rate in the Taylor rule.
8The real interest rate is constant also in Reis (2006a).



Section 2 describes all features of the model apart from the attention problems of firms and
households. Section 3 describes the attention problems. Section 4 solves the model and evaluates
how well the model matches the data. Section 5 uses the model to conduct experiments. Section
6 considers extensions in which we vary assumptions concerning information flows. Section 7

concludes.

2 Model setup — physical environment

In this section we describe preferences and technology, market structure and asset structure, and
monetary and fiscal policy. These features of the economy are almost identical to a simple New
Keynesian model, apart from the fact that we discard all sources of slow adjustment that usually
are in New Keynesian models (Calvo pricing, habit formation in consumption, Calvo wage setting).”
In the next section we describe how decision-makers in firms and households make decisions under
rational inattention. Rational inattention will be the only source of slow adjustment.

Time is discrete. There are three types of markets: goods markets, labor markets and a
government bond market. In each market, one side of the market sets the price and the other
side of the market chooses the quantity. In goods markets, firms set prices and households decide
how much to buy. In labor markets, households set wage rates and firms decide how much to hire.
In the bond market, the government sets the nominal interest rate and households decide how many
government bonds to hold. This setup is convenient for formulating a DSGE model with rational

inattention and happens to be the setup of a standard New Keynesian model.

2.1 Households

There are J households. Households consume a variety of goods, supply labor and hold government
bonds. Since households supply differentiated types of labor, they have market power in the labor
market.

Households have an infinite horizon. Each household seeks to maximize the expected discounted

9For reasons explained below, we make two additional changes to the standard New Keynesian model. We assume

that there is a large finite number of firms (instead of a continuum of firms) and that asset markets are incomplete.



sum of period utility. The discount factor is 5 € (0,1). The period utility function is
ci7r -1
U (Cjt, Ljt) = ﬁ — pLjt, (1)

with .
I 45 ,\7T
Cjt = (Z Cijg ) : (2)
i=1

Here Cjj; is consumption of good ¢ by household j in period ¢, C}; is composite consumption by the
household in period ¢, and Lj; is labor supply of the household in period ¢. The parameter 6 > 1
is the elasticity of substitution between the I different consumption goods, the parameter v > 0 is
the inverse of the intertemporal elasticity of substitution and the parameter ¢ > 0 is the marginal
disutility of labor.

Households can trade a single asset: nominal government bonds.'® The flow budget constraint

of household j in period t reads

I
D T;
Z PitCz'jt + Bjt = Rt_1Bjt_1 + (1 + Tw) thth + 7t - 7t, (3)
=1

where R;_1 is the gross nominal interest rate on bond holdings between period ¢ — 1 and period ¢,
Bj;_1 are bond holdings by household j between period ¢ — 1 and period ¢, 7,, is a wage subsidy,
W is the nominal wage rate for labor supplied by household j in period ¢, (D;/J) is a pro-rata
share of nominal aggregate profits, (7;/J) is a pro-rata share of nominal lump-sum taxes, and Py
is the price of good 7 in period t. Each household has the same initial bond holdings. To rule out
Ponzi schemes, we assume that bond holdings have to be positive in every period, Bj; > 0.1

In every period, each household chooses a consumption vector, (Cijt, . . ., Crjt), and a wage rate.
Each household commits to supply any quantity of labor at that wage rate. Each household takes
as given: prices of consumption goods, the nominal interest rate, the aggregate wage index defined

below, and all aggregate quantities.

10We assume that asset markets are incomplete, because the assumption of complete markets seems even stronger

than usual in an environment where agents are imperfectly aware of economic conditions.
1 One has to make some assumption to rule out Ponzi schemes. We choose this particular assumption because it

allows us to express bond holdings in terms of log-deviations from the non-stochastic steady state. One can think of
households as having an account. The account holds only nominal government bonds and the balance on the account

has to be positive.



2.2 Firms

There are I firms. Firms supply differentiated goods. Firm ¢ supplies good ¢. The production
function of firm ¢ is
Yie = e*et LS, (4)
with ; o
-1
Lii={)_ Lﬂ];_ . (5)
j=1

Here Yj; is output, e**e® is total factor productivity, L;; is composite labor input, and L;j; is type
j labor input of firm ¢ in period ¢t. Type j labor is the labor supplied by household j. Total factor
productivity has an aggregate component, e, and a firm-specific component, e%*. The parameter
a € (0,1] is the elasticity of output with respect to composite labor input and the parameter n > 1
is the elasticity of substitution between different types of labor.

Nominal profit of firm ¢ in period t equals revenue minus cost

J

(14 7p) PaYie =y WjeLije, (6)
j=1

where 7, is a production subsidy paid by the government.

In every period, each firm sets a price, P;;, and chooses a labor mix, (ﬁilt, ey ﬁi( J_l)t). Here
f)iﬁ = (Ljjt/Lit) denotes firm 4’s relative input of type j labor in period ¢. Each firm commits to
supply any quantity of the good at that price and produces the quantity demanded with the chosen
labor mix.

Each firm takes as given: the consumer price index defined below, the nominal interest rate,

wage rates, all aggregate quantities, and total factor productivity.!?

2.3 Government

There is a monetary authority and a fiscal authority. The monetary authority sets the nominal

interest rate according to the monetary policy rule

&_ Ry_1\ "R E D E by
R \R I1 \ 7

2Dixit and Stiglitz (1977) also assume that there is a finite number of firms and firms take the consumer price

1-pr
R

et (7)

index as given. This seems a good description of the U.S. economy.



where R; is the nominal interest rate, II; = (P;/P;_1) is inflation, Y; is aggregate output defined as

1
y Y. PuYi .
== (8)

Y,F’ is potential output and £f* is a monetary policy shock. The price index P; and potential output
are defined later. R and II denote the values of the nominal interest rate and inflation, respectively,
in the non-stochastic steady state. The policy parameters satisfy pp € [0,1), ¢, > 1 and ¢, = 0.

The government budget constraint in period ¢ reads

I J
T+ By = Ri_1Bi_1 + Tp (Z Ht}gt) + Tw Z thth . (9)
=1

j=1
The government has to finance maturing nominal government bonds, the production subsidy and
the wage subsidy. The government can collect lump-sum taxes or issue new bonds.

Following common practice in the New Keynesian literature, we assume that the government
sets the production subsidy 7, so as to correct the distortion arising from firms’ market power in
the goods market, and the government sets the wage subsidy 7, so as to correct the distortion
arising from households’ market power in the labor market. Formally,

Tp = % -1, (10)

where 6 denotes the price elasticity of demand, and

T = —1— 1, (11)

p-1
where 7 denotes the wage elasticity of labor demand.!?
Following again common practice in the New Keynesian literature, we assume that monetary

policy is active and fiscal policy is passive in the sense of Leeper (1991).

2.4 Shocks

There are three types of shocks: monetary policy shocks, aggregate technology shocks and firm-

specific productivity shocks. The stochastic processes {65}, {a;}, and {ay:}, {a2t},..., {an} are

13The price elasticity of demand 6 equals the preference parameter § when households have perfect information.
However, when households have imperfect information the price elasticity of demand 0 may differ from the preference
parameter 6. Therefore, the value of the production subsidy given by equation (10) may vary across information

structures. An analogous comment applies to the wage subsidy.

10



independent. The variable £ follows a Gaussian white noise process, a; follows a stationary
Gaussian first-order autoregressive process with mean zero, and each a;; also follows a stationary
Gaussian first-order autoregressive process with mean zero. In the following, we denote the period
t innovation to a; and a;; by 5,@4 and 51-It, respectively.

When we aggregate decisions by individual firms, the term % Z;l el appears. This term is a
random variable with mean zero and variance %Var (5{75). When we aggregate individual decisions,
we neglect this term because the term has mean zero and a variance that can be made small by
setting the number of firms I equal to a large number. We work with a finite number of firms

because a household subject to rational inattention cannot track a continuum of prices.

2.5 Notation

Before proceeding to the next section, it is useful to introduce notation. Throughout the paper,
C} denotes aggregate composite consumption and L; denotes aggregate composite labor input.

Formally,
J I
Ci=> Cj, Li=> Lu. (12)
j=1 i=1

Furthermore, Py denotes the relative price of good i and th denotes the relative wage rate for

type j labor. Formally,

We specify the definitions of P, and W; later. Finally, th denotes the real wage rate for type j

labor and W; denotes the real wage index. Formally,

=W = Wy
W=t W=

3 Model setup — rational inattention

We now describe how decision-makers in firms and households allocate attention. A decision-maker
who allocates attention optimally compares cost and benefit of paying attention. The benefit of
paying attention to the current state of the economy (e.g., interest rates) is that decisions get closer
to the optimal decisions under perfect information. The cost of paying attention can be thought of

as time. Paying attention uses up some of the agent’s valuable time.

11



To evaluate the benefit of paying attention for a firm in our model, we derive a simple expression
for the loss in profit that a firm incurs if the firm takes actions that deviate from the optimal actions
under perfect information. We then state the attention problem of the decision-maker in a firm.

To evaluate the benefit of paying attention for a household, we derive a simple expression for the
loss in utility that a household incurs if the household takes actions that deviate from the optimal
actions under perfect information. We then state the attention problem of the household.

Finally, we explain how decisions by individual firms and households are aggregated.

3.1 Loss in profit in the case of suboptimal actions

We derive an expression for the loss in profit that a firm incurs if the firm chooses a price and a
labor mix that deviate from the optimal decisions under perfect information. This expression is
derived from the technology presented in Section 2, the requirement that a firm meets demand and
the demand function for good i.

We guess the following demand function

<_) 13)

We verify below that the equilibrium demand function has this form. Here Cj; is demand for
good ¢ in period t, C; is aggregate composite consumption, P is the price of good i, and P, =
d(Py,...,Pr) is a price index. The function d is homogenous of degree one, continuously differ-

entiable and symmetric. The coefficients 6 and 9



For this reason, we assume a general stochastic discount factor. In particular, we assume that

decision-makers in firms in period —1 value nominal profit in period ¢ using

1
Q-1 =B"A(Cyt,...,Cr) B (15)
4

where A is some twice continuously differentiable function and FP; is the price index appearing in

the demand function (13). Then, Q_;; times nominal profit in period t equals

Nz J
BN (Cuty- o, Ci) (L +75) 9B <Zj=1 Cﬁ)

1
. 7 J o
() [ )
Z WitLijs + Wy | 1 — Z L, ,  (16)
= j=1

—B'A(Cuty ..., Cy)

et elit

where Py = (P;t/P;) is the relative price of good 7 and th = (Wj/P;) is the real wage rate for
type j labor.

Computing a log-quadratic approximation to the real profit function (16) around the non-
stochastic steady state yields a simple expression for the loss in profit that a firm incurs if the firm
chooses a price and a labor mix that deviate from the optimal decisions under perfect information.
In the following, variables without time subscript denote values in the non-stochastic steady state
and small variables denote log-deviations from the non-stochastic steady state.!* For example,
Dit = In (]Szt / E) is the log deviation of the relative price of good ¢ from its value in the non-
stochastic steady state. Let z; denote the vector of variables appearing in the real profit function

(16) that the firm can affect, i.e., the price of good i and the labor mix
. . /
Ty = < Pit Line oo L1y ) :
Let F; 1 denote the expectation operator conditioned on the information of the decision-maker
in firm ¢ in period —1. After the log-quadratic approximation to the real profit function (16), the
expected discounted sum of losses in profit in the case of suboptimal actions equals

S 8B | o= o) - ah)] (17

t=0

YTt is straightforward to solve for the non-stochastic steady state of the economy presented in Section 2. See

Appendix A in Ma¢kowiak and Wiederholt (2010).

13



where the matrix H is given by

L(1+120) o 0

R
H=-A(Cy,...,Cy)WL,; nLJ , (18)

| 0

0 AR
and the vector of optimal decisions under perfect information zj is given by
. S 1 1 1

Pem g \T2% | D () Ty e (9

and
zgt_ -n w]t_ Zw]t : (20)

In summary, after the log-quadratic approximation to the real profit function, the optimal decisions
under perfect information are given by the usual log-linear equations (19)-(20). Furthermore, for
any process {x;},-, the expected discounted sum of losses in profit due to deviations of the price
and the labor mix from the optimal decisions under perfect information is given by expression

(17).15 See Proposition 1 in Ma¢kowiak and Wiederholt (2010).

3.2 Attention problem of the decision-maker in a firm

From the last subsection we know how much profit a firm loses if the firm takes actions that differ
from the optimal actions under perfect information. We now state the attention problem of the
decision-maker in the firm. We assume that the decision-maker allocates his attention so as to
maximize expected profit of the firm net of the cost of paying attention. The only friction is that
paying attention is costly. If attention were free, the decision-maker would take the optimal actions
under perfect information.

In the rational inattention literature, there are two approaches to stating the attention problem.

One approach is to let agents choose the precision of signals, subject to the constraint that the

""To be precise, in the derivation of expression (17) we use a technical condition stated in Proposition 1 in
Mackowiak and Wiederholt (2010). This technical condition places some restrictions on the process {};o,. This

technical condition is satisfied in the paper.

14



signals can only contain a limited amount of information. After agents have chosen the precision of

signals, they receive the signals and take optimal actions given the signals. Another approach is to

let agents choose directly a law of motion for their actions, subject to the constraint that the actions

can only contain a limited amount of information. In Section V of Ma¢kowiak and Wiederholt (2009)

we establish a formal equivalence of these two approaches under certain conditions. Here we follow

the second approach. We let agents choose directly a law of motion for their actions, subject to a

constraint on the information content of the actions.!®

The decision-maker in firm ¢ solves the following attention problem in period —1:

)57,X
where
Dit p;}
. Lite St
xt - "'Ut — . - . 9
I; I
i(J-1)t i(J—-1)¢

subject to the law of motion for the optimal actions under perfect information
iy = Av(L)ef + Az (L) ef! + A3 (L) ey,
—— N——— N———
* A *R * 1
Pig biy Pig
l:jt = —1NWjt,

the law of motion for the actions

pit = B1 (L) ef + C1L (L) vij 4+ Ba (L) ef + Co (L) vE + B3 (L) el, + C3 (L) v

A R I
Pit Pit Diy

- (. Var (w;t
lijp =—n <wjt + %Vil/jt> ,

and the constraint on the information content of the actions

7 A R I 7 7
A <{pzt 7p1t 7pzt 7l11t7 sy lr(ljfl)t} ; {pit7pit7pit7 lilt; ceey li(]*l)t}) < K.

ity

(27)

16Tn Section 6 we show that we obtain the same results when we let decision-makers in firms choose the precision

of signals, subject to a constraint on the information content of the signals.
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To understand problem (21)-(27), begin by considering price setting of the firm. The first
element of x; — xf in equation (22) is the deviation of the price from the profit-maximizing price.
The loss in profit due to a suboptimal price in period ¢ is given by the quadratic form in objective
(21). If the loss in profit is larger, the quadratic form is more negative. The profit-maximizing
price in period ¢ is given by equation (23). We guess that the profit-maximizing price is a linear
function of current and past shocks, a guess that we verify below. A; (L) to As (L) are infinite-
order lag polynomials. For example, the lag polynomial A; (L) gives the response of the profit-
maximizing price to aggregate technology shocks. The decision-maker in the firm chooses the law
of motion for the price. See equation (25). By (L) to Bs (L) and C; (L) to Cs (L) are infinite-order
lag polynomials. For example, if the decision-maker chooses B; (L) = A; (L) and Cy (L) = 0,
he chooses to respond perfectly to aggregate technology shocks. The variables Vft‘, yﬁ, and y{t
are information-processing errors. These variables follow Gaussian white noise processes that are
independent of fundamentals, independent across firms, independent of each other, and have unit
variance. Choosing the law of motion for the price is like choosing the precision of a signal about
aggregate technology, the precision of a signal about monetary policy and the precision of a signal
about firm-specific productivity. A more precise signal leads to a response to fundamentals that is
closer to the profit-maximizing response and changes the amount of noise in the pricing behavior.
In Section 6, we show that the agent’s price setting behavior is identical when the agent chooses the
precision of signals about the fundamentals in period —1, receives the noisy signals in the following
periods, and sets the optimal price given the signals in every period.

The decision-maker in the firm would like to set a price equal to the profit-maximizing price in
every period. If attention were free, this is what the decision-maker would do. However, we assume
that paying attention is costly. Formally, the decision-maker faces constraint (27). The left-hand
side of constraint (27) measures the amount of information acquired and processed by the agent.
Following Sims (2003), the amount of information acquired and processed by the agent is measured
by the amount of information contained in the agent’s actions about the optimal actions under
perfect information. Information contained in one variable about another variable is quantified as
uncertainty reduction, where uncertainty is measured by entropy. The operator Z is defined in
Appendix A. Constraint (27) says that if the decision-maker wants to take more informed actions

(i.e., if the decision-maker chooses a law of motion for the actions that is associated with a larger
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left-hand side of the constraint), he has to pay more attention (i.e., he has to choose a larger k).
Objective (21) states that paying attention is costly. The variable x is the amount of attention
devoted to the price setting decision and the labor mix decision. The parameter p > 0 is the
per-period marginal cost of paying attention.

The way we model the attention problem of the decision-maker in a firm is almost identical
to the way we model it in Mackowiak and Wiederholt (2009). There are three differences. First,
in Mackowiak and Wiederholt (2009) there are only two types of shocks: nominal shocks and
idiosyncratic shocks. Here there are aggregate technology shocks, monetary policy shocks and
firm-specific productivity shocks. Second, in Maékowiak and Wiederholt (2009) we assume that
the decision-maker chooses a law of motion for the signals and takes optimal actions given the
signals. Here we assume that the decision-maker chooses directly a law of motion for the actions.
Both setups yield the same behavior. See Section 6. Third, here the decision-maker chooses how
much attention to devote to price setting. In Mackowiak and Wiederholt (2009) the amount of
attention devoted to price setting is fixed, and the decision-maker only chooses how to allocate this
fixed amount of attention between aggregate conditions and idiosyncratic conditions.

In the economy there are multiple shocks. An agent with unlimited attention would respond
perfectly to all shocks. Our agent with limited attention thinks of the problem in pieces. How
should my price respond to aggregate technology? How should my price respond to monetary
policy? How should my price respond to local conditions? Agents choose how much attention they
devote to aggregate technology, monetary policy and local conditions. The more attention they
devote to aggregate technology, the more closely pft‘ tracks its perfect information target pftA. The
more attention they devote to monetary policy, the more closely pg tracks pg‘ﬁ. The more attention
they devote to local conditions, the more closely piIt tracks p;-ktf .

Turning to the labor mix decision, equation (24) characterizes the profit-maximizing labor mix
in period t and equation (26) characterizes the labor mix chosen by the decision-maker. Here w;;

denotes the relative wage rate for type j labor in period ¢, 77 is the wage elasticity of labor demand,

L

and x controls the amount of noise in the action. The information-processing error v;7, has the same

properties as the information-processing errors in the equation for the price and is independent of

all other information-processing errors.!”

'"We put more structure on the labor mix decision than on the price setting decision by expressing the labor mix
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3.3 Loss in utility in the case of suboptimal actions

Let us turn to households. We now derive an expression for the loss in utility that a household
incurs if the household chooses a consumption vector and a wage rate that deviate from the optimal
decisions under perfect information. This expression is derived from the preferences presented in
Section 2, the flow budget constraint presented in Section 2 and the demand function for type j
labor.

We guess the following labor demand function

Ljt=¢ (%) nLt. (28)

We verify below that the equilibrium labor demand function has this form. Here Lj; is demand for

type j labor in period ¢, L; is the aggregate composite labor input, Wj; is the wage rate for type

j labor, and Wy = h (Why, ..., Wy) is a wage index. The function h is homogenous of degree one,
continuously differentiable and symmetric. The coefficients i) and ¢ satisfy 7 > 1 and { = J 7%;}.

Substituting the consumption aggregator (2), the flow budget constraint (3) and the labor

demand function (28) into the period utility function (1) yields the following expression for period

utility
1—y

N\ 7
1 Ri_1Bji—1 — Bjt + (1 4+ 7w) Wi <%> Li+5 L

I—x -1 -1, o
Z P Ciji + Pry (1 =D _Cit >
=1 i=1

1 Wi\
BN (1
e () o

where C’Ut = (Cjjt/Cjt) denotes relative consumption of good i. The denominator in the first term

is consumption expenditure per unit of composite consumption. Dividing the numerator and the

as a function of relative wages rather than fundamental shocks. We do this because from equation (26) we derive
the labor demand function and a labor demand function specifies labor demand on and off the equilibrium path. By

expressing the labor mix as a function of relative wages, we specify labor demand on and off the equilibrium path.
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denominator in the first term by the price index P; yields

. - N
1 Rﬁzl -1 — Bje + (14 7w) WiiC (WW Ly +

<&
Wt

-~ I-1 -1 721
ZBtCzjt + Plt (1 Ut )

=1
L (%) L, (29)

N

where II; = (P;/P,—1) is inflation, Bﬁ = (Bji/P;) are real bond holdings, th = (Wji/P;) is the
real wage rate for type j labor, Dy = (D;/P,) are real profits, and T; = (T;/P;) are real lump-sum
taxes.

Computing a log-quadratic approximation to the period utility function (29) around the non-
stochastic steady state yields a simple expression for the loss in utility that a household incurs if the
household chooses a consumption vector and a wage rate that deviate from the optimal decisions
under perfect information. Let x; denote the vector of variables appearing in the period utility

function (29) that the household can affect in period ¢

/
Ty = ( bjt wj Cijp - élfljt> .

Let F; 1 denote the expectation operator conditioned on the information of household j in period
—1. After the log-quadratic approximation to the expected discounted sum of period utility, the

expected discounted sum of losses in utility in the case of suboptimal actions equals

o0

1 * * * *
ZBtE‘,—l {5 (z¢ — f) Ho (2 — 27) + (2 — 2f) Hi (241 — 2f14) | (30)
=0

where the matrix Hyp and the matrix H; are given by

ywd (1 + %) Yw BNWW 0 0
ywpiww  ww (Yww +1) 0 0
=_C™ 2 1
= —Cj 0 0 2 L, (31)
1 2
i 0 0 L % |
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’waB ywpnwwy 0 --- 0
0 0 0o --- 0

m=c=| o o 0.0l (32)
| 0 0 0 - 0]

and the vector of optimal decisions under perfect information z} is given by

= 1 ~ N ww S -~ Wp 5 Wrs
it = 3 (Tt—l — +bjt_1> + HE [(1 — 1) Wiy + 7y +lt] + Edt - Ett

; (34)

I
~ % * 1 ~
Wy =y + (7 an) : (35)
1 I
é;‘kjt =—0 (ﬁit N Zﬁz‘t) . (36)

Here F; denotes the expectation operator conditioned on the entire history of the economy up to

and including period ¢, and the w’s in equations (31)-(33) are the following steady state ratios

_ (B wr, & I
<wB W Wp wT>—<F; o é&) (37)

In summary, after the log-quadratic approximation to the expected discounted sum of period utility,
the optimal decisions under perfect information are given by the usual log-linear equations (33)-
(36). Furthermore, for any process {z;},-,, the expected discounted sum of losses in utility due to
deviations of bond holdings, the wage rate and the consumption mix from the optimal decisions
under perfect information is given by expression (30).!1® See Proposition 2 in Mackowiak and

Wiederholt (2010).

'8To be precise, in the derivation of expression (30) we use a technical condition stated in Proposition 2 in
Mackowiak and Wiederholt (2010). This technical condition places some restrictions on the process {:},-,. This

technical condition is satisfied in the paper.
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3.4 Attention problem of a household

From the last subsection we know how much utility a household loses if the household takes actions
that differ from the optimal actions under perfect information. We now state the attention problem
of the household. We assume that the household allocates attention so as to maximize expected
utility net of the cost of paying attention.

The attention problem of a household is similar to the attention problem of the decision-maker
in a firm. There are two differences. First, the household chooses consumption but the variable
appearing in objective (30) are real bond holdings. Therefore, we have to use the flow budget
constraint to map consumption deviations into bond deviations. Second, the household makes
two decisions that are closely related: the consumption decision and the wage setting decision.
Since households have linear disutility of labor, the equation for the optimal real wage rate reads
wj¢ = 7ycje. This intratemporal optimality condition states that the real wage rate should equal
the marginal rate of substitution between consumption and leisure. For simplicity, we assume that
households set real wage rates (not nominal wage rates). Then, households choose all variables in
this intratemporal optimality condition, and since households know their own decisions, households
satisfy this intratemporal optimality condition independent of information flows. This simplifies
the households’ attention problem.!?

The attention problem of household j in period —1 reads:

max E R |:_ T — ¥ "H. zr — X)) + (2 — 2 "H " _ :| B ne
H,B(L)7C(L)7é7£{t 05 7,—1 9 ( t t) 0( t t) ( t t) 1 ( t+1 t+1) —1_6

(38)
where
bt b,
Wit u?;t
Ty — ftk = éljt - éTjt ’ (39)
Cr-1jt é?fljt

subject to the following equation linking an argument of the objective and two decision variables

t l
- 1 1 . _WW - -
bjt — bjy = — Z <E) [— (Cjimt = Cyg) + U—WV; (Wit —W5) | 5 (40)

w
1=0 B

19We also solved the model assuming that households set nominal wage rates. See Section 6.
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the law of motion for the optimal actions under perfect information

= A1 (L) el + Az (L) el (41)
—_—
C*A C*R
gt gt
Wi = YCjy, (42)
i = —Opit, (43)
the law of motion for the actions
cjt = Bi (L) e + Cy (L) viy + Ba (L) eft + Co (L) v, (44)
C;-At cﬁ
Wit = YCjt, (45)
. ~ (. Var (p;
Cijt = —0 <pit + %ﬁ)yz‘]jt> ; (46)
and the constraint on the information content of the actions
A A A N
({c]t , Chit ,cljt, . ,cffljt} ; {cjt, cﬁ,cljt, . 8r-15t)) < R (47)

A household subject to rational inattention compares cost and benefit of paying attention. The
benefit of paying attention to the current state of the economy is that actions get closer on average
to the optimal actions under perfect information. The first term in objective (38) is the expected
loss in utility if the law of motion for the actions differs from the law of motion for the optimal
actions under perfect information. See the previous subsection for the derivation of this expression.

The first element of x; — x} in equation (39) is the deviation of real bond holdings of the
household from the real bond holdings that the same household would have if the household made
the optimal decisions under perfect information in every period. In other words, l;jt — l;;‘t is the
deviation of real bond holdings of the household from real bond holdings of a hypothetical household
with perfect information. The second element of z; — x} is the deviation of the real wage rate of
the household from the real wage rate of a hypothetical household with perfect information. The
remaining elements of x; — zf are the deviation of the consumption mix of the household from

the consumption mix of a hypothetical household with perfect information. The bond deviation in

period t is given by equation (40). This equation follows from the flow budget constraint (33) and
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says that the bond deviation in period ¢ depends on current and past consumption deviations as
well as current and past wage deviations.

Equations (41)-(43) characterize the optimal actions under perfect information, i.e., the actions
of the hypothetical household with perfect information. We guess that optimal consumption under
perfect information is a linear function of current and past shocks, a guess that we verify below.
Aj (L) and As (L) are infinite-order lag polynomials. The optimal real wage rate under perfect
information can be expressed as a function of optimal consumption under perfect information. The
optimal consumption mix under perfect information can be expressed as a function of the relative
prices of consumption goods.

The household chooses the law of motion for consumption and the real wage rate. See equations
(44)-(46). By (L) and By (L) and C; (L) and Cy (L) are infinite-order lag polynomials. For example,
if the household chooses By (L) = A; (L) and C; (L) = 0 and Bg (L) = A2 (L) and C2 (L) = 0, the
household decides to respond perfectly with consumption to aggregate shocks. The variables Vﬁ, Vﬁ,
and Z/fjt are information-processing errors. These variables follow Gaussian white noise processes
that are independent of fundamentals, independent across households, independent of each other,
and have unit variance. Equation (45) is the standard intratemporal optimality condition stating
that the real wage rate should equal the marginal rate of substitution between consumption and
leisure. Since households have linear disutility of labor, this condition simply says that the real
wage rate should equal a constant times consumption. Deviating from this optimality condition
would imply utility losses, and the household can satisfy this condition independent of information
flows because the household knows its own wage decision and consumption decision. Finally, by
choosing the coefficients 6 and & the household chooses the price elasticity of demand and the
amount of noise in the consumption mix decision.?’

The household would like to take actions that equal the optimal actions under perfect infor-
mation in every period. If attention were free, this is what the household would do. However,

we assume that paying attention is costly. Formally, the household faces constraint (47). The

20We put more structure on the consumption mix decision than on the intertemporal consumption decision by
expressing the consumption mix as a function of relative prices rather than fundamental shocks. We do this because
from equation (46) we derive the demand function and a demand function specifies demand on and off the equilibrium
path. By expressing the consumption mix as a function of relative prices, we specify demand on and off the equilibrium

path.
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left-hand side of constraint (47) measures the amount of information acquired and processed by the
household. The amount of information acquired and processed by the household is measured by the
amount of information contained in the household’s actions about the optimal actions under perfect
information. Constraint (47) says that if the household wants to take more informed actions, the
household has to pay more attention. Objective (38) states that paying attention is costly. The
variable k is the amount of attention devoted to the intertemporal consumption decision (how much
to consume), wage setting, and the intratemporal consumption decision (which goods to consume).

The parameter A > 0 is the per-period marginal cost of paying attention.

3.5 Aggregation

In this subsection we describe how we aggregate decisions by individual firms and households. Log-
linearizing equation (8) for aggregate output and the equations in (12) for aggregate composite
consumption and aggregate composite labor input yields

I

(T % Z (Pit + Yit) » (48)

i=1

and

<l

Ct =

J 1 I
Z Cjt, lt = 7 Z lit- (49)
j=1 =1

Log-linearizing the price index P, = d(Piy,...,Pr;) and the wage index Wy = h (Wyy,..., W)
yields

I J
1 1
p=7 ;:1 Pit,  wr =7 ;:1 Wit (50)

We also work with log-linearized equations when we aggregate the demand for good i and type j

labor

1< 1<
Git =5 Zlcz’jm it = 7 2%’# (51)
1=

j=
Note that the production function (4) and the Taylor rule (7) are already log-linear

Yit = ag + ait + alyy, (52)

and

re = pprie1 + (1= pg) [¢xme + 0, (ve —ui)] + &' (53)
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4 Solving and evaluating the model

In this section we solve and evaluate the model.

4.1 Solving the model

We solve for the rational expectations equilibrium of the model using an iterative procedure. First,
we make a guess concerning the law of motion for the profit-maximizing price, pj,, and a guess

concerning the law of motion for the utility-maximizing consumption, c¥,. Second, we solve the

Jt
firms’ attention problem (21)-(27) and the households’ attention problem (38)-(47). We turn each
problem into a finite-dimensional problem by parameterizing each infinite-order lag polynomial
B(L) and C (L) as a lag polynomial of a finite-order ARMA process.?! Third, we aggregate the
individual prices to obtain the price level. We aggregate across households to obtain consumption,
c = %ijl cjt, and the real wage index, w; = %ijl wj;¢. Fourth, we compute the law of
motion for the nominal interest rate from the Taylor rule (53), 7 = p; — pt—1, and y; = ¢;. Finally,
we compute the law of motion for the profit-maximizing price from equation (19) and the law of
motion for the utility-maximizing consumption from equation (34). If the law of motion for the

profit-maximizing price or the law of motion for the utility-maximizing consumption differs from

our guess, we update the guess until a fixed point is reached.??

21'We use Matlab and a standard nonlinear optimization program to solve the firms’ problem and the households’
problem. When solving the firms’ problem, we assume that the expectation operator F; 1 in objective (21) is the
unconditional expectation operator. This is the simplest assumption one can make and is also the assumption made
in Sims (2003). When solving the households’ problem, we make the following assumption concerning the expectation
operator Ej _1 in objective (38). We assume that households have perfect information up to and including period
—1 and the particular realization of shocks up to and including period —1 is that shocks are zero. This assumption
implies that all discounted second moments in objective (38) are finite even if z; — x; has a unit root. We make this
assumption because we want to allow for the possibility that x; — 7 has a unit root. Namely, we want to allow for
the possibility that the bond holdings of a household subject to rational inattention differ asymptotically from the

bond holdings of a hypothetical household with perfect information.
220n the way to the fixed point, we make the guess in iteration n a weighted average of the solution in iteration

n — 1 and the guess in iteration n — 1. The computing time for a single iteration is at least one minute on a standard
computer. The number of iterations needed to reach the fixed point depends significantly on parameter values, on
the initial guess and on the weight of the guess in iteration n — 1 in the guess in iteration n. Typically, we needed

about 20-30 iterations to find the fixed point.
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4.2 Evaluation strategy

We adhere to Thomas J. Sargent’s dictum that “A rational expectations equilibrium is a likelihood
function. Maximize it.”?? In an ideal world, we would choose values of the parameters of the model
by likelihood-based estimation. We would evaluate the model by comparing its fit to the data with
the fit of competing models, in terms of likelihood ratio or marginal likelihood. Smets and Wouters
(2007) maximize the likelihood function, weighted by a prior, to select values of the parameters of a
New Keynesian DSGE model. Smets and Wouters demonstrate that their model fits the data about
as well, in terms of marginal likelihood, as a VAR. Ideally, we would like to show that the DSGE
model with rational inattention achieves a similar value of marginal likelihood to the Smets-Wouters
model and a VAR. The DSGE model with rational inattention holds promise in this regard, because
this model relies on a single friction to explain the data and marginal likelihood favors a model
with fewer parameters. However, we are not there yet. We cannot use likelihood-based estimation
before advances in the speed of computation allow us to solve the model noticeably more quickly
than we currently solve it. See Section 4.1.

Here we pursue the following strategy to set values of the parameters of the model. This strategy
is computationally feasible and in the spirit of matching impulse responses as in Christiano et al.
(2005) and Altig et al. (2011). We divide the parameters into two sets: the parameters specific to
rational inattention (the marginal cost of information flow to the decision-maker in a firm, p, and
the marginal cost of information flow to a household, \) and all other parameters (non-rational-
inattention parameters). We calibrate the non-rational-inattention parameters based on extraneous
information. We then solve the model for a grid of values of ;4 and A\. We select the pair of values
of © and A that minimizes the distance between the impulse responses to a monetary policy shock
in our model and the impulse responses to a monetary policy shock in the Smets-Wouters model.
The details are in Section 4.3. We refer to the model with the parameter values chosen in this way

as the baseline economy.?*

?3See Evans and Honkapohja (2005), p.567.
24We prefer to match the impulse responses in our model to the impulse responses in the Smets-Wouters model

rather than in a VAR, for two reasons. First, there are multiple approaches to identify shocks in a VAR, each approach
yields different results, and we do not want to rely on any single approach. Second, the Smets-Wouters model has
become the benchmark model that economists use when they think of the effects of monetary policy in the business

cycle. Therefore, we find it important to know whether our model matches the impulse responses to a monetary
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Afterwards, we evaluate the model by comparing the impulse responses to a monetary policy
shock and an aggregate technology shock in the baseline economy with the analogous impulse
responses in the Smets-Wouters model, two other standard DSGE models and a standard VAR
model. We also compare the unconditional moments in the baseline economy with the unconditional

moments in the data. See Section 4.4.

4.3 Baseline economy: parameterization

Most of the non-rational-inattention parameters are standard and can be calibrated in a straight-
forward way.

One period in the model is one quarter. Therefore, we let 8 = 0.99. As is common in business
cycle models, we set v =1 and o = 2/3.

To calibrate the parameters of the stochastic process for aggregate technology and the para-
meters of the monetary policy rule, we use quarterly U.S. data from 1966 Q1 to 2004 Q4. We
choose this sample period because Smets and Wouters (2007) use this sample period. As a measure
of aggregate technology we employ total factor productivity, adjusted for utilization, reported by
Fernald (2009).2> We regress the log of TFP on a constant and a time trend. We then regress
the residual on its own lag. Based on the point estimates from this regression, we set p4 = 0.94
and the standard deviation of 5;;4 equal to 0.008. These two numbers are typical to the literature
on business cycles. We regress the Federal Funds rate on a constant, an own lag, a measure of
the inflation rate and a measure of the output gap. We measure the output gap in the data as
the difference between the log of real GDP and the log of real potential GDP reported by the
Congressional Budget Office.?® This is a standard empirical monetary policy rule. Based on the
point estimates from this regression, we set pp = 0.9, ¢, = 1.76, ¢, = 0.4 and a standard deviation
of e equal to 0.0022. These four numbers are typical to the literature on monetary policy rules.

We want monetary policy in the model to react to a similar measure of the output gap as in

policy shock in the Smets-Wouters model for some values of p and A.
?3We downloaded the data from John Fernald’s website, http://www.frbsf.org/economics/economists/staff.php?jfernald.
26 As a measure of the inflation rate we use the difference in the log of the price index for personal consumption

expenditures excluding food and energy. We downloaded the data on the Federal Funds rate, the price level, real
GDP and real potential GDP from the website of the Federal Reserve Bank of St.Louis. We use the same data to

compute the unconditional moments reported in the row “Data” in Table 3.
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the empirical monetary policy rule. Typically, economists define the output gap in a model as the
difference between output and frictionless output (here, output under perfect information). We
find this approach unattractive in our context. Let yf I denote output under perfect information.
With v = 1 we have y// = a;. This is unappealing because in the data real potential GDP and
TFP are very different series.?” Therefore, we suppose that monetary policy in the model reacts to
yi —yf where 3! is smoothed output under perfect information, i.e., yf’ = ¢y’ + (1 — ¢)y¥ ;, and
we seek a realistic value of the parameter (. We compute a smoothed measure of the log of TFP
in the data, tfp; = Ctfpe + (1 — () tfp;_;. It turns out that for ¢ = 0.05 real potential GDP and
the smoothed TFP are similarly behaved series.?® Hence, we set ¢ = 0.05. In reality, central banks
respond to a smooth measure of potential output and we make the same assumption in our model.

To set the parameters of the stochastic process for firm-specific productivity, we follow the
literature calibrating menu cost models with firm-specific productivity shocks to U.S. micro price
data. Nakamura and Steinsson (2008) and Klenow and Willis (2007) set the autocorrelation of
firm-specific productivity equal to 0.66 and 0.68, respectively, at monthly rate. We set the auto-
correlation of firm-specific productivity equal to 0.3, because our model is quarterly and (0.3)1/ 3
equals a number between 0.66 and 0.68. Furthermore, Klenow and Kryvtsov (2008) report that
the median absolute size of price changes (excluding sale-related price changes) equals 9.7 percent
in the U.S. We set the standard deviation of the innovation to firm-specific productivity such that
the median absolute size of price changes equals 9.7 percent in our model. This choice yields a
standard deviation of €/, equal to 0.23.%°

When households and decision-makers in firms have perfect information, the price elasticity

2"When modeled as a first-order autoregression, the growth rate of real potential GDP has an autocorrelation
of 0.97 and a standard deviation of the innovation equal to 0.0009; by contrast, the growth rate of TFP has an

autocorrelation of -0.12 and a standard deviation of the innovation equal to 0.0081.
28For ¢ = 0.05 the growth rate of tfp; has an autocorrelation of 0.9 and a standard deviation of the innovation

equal to 0.0009.
2To compute the median absolute size of price changes in our model we simulate prices in the baseline economy

(u = 0.0022 and A = 0.002, see below). An alternative approach would be to set the standard deviation of e}, such
that the median absolute size of price changes equals 9.7 percent in our model under perfect information (= A = 0).
This alternative approach would yield the same standard deviation of ;. Note also that we match the average size
of price changes excluding sale-related price changes. If we were to match the average size of all price changes, the

standard deviation of €}, would be larger.
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of demand 6 is equal to the preference parameter 6 and the wage elasticity of labor demand 7) is
equal to the technology parameter 7. When households and decision-makers in firms are subject
to rational inattention,  and 7 are endogenous, 0 < 6 and 1 < n. Households respond less strongly
to fluctuations in relative prices of goods than under perfect information; and firms respond less
strongly to fluctuations in relative wage rates than under perfect information. The modeler has the
choice of either fixing 8 and 7 and solving for § and 7 or fixing # and 7 and solving for 6 and .
We interpret the empirical evidence on price elasticities of demand as coming from data generated
by our model. Therefore, we fix = 4 and 7 = 4. A price elasticity of demand of four is within
the range of estimates of the price elasticity of demand in the Industrial Organization literature.
When solving the model, we compute the parameter 6 that yields 6 = 4 and the parameter n that
yields 7 = 4. Furthermore, we set the number of consumption goods to I = 100 and the number
of types of labor to J = 100. The parameter I has no effect on the responses of the household’s
composite consumption and the household’s real wage rate to shocks and the parameter J has no
effect on the responses of the firm’s price to shocks. The parameter I only affects the parameter 8
that yields 0=4and J only affects the parameter n that yields i = 4.

We calibrate the parameter wp, the ratio of real bond holdings to consumption in the non-
stochastic steady state, and the parameter wy, the ratio of real wage income to consumption
in the non-stochastic steady state, based on data from the Survey of Consumer Finances. Our
calibration strategy involves several steps and is described in Appendix B. The calibration strategy
yields wp = 9.12 and wy = 1.06.

Holding the non-rational-inattention parameters constant at the selected values, we solve the
model for a grid of values of the rational-inattention-parameters p and A\. We find that the pair
w = 0.0022 and A = 0.002 minimizes the distance between the impulse responses of output and
inflation to a monetary policy shock in our model and the impulse responses of the same variables

to the same shock in the Smets-Wouters model.3?

30For each pair of values of y and X\ on the grid, we calculate the sum of squared differences between the impulse
responses of output (inflation) to a monetary policy shock in the two models, over the initial 20 quarters. For
each pair k on the grid this yields two numbers: one for output, ¢ (y), and one for inflation, ¢ (7). We express
each ¢ (y) as a percentage of the smallest ¢ (y) on the grid, i.e., for each k we compute ¢ (y) /min (s (y)) where
min (5 (y)) is the smallest i (y) on the grid. Analogously, we obtain ¢, (7) / min (¢ (7)) for each k. We then calculate
Sk (y) /min (s (y)) + sk (7) /min (¢ (7)) for each k. The pair p = 0.0022 and A = 0.002 minimizes this function
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We refer to the model with these parameter values as the baseline economy.

4.4 Baseline economy: results

We examine the properties of the baseline economy. The main takeaway is that the model fits
the data about as well as standard DSGE models do; for this result, it is essential that the model
include rational inattention on the side of firms and households.

We compare the baseline economy with two standard medium-sized DSGE models, a standard
small DSGE model and data. By “two standard medium-sized DSGE models” we mean the Smets-
Wouters model and the DSGE model in Altig et al. (2011), which we refer to as ACEL DSGE.
Both models are popular benchmarks and are known to fit the data well. By “a standard small
DSGE model” we mean the model that we refer to as the Calvo-with-habit model. The Calvo-
with-habit model is a model with the same structure as the model in this paper except that: all
agents have perfect information, decision-makers in firms face the Calvo friction in price setting,
and households are subject to external habit formation in consumption. This is the most popular
small DSGE model used to study the effects of monetary policy. We assume the same values for
preference, technology and monetary policy parameters as in the baseline economy and we choose
values for the Calvo parameter and the habit parameter in the same way as values of the rational-
inattention-parameters before.>! Finally, by a comparison with data we mean: (i) a comparison of
impulse responses in the model and in the VAR model in Altig et al. (2011), which we refer to as
ACEL VAR, and (ii) a comparison of unconditional moments in the model and in the data.

Figures 1-2 show the impulse responses of output, inflation and the nominal interest rate to
a monetary policy shock (Figure 1) and an aggregate technology shock (Figure 2) in the baseline
economy. The figures also display the analogous impulse responses in the Smets-Wouters model,

the ACEL DSGE and the ACEL VAR.32 Tables 1-2 show the standard deviation and the first-order

over k. The function ¢ (y) /min (s (y)) + s () /min (s (7)) penalizes percentage deviations from the smallest sum
of squared differences between the impulse responses of output (and inflation) in the two models. We repeat this
procedure including the impulse responses of a third variable, the nominal interest rate, and obtain essentially the

same result. In Section 6 we document the effects of varying p and A.
31'We set the Calvo parameter equal to 0.81 and the habit parameter equal to 0.81 because these two values minimize

the distance between the impulse responses of output and inflation to a monetary policy shock in the Calvo-with-habit

model and the impulse responses of the same variables to the same shock in the Smets-Wouters model.
32 All impulse responses are to shocks of one standard deviation. By an “aggregate technology shock” in Altig et
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autocorrelation of output growth and inflation conditional on a monetary policy shock (Table 1) and
conditional on an aggregate technology shock (Table 2) in the baseline economy, the Smets-Wouters
model, the ACEL DSGE, the Calvo-with-habit model and the ACEL VAR.

The impulse response of output to a monetary policy shock in the baseline economy matches
very well the Smets-Wouters model, the other DSGE models and the data. In particular, the path
of output is hump-shaped with strongest response after about one year. The autocorrelation of
output growth is between 0.5 and 0.6. See the top row of Figure 1 and Table 1.%3

The impulse response of inflation to a monetary policy shock in the baseline economy matches
less well the medium-sized DSGE models and the data. The size of the response in the baseline
economy is correct and the response is about as persistent as in the medium-sized DSGE models
and in the data. However, the impulse response of inflation in the baseline economy is monotonic,
whereas the analogous impulse response is hump-shaped in the medium-sized DSGE models and in
the data. See the middle row of Figure 1 and Table 1. Having said that, let us note the following.
First, there is considerable uncertainty about when monetary policy’s effect on inflation is strongest.
The ACEL VAR suggests “after about a year and a half,” but the Smets-Wouters model suggests
only “after 2-3 quarters.” The impulse response of inflation to a monetary policy shock in the
baseline economy lies within the confidence interval for the analogous impulse response in the
ACEL VAR. Second, the reason why both medium-sized DSGE models predict a hump-shaped
impulse response of inflation to a monetary policy shock is that the medium-sized DSGE models
assume an extra friction, price indexation. Third, inflation conditional on a monetary policy shock
is more persistent in the baseline economy than in the Calvo-with-habit model. See Table 1. That
is, rational attention produces more persistent inflation than does the combination of Calvo price

setting and consumption habit.?

al. (2011) we mean their “neutral technology shock.” The impulse responses in the Smets-Wouters model are shown
with 80 percent posterior intervals. The impulse responses in the ACEL VAR are shown with 95 percent confidence
intervals. Altig et al. (2011) assume that in any quarter pricing and consumption decisions are made before this
quarter’s monetary policy shock is realized. To facilitate comparison, we apply the same timing assumption in the

baseline economy when we compare to the impulse responses in Altig et al. (2011) in the right column of Figure 1.
33The impulse response of output to a monetary policy shock is somewhat weaker in the ACEL DSGE and the

ACEL VAR than in the other models. Note that the sample period in Altig et al. (2011) is 1982Q1-2008Q3. Recall

that this paper and Smets and Wouters (2007) use the sample period 1966Q1-2004Q4.
34The impulse response of inflation to a monetary policy shock in the Calvo-with-habit model is monotonic.
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The impulse response of output to an aggregate technology shock in the baseline economy
matches well the other DSGE models and the data. In the baseline economy and the other DSGE
models the response of output builds over time reaching its maximum after about two years. Output
growth is autocorrelated.?® In the ACEL VAR output is close to a random walk at the point
estimate, but the confidence intervals are consistent with autocorrelation in output growth. See
the top row of Figure 2 and Table 2.

The impulse response of inflation to an aggregate technology shock in the baseline economy
is different than in the other DSGE models and matches the data better than these other DSGE
models do. In the ACEL VAR inflation responds strongly on impact to an aggregate technology
shock — an order of magnitude more strongly than to a monetary policy shock. The baseline
economy matches this fact. By contrast, the other DSGE models fail to match this fact. In the
other DSGE models the response of inflation to an aggregate technology shock is essentially the
same as the response of inflation to a monetary policy shock. See the middle row of Figure 2 and
Table 2.

Table 3 compares the unconditional moments in the model with the unconditional moments in
the data. We consider three parameterizations of the model: the baseline economy, the model with
rational inattention on the side of firms only (i.e., the baseline economy except that A = 0) and
the model with perfect information (i.e., the baseline economy except that 4 = A = 0). As Table
3 shows, the data have two salient features: the autocorrelation of output growth is positive and
the autocorrelation of inflation is close to one. The baseline economy matches the two features.
Furthermore, rational inattention on the side of firms and on the side of households is essential for
the model to match the two features. The model with perfect information matches neither feature.
Under perfect information the autocorrelation of output growth is negative and the autocorrelation
of inflation is close to zero. Rational inattention on the side of firms implies that the autocorrelation
of inflation is close to one. The combination of rational inattention by firms and households implies
that the autocorrelation of inflation is close to one and the autocorrelation of output growth is
positive.

The autocorrelation of output growth is larger in the baseline economy than in the data (compare

35The response of output to an aggregate technology shock in the baseline economy is somewhat weaker than in

the Smets-Wouters model.
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0.68 with 0.24 in Table 3). It is important to note that in the model there are only two aggregate
shocks, whereas presumably more than two shocks generate the variation in output in the data. If
we added another aggregate shock to the model associated with a lower conditional autocorrelation
of output growth, the unconditional autocorrelation of output growth would fall. To illustrate this
point, consider the ACEL DSGE. The autocorrelation of output growth conditional on a monetary
policy shock is the same in the ACEL DSGE and in the baseline economy. Furthermore, the
autocorrelation of output growth conditional on an aggregate technology shock is almost the same
in the ACEL DSGE and in the baseline economy. See Table 1 and Table 2, respectively. If the ACEL
DSGE were a two-shock economy, the unconditional autocorrelation of output growth in that model
would be 0.7, just like in the baseline economy. We think that in the future it will be worthwhile
to add more shocks to our model to match not only the conditional moments quantitatively but
also the unconditional moments quantitatively.?¢

Carroll et al. (2011) estimate that consumption growth has an autocorrelation of about 0.7. The
model with rational inattention on the side of firms and households matches this evidence very well.
In Table 3 note that the autocorrelation of output growth in the baseline economy is 0.68 and recall
that consumption equals output in the model. Of course, the point from the previous paragraph
applies here as well: Adding another aggregate shock may affect the unconditional autocorrelation
of consumption growth predicted by the model.

We conclude the evaluation of the model with the following summary: The model fits the data
about as well as the standard DSGE models do. For this result, it is essential that the model
include rational inattention on the side of firms and households.

Next, we develop intuition for why the impulse responses in the baseline economy look the way

they do. To this end, we examine the behavior of decision-makers in firms and households.

4.5 Understanding the behavior of firms in the DSGE model

The decision-maker in a firm faces the question: Given the marginal cost of paying attention u, what
is the optimal amount of attention allocated to monetary policy, aggregate technology and firm-

specific productivity? We find that — of the total attention devoted to the price-setting decision — 4

36 Adding another shock to the model would not change the impulse responses to the shocks already present in the

model because of the constant marginal cost of paying attention.
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percent is allocated to monetary policy, 13 percent to aggregate technology and 83 percent to firm-
specific productivity. This allocation of attention implies that prices respond slowly to monetary
policy shocks, fairly quickly to aggregate technology shocks and very quickly to market-specific
shocks. Figure 3 illustrates this differential speed of response. The price of an individual firm
converges to the firm’s profit-maximizing price after 4 years following a monetary policy shock (top
panel), after 2 years following an aggregate technology shock (second panel from the top) and after
one quarter following a firm-specific productivity shock (third panel from the top).3” The price
shows dampened and delayed dynamics compared with the profit-maximizing price — as in a model
with exogenous dispersed information — but the extent of dampening and delay depends on the
optimal allocation of attention.

The endogenous attention allocation allows the model to: (i) match the empirical finding by
Boivin et al. (2009) and Mackowiak et al. (2009) that prices respond very quickly to disaggregate
shocks, and (ii) produce a much stronger response of inflation to an aggregate technology shock
than to a monetary policy shock, consistent with the ACEL VAR. Furthermore, the endogenous
attention allocation implies that monetary policy has strong real effects while profit losses are
small. In any model with a price setting friction, firms experience profit losses due to deviations
of the price from the profit-maximizing price. In the baseline economy, the expected per-period
loss in profit due to deviations of the price from the profit-maximizing price equals 0.24 percent
of the firm’s steady state revenue.® This number is thirty-five times smaller than the analogous
number in the Calvo-with-habit model! The reason why profit losses are so much smaller in the
rational inattention model is that in this model prices respond slowly only to unimportant shocks
but quickly to important shocks.

Why is this attention allocation optimal? In the baseline economy the profit-maximizing price
has the following property: little of its variation is due to monetary policy shocks, some of its

variation is due to aggregate technology shocks and most of its variation is due to firm-specific

37The impulse response of the price level to each of the two aggregate shocks equals the impulse response of the

price of an individual firm to that shock.
38 The expected per-period profit loss due to imperfect tracking of monetary policy equals 0.02 percent of the firm’s

steady state revenue. The expected per-period profit loss due to imperfect tracking of aggregate technology equals
0.06 percent of the firm’s steady state revenue. The expected per-period profit loss due to imperfect tracking of

firm-specific productivity equals 0.16 percent of the firm’s steady state revenue.
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productivity shocks. Consider Figure 3. The absolute response of the profit-maximizing price to a
monetary policy shock (top panel) is several times smaller than to an aggregate technology shock
(second panel from the top). Furthermore, the absolute response of the profit-maximizing price to
an aggregate technology shock is an order of magnitude smaller than to a firm-specific productivity
shock (third panel from the top). This property of the profit-maximizing price incentivizes decision-
makers in firms to absorb slowly information about monetary policy, fairly quickly information
about aggregate technology and very quickly information about firm-specific productivity.

Why do the impulse responses of the profit-maximizing price differ so much by shock? One
reason is that the non-rational-inattention parameters have been chosen to match key features of
the data: the large average absolute size of price changes and the small standard deviation of the
innovation in the monetary policy rule. The other reason is that there are feedback effects: the
profit-maximizing price of a firm varies as decision-makers in other firms and households change
their allocation of attention.

Let us explain the feedback effects by focusing on monetary policy shocks. To begin, suppose
that only a single firm is subject to rational inattention, while all other firms and households have
perfect information. This is the case with the feedback effects switched off. The profit-maximizing
price response of this single firm to a monetary policy shock is shown in Figure 3 (bottom panel).
The profit-maximizing price response is several times larger in absolute terms than in the baseline
economy (top panel in Figure 3). Therefore, this single firm chooses to allocate several times more
attention to monetary policy than in the baseline economy where all other firms and households
also have limited attention. This allocation of attention implies that the firm’s price converges to
the profit-maximizing price after 6 quarters, compared with 4 years in the baseline economy.

Next, suppose that all other firms also become subject to rational inattention. The profit-

maximizing price is given by

Q=




Finally, suppose that all households also become subject to rational inattention. Additional
feedback effects arise. The impulse response of consumption to a monetary policy shock becomes
hump-shaped instead of monotonic (see Section 4.6) and thus the profit-maximizing price response
to a monetary policy shock changes again. This induces another reallocation of attention by
decision-makers in firms. The reallocation of attention can go either way, because two effects work
in opposite directions: the profit-maximizing price moves less on impact (as consumption moves
less on impact) but more after a few quarters (as the reaction of consumption is strongest then). It
turns out that the optimal attention allocation by decision-makers in firms shifts to slightly more
attention to monetary policy. While the reallocation of attention by firms is not large — because
of the two effects working in opposite directions — the fact that rational inattention by households
changes the profit-maximizing price is important. After we add rational inattention on the side
of households, the impulse response of inflation to a monetary policy shock in the model matches
much better the analogous object in the Smets-Wouters model.’

Feedback effects also appear in Mackowiak and Wiederholt (2009) and in Hellwig and Veldkamp
(2009). In this model feedback effects are richer than in that previous work. In the previous work
there is one type of agent. Here there are two types of agents. The optimal attention allocation
of a firm depends on the attention allocation of other firms and on the attention allocation of
households.* Furthermore, the strength of the feedback effects differs across shocks. Feedback
effects are stronger for monetary policy shocks than for aggregate technology shocks. That is,
when we introduce rational inattention, the profit-maximizing price response to a monetary policy
shock changes by more than the profit-maximizing price response to an aggregate technology shock.
The reason is that the profit-maximizing price response to a monetary policy shock depends only
on endogenous variables, p; and ¢;, whereas the profit-maximizing price response to an aggregate

technology shock depends in addition on an exogenous variable, a;. The effect of a; on the profit-

39The reason is as follows. The impulse response of inflation to a monetary policy shock in the Smets-Wouters
model is well approximated by an AR(2) process and is not well approximated by an AR(1) process. The same is
true of the impulse response of inflation to a monetary policy shock in the baseline economy. By contrast, the impulse
response of inflation to a monetary policy shock in the model with rational inattention on the side of firms only (i.e.,

the baseline economy except that A = 0) is well approximated by an AR(1) process.
49 Analogously, the optimal attention allocation of a household depends on the attention allocation of other house-

holds and on the attention allocation of firms.
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maximizing price is present with constant strength no matter what attention choices agents make.
See equation (54).*! Finally, whether prices of different firms are strategic complements or strategic
substitutes is more complicated to check than in the previous work. The reason is that the variables
pt and ¢; appearing in equation (54) for the profit-maximizing price are no longer linked through
a simple equation such as ¢; = m; — p;, where my is an exogenous variable. Instead, ¢; depends on

p: through the consumption Euler equation and the monetary policy rule.

4.6 Understanding the behavior of households in the DSGE model

Each household faces the question: Given the marginal cost of paying attention A, what is the
optimal amount of attention allocated to monetary policy and aggregate technology? The answer
depends on the utility-maximizing consumption. The utility-maximizing consumption equals minus
the sum of current and future real interest rates. In the baseline economy, it turns out that the
real interest rate is driven to about the same extent by monetary policy shocks and aggregate
technology shocks. Hence the household’s problem in effect reduces to the choice of how much
attention to pay to the real interest rate. We find that households decide to pay little attention to
the real interest rate. This finding is important because in a large class of models monetary policy
affects the economy exclusively via the real interest rate. Furthermore, this problem has not been
studied in the literature on rational inattention before. Sims (2003, 2006), Luo (2008) and Tutino
(2012) also study consumption-saving problems under rational inattention but assume that the real
interest rate is constant.

To save space, let us focus on the household’s consumption-saving decision conditional on a
monetary policy shock.*? The utility-maximizing response of consumption to a monetary policy
shock in the baseline economy is depicted in Figure 4 (top panel). Since decision-makers in firms
are rationally inattentive, the price level responds slowly to a monetary policy shock, the real
interest rate rises after a positive innovation in the monetary policy rule and the utility-maximizing
consumption falls on impact returning to zero monotonically.

Consider an individual household in the baseline economy. The impulse response of consumption

of an individual household to a monetary policy shock is shown in Figure 4 (top panel). We find that

' The feedback effects are absent in the case of firm-specific productivity shocks, because the profit-maximizing

price response to a firm-specific productivity shock depends only on an exogenous variable, a;;.
42The findings are the same conditional on an aggregate technology shock.
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the household decides to allocate little attention to the real interest rate. Therefore, the impulse
response of consumption is very different from the impulse response of the utility-maximizing
consumption. The former is hump-shaped, whereas the latter is monotonic. When a contractionary
monetary policy shock arrives, the household consumes too much and saves too little relative to
what maximizes utility under perfect information. Afterwards, the household consumes persistently
less — thereby slowly rebuilding its savings — compared with what would be the case if the household
had perfect information.*3:44

The difference between consumption and the utility-maximizing consumption is large and persis-
tent, despite the fact that utility losses are small! In the baseline economy, the expected per-period
loss in utility due to deviations of consumption and the real wage rate from the optimal decisions
under perfect information equals the utility equivalent of 0.08 percent of the household’s steady
state consumption. In other words, to fully compensate the household for the expected discounted
sum of utility losses due to deviations of consumption and the real wage rate from the optimal
decisions under perfect information, it would be sufficient to give the household 1/1250 of the
household’s steady state consumption in every period. This result is important because in a large
class of models the real interest rate is the transmission channel through which monetary policy
affects the real economy. We find that paying little attention to the interest rate — and therefore
responding slowly to changes in the real interest rate — is associated with small utility losses.

Next, think again about the utility-maximizing consumption. The utility-maximizing consump-
tion depends on the non-rational-inattention parameters and via feedback effects on the optimal
attention allocation by decision-makers in firms and households. Let us explain the feedback effects
between households. Suppose that all firms and only a single household are subject to rational
inattention, while all other households have perfect information. This is the case with the feedback

effects between households switched off. The utility-maximizing response of consumption of this

43The impulse response of aggregate consumption to a monetary policy shock equals the impulse response of

consumption of an individual household to that shock. The same is true for aggregate technology shocks.
4 The difference between consumption and the utility-maximizing consumption goes to zero in the long run. Simi-

larly, real bond holdings of the household differ from the utility-maximizing bond holdings but the difference between
the two (not reported here) goes to zero in the long run. We also find that the impulse responses of consumption and
real bond holdings under rational inattention to the noise terms in equation (44) go to zero in the long run. This
finding implies that neither the cross-sectional variance of consumption nor the cross-sectional variance of real bond

holdings diverges to infinity.
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single household to a monetary policy shock is shown in Figure 4 (middle panel). The utility-
maximizing response is smaller in absolute terms than in the baseline economy (Figure 4, top
panel). Therefore, this single household chooses to allocate less attention to the real interest rate
and responds less with its consumption to a monetary policy shock, compared with households in
the baseline economy.

Suppose now that all households become subject to rational inattention. The feedback effects
between households arise. The main insight is that the feedback effects between households are
driven by the monetary policy rule, i.e., by the fact that monetary policy responds systematically
to the state of the economy. When a contractionary monetary policy shock arrives, the real in-
terest rate increases. The size of this increase is always attenuated because output decreases and
output enters the Taylor rule. When all households absorb information slowly, output decreases
less and therefore the real interest rate increases more and the utility-maximizing consumption
decreases more. The optimal allocation of attention shifts to more attention to the real interest
rate. Thus the feedback effects between households go in the opposite direction than the feedback
effects between firms. If other households pay little attention to the real interest rate, the utility-
maximizing consumption moves more, which raises the incentive for an individual household to
attend to the real interest rate. Quantitatively, though, the feedback effects between households
are of limited importance: Both the top panel and the middle panel of Figure 4 show large and
persistent differences between consumption and utility-maximizing consumption.

In principle, it could be the case that a household subject to rational inattention pays little
attention to the real interest rate only when the coefficient of relative risk aversion is low (or
equivalently when the intertemporal elasticity of substitution is high). When the coefficient of
relative risk aversion is low, deviations from the consumption Euler equation cost little in utility
terms. Therefore, we also study what happens when we increase the coefficient of relative risk
aversion by a factor of ten. We suppose again that all firms and only a single household are
subject to rational inattention, while all other households have perfect information. In Figure 4
we compare the behavior of this single household when v = 1 (middle panel) with the behavior
of this single household when v = 10 (bottom panel). As v increases from 1 to 10, the attention
devoted to the real interest rate rises by 50 percent and the ratio of the actual response to the

utility-maximizing response of consumption on impact of a monetary policy shock doubles from 11
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percent to 22 percent. The more risk-averse household devotes more attention to the real interest
rate and therefore consumption responds faster to a monetary policy shock. However, the more
risk-averse household still pays little attention to the real interest rate and its consumption still
responds slowly to a monetary policy shock. This is because there are two effects working in opposite
directions. When 7 increases, so does the utility loss of a given deviation between consumption and
the utility-maximizing consumption. See equation (30). This effect raises the attention devoted
to the real interest rate. However, when ~ increases, the coefficient on the real interest rate in the
consumption Euler equation falls.*> See equation (34). Thus the utility-maximizing consumption
reacts less to a given change in the real interest rate. This effect lowers the attention devoted to
the real interest rate. For « between 1 and 10, the first effect dominates but only slightly.

In addition to the intertemporal consumption decision, the household also makes a decision
about the consumption mix. The utility-maximizing consumption mix depends on the relative
prices of goods. The relative prices of goods are driven by firm-specific productivity shocks and by
mistakes in the firms’ price-setting decisions. We find that households allocate much more attention
to the consumption mix decision than to the intertemporal consumption decision. Specifically, the
amount of attention households allocate to a single relative price of goods, i.e., p; for a single
i, equals about 70 percent of the attention allocated to the intertemporal consumption decision.
Given that firm-specific productivity shocks induce large fluctuations in the relative prices of goods,
households find it important to be aware of those fluctuations.

Let us restate the most important lessons of this subsection. Consumption responds slowly to
changes in the real interest rate, because households decide to pay little attention to the real interest
rate. This result: (i) holds for low and high degrees of relative risk aversion, and (ii) accounts for
the model’s fit to the data on output and consumption. Furthermore, feedback effects between

households arise, driven by the monetary policy rule.

5 Experiments

In this section we use the model to conduct experiments.

To begin, we consider perhaps the most common experiment in the literature on DSGE models

5In other words, the intertemporal elasticity of substitution, 1/v, decreases.
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used for analysis of monetary policy: we vary the coefficient on inflation in the monetary policy
rule, ¢,. Figure 5 shows the effect of changing the value of ¢, on the standard deviation of the
output gap due to aggregate technology shocks.® As the curve denoted “model with rational
inattention” illustrates, in our model there is a non-monotonic relationship between ¢, and the
volatility of the output gap.*” In contrast, this relationship is monotonic in models with exogenous
dispersed information and in simple New Keynesian models. Figure 5 illustrates this property for a
version of our model in which we hold constant the amount of attention agents allocate to aggregate
technology (“model with constant attention”).

To understand how the value of ¢ affects the economy in the different models, note the follow-
ing. As ¢, increases in models with exogenous dispersed information and in simple New Keynesian
models, the nominal interest rate mimics more closely the real interest rate at the efficient solution
(conditional on an aggregate technology shock). This standard effect decreases deviations of output
from the efficient solution (again, conditional on an aggregate technology shock). In the model with
rational inattention, there is an additional effect. When the central bank reacts more aggressively
to inflation, the price level becomes more stable, implying that decision-makers in firms decide to
pay less attention to aggregate conditions. This additional effect increases deviations of output
from the efficient solution. If the second effect dominates, the volatility of the output gap increases.
In Figure 5 the second effect dominates for empirically relevant values of ¢, between 1.05 to 1.75.
We conclude that the DSGE model with rational inattention gives a very different answer than the
conventional DSGE models to the basic question what happens to the real economy when monetary

policy fights inflation more aggressively.*$:4?

4Tn Section 5 we measure the output gap as the deviation of output from equilibrium output under perfect

information. The latter equals efficient output, due to the subsidies (10)-(11).
4TThe relationship between ¢, and the standard deviation of the output gap is non-monotonic also conditional on

monetary policy shocks.
*Paciello and Wiederholt (2012) show that optimal monetary policy in a model with rational inattention on the

side of firms calls for complete price stability in response to aggregate technology shocks, i.e., it is optimal to set ¢
to infinity. Under the optimal policy, inflation and the output gap equal zero in every period. We show that as ¢,
increases the real economy can become less, not more, stable when the economy is driven by aggregate technology
shocks. In other words, the path to the optimal policy of Paciello and Wiederholt is non-monotonic. As ¢, increases,
output gap volatility first increases and then decreases. It is optimal for the central bank to “go all the way” rather

than strengthen its reaction to inflation incrementally.
49The value of ¢, also affects the cross-sectional distribution of prices in addition to the volatility of the output gap.
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Next, we consider another common experiment in the literature on DSGE models used for
analysis of monetary policy: we vary the degree of strategic complementarity in price setting.
There is a large literature arguing that raising strategic complementarity in price setting increases
real effects of monetary policy shocks. For example, Woodford (2003, Chapter 3) makes this point
for New Keynesian models and Woodford (2002) makes this point for a model with exogenous
dispersed information. Furthermore, it is common in the literature to argue that the degree of
strategic complementarity in price setting is large and, hence, monetary policy shocks must have
strong real effects. A well-known example is Altig et al. (2011) who argue that firms’ marginal cost
curves are significantly upward sloping in own output. Making firms’ marginal cost curves more
upward sloping in own output raises strategic complementarity in price setting and, in the model
of Altig et al., strengthens real effects of monetary policy shocks.

Motivated by the literature, we consider the experiment of making firms’ marginal cost curves
more upward sloping in own output. In particular, we raise the degree of decreasing returns-
to-scale, 1/a. As we decrease « from 1 to 0.5, real effects of monetary policy shocks first rise,
peaking at 0.8, and then fall. There is a non-monotonic relationship between the degree of strategic
complementarity in price setting and the standard deviation of the output gap due to monetary
policy shocks. In Figure 6, compare the non-monotonic curve (“model with rational inattention”)
with the monotonic curve (“model with constant attention”).

The reason for the non-monotonicity is that there are two effects. The first effect is the effect
noted in the literature. With our parameterization, a decrease in « lowers the coefficient on
consumption in the equation for the profit-maximizing price. See equation (54). In the language
of Woodford (2003), a decrease in « raises the degree of strategic complementarity in price setting.
In the language of Ball and Romer (1990), a decrease in « raises the degree of real rigidity. This
effect increases real effects of monetary policy shocks. However, in the rational inattention model
there is an additional effect. As « decreases, the cost of a price setting mistake of a given size
increases. Formally, the upper-left element of the matrix H in equation (18) increases in absolute
value. Decision-makers in firms therefore decide to pay more attention to the price setting decision

implying that prices respond faster to shocks. This effect reduces real effects of monetary policy

A higher ¢, lowers the response of the profit-maximizing price to aggregate shocks. As a result, the tracking problem

of price setters becomes easier, price setters make smaller idiosyncratic mistakes, and inefficient price dispersion falls.
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shocks. In Figure 6 the second effect (more attention) dominates the first effect (lower coefficient
on consumption in the equation for the profit-maximizing price) for values of a below 0.8. Hence,
for reasonable parameter values, raising strategic complementarity in price setting reduces real
effects. We conclude that the conventional wisdom that strategic complementarity in price setting
necessarily strengthens real effects of monetary policy does not hold in the rational inattention
DSGE model.??:?!

Let us also describe what happens when we raise the standard deviation of any aggregate shock.
Decision-makers in firms and households decide to pay more attention to the aggregate economy.
This result explains the evidence in Coibion and Gorodnichenko (2012) who study survey data on
expectations finding that the degree of attention to the aggregate economy rose markedly during the
turbulent 1970s and fell significantly during the subsequent calm period. Furthermore, this result
has implications for the effects of monetary policy. As the standard deviation of monetary policy
shocks increases in the model, decision-makers in firms decide to pay more attention to monetary
policy, implying that prices respond faster to monetary policy shocks and real effects of a monetary
policy shock of a given size decrease. The reallocation of attention is important quantitatively. For
example, if we start in the baseline economy and double the standard deviation of monetary policy
shocks, real effects of a monetary policy shock last 2 years instead of 4 years.

The lesson of this section is that the outcomes of experiments are very different in this model
than in the DSGE models currently used to analyze monetary policy, even though the models
yield similar impulse responses. See Section 4.4. Therefore, it matters which model one uses for

monetary policy analysis.

"0Reis (2006b) studies pricing of a firm that faces a fixed cost of acquiring, absorbing and processing information. He

obtains a related result: When the profit function peaks more sharply, the firm acquires information more frequently.

5! An increase in the price elasticity of demand, 0, has analogous effects in the model to an increase in the degree of
decreasing returns-to-scale, 1/c. It lowers the coefficient on consumption in equation (54) and raises in absolute value
the upper-left element of the matrix H in equation (18). However, in principle one can raise strategic complementarity
in price setting without changing the upper-left element of the matrix H. This is the case when there exists a parameter
in the model that affects the former but not the latter. See Ball and Romer (1990) or more recently Nakamura and

Steinsson (2010).
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6 Extensions

In this section we document how the solution of the model changes when we vary assumptions
concerning information flows, in three different ways.

To begin, we study the effects of changing the values of the rational-inattention parameters
w and A from the baseline economy values p = 0.0022 and A = 0.002. Recall from Section 4.3
that the baseline economy values of the parameters p and A\ minimize the distance between the
impulse responses of output and inflation to a monetary policy shock in our model and the impulse
responses of the same variables to the same shock in the Smets-Wouters model. Figure 7 shows how
our model’s fit to the Smets-Wouters model varies with g and A. The figure displays the criterion
function we used in Section 4.3 to pick the best values of i and A. The criterion function is normal-
ized so that at its minimum, for ;= 0.0022 and A = 0.002, the function attains the value of 100.%?
Thus, the figure shows by how much in percentage terms the fit deteriorates as one moves away
from the minimum. We draw three conclusions. First, the procedure we used to select the values of
1 and A works well in the sense that the criterion function is clearly minimized at p = 0.0022 and
A = 0.002. We conclude that it is feasible to pick values of rational-inattention parameters in the
same way as one picks values of any other parameter in a macroeconomic model, e.g., by matching
impulse responses like here or by likelihood-based estimation. Second, the criterion function rises
only moderately for small departures of p from the best value and small departures of A from the
best value.”® We conclude that the model is robust to small variation in the values of 1+ and A in the
sense that such variation deteriorates the model’s fit only moderately. Third, non-trivial amounts
of rational inattention on the side of firms and households are necessary for good fit. In Figure 7
start from g = 0.0022 and A = 0.002, decrease either p or A\ by about one-half, and notice that
the criterion function rises sharply.

Next, we state the attention problem of the decision-maker in a firm using signals. So far we have
assumed that the decision-maker in a firm chooses directly a law of motion for the actions, subject

to a constraint on the information content of the actions. We now assume that the decision-maker

2The definition of the criterion function is in Footnote 30.
53In Figure 7 note that the criterion function rises moderately for u between 0.002 and 0.0026, so long as \ stays

near 0.002; and that the criterion function rises moderately for A between 0.0016 and 0.0028, so long as p stays near

0.0022.
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in a firm chooses the precision of signals in period —1, subject to a constraint on the information
content of the signals. In the following periods, the decision-maker in a firm receives the signals
and takes the optimal actions given the signal realizations.

Formally, the attention problem of the decision-maker in firm ¢ reads

max {iﬂtﬂ»,_l B (z — xF) H (2 — xf)} __H ,i}, (55)

(k,01,02,03,04)€RS | 15 1-8
where
Dit Pit
lint I
1t
T — Ty = ' - 7“' , (56)
i :
i(J-1)t i(J=1)t

subject to equations (23)-(24) characterizing the profit-maximizing actions in period ¢, the following

equation characterizing the agent’s actions in period ¢
xy = E [z Fio, sit, Si2, - - - Sit] (57)

the following equation characterizing the agent’s signal vector in period ¢

i o1V
pift oV
I I
Pit 03Vt
Sit = K + L : (58)
Wit T4V
- L
W(j-1)t 04V g-1)t
and the constraint on information flow
A xR I 7 2 .
T ({o il ol B By} (sud) < (59)

The random variables yﬁ, Vﬁ, yft, and ijt are signal noise. These variables follow Gaussian white

noise processes that are independent of fundamentals, independent across firms, independent of
each other, and have unit variance. E; _; in objective (55) is the expectation operator conditioned
on the information of the decision-maker in firm ¢ in period —1. Fjp in equation (57) denotes

the information set of the decision-maker in firm 4 in period zero. To abstract from transitional
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dynamics in conditional second moments, we assume that in period zero (i.e., after the decision-
maker has chosen the precision of signals in period —1) the agent receives information such that
the conditional covariance matrix of =} given information in period ¢ is constant for all ¢ > 0. The
operator Z in the information flow constraint (59) measures the information content of the signals.
Finally, the parameter > 0 in objective (55) is the marginal cost of paying attention.

We solve the problem (55)-(59) for an individual firm assuming that aggregate variables and
relative wage rates are given by the equilibrium of the model presented in Section 4.4. We then
compare the solution of problem (55)-(59) to the solution of problem (21)-(27). We find that the two
solutions are identical. The impulse responses of the price set by the firm to the three fundamental
shocks are identical in the two problems. The impulse responses of the price set by the firm to the
noise terms in equation (25) and to the noise terms in equation (58) are also identical. This is a
numerical result. We find it remarkable that signals with noise that is i.i.d. across time yield the
same price setting behavior as the more flexible decision problem (21)-(27).54

Finally, we relax the assumption that paying attention to aggregate technology, paying attention
to monetary policy, and paying attention to firm-specific productivity are independent activities.

We replace the signal vector (58) by the following signal vector

Pt O1V51t
ar + ag 02Vt
Cit—1 03Vi3t
Sit = | wi—1+lig—1 |+ T4Viat : (60)
wlt O’5Vz-th
W1y TV 1y,

By choosing o1 to o5 the decision-maker decides how much attention to devote to the price level,

total factor productivity, last period sales, the last period wage bill, and the relative wage rates.??:°6

4See Mackowiak and Wiederholt (2011) for the details of how we solve problem (55)-(59) and for an extended
description of the results. Furthermore, note that in Matkowiak and Wiederholt (2009), Propositions 3-4, we prove
analytically in a special case that signals with noise that is i.i.d. across time yield the same price setting behavior as

the more flexible decision problem (21)-(27).
’*We maintain the assumptions about signal noise stated above.

50We include last period sales and last period wage bill in the signal vector because we do not know how the firm
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The variables in the signal vector (60) are driven by multiple shocks and it is therefore no longer the
case that attending to aggregate technology, attending to monetary policy, and attending to firm-
specific productivity are independent activities. We find that solving the problem (55)-(59) with the
signal vector (60) instead of the signal vector (58) changes the firm’s price setting behavior hardly
at all. The reason is that the decision-maker in the firm decides to pay close attention to those
variables that are mainly driven by firm-specific productivity shocks and aggregate technology
shocks. We studied a large number of variations of the signal vector (60) and obtained similar

results. See Mackowiak and Wiederholt (2011) for an extended description of the results.?”:%%

7 Conclusion

Making good decisions in an environment with shocks requires attention. We solve a DSGE model
in which paying attention is costly and agents allocate attention optimally. The model fits macro-
economic data about as well as standard DSGE models do; but without Calvo price setting, without
habit formation in consumption, without Calvo wage setting, and without price indexation. Having
decision-makers in firms that pay little attention to monetary policy and households that pay little
attention to the real interest rate is enough. Furthermore, this allocation of attention is optimal
for most of postwar U.S. history. However, if the structure of the economy changes, e.g., if times
become more turbulent, the optimal attention allocation will change and thus the propagation of

shocks will change.

can attend to current period sales and current period wage bill before setting the price.
S"Hellwig and Venkateswaran (2009) also study a model in which firms set prices in period ¢ based on signals

concerning sales and wage bills up to and including period ¢t — 1. There are several differences. First, in their
benchmark model the price level and total factor productivity are not included in the signal vector. More importantly,
in their model the noise in the signal is exogenous, whereas in our model the noise in the signal (60) is chosen optimally
subject to the constraint on information flow (59). In other words, they report impulse responses for some exogenously

given precision of the signals, whereas we report impulse responses for the optimal precision of the signals.
58 As another extension, we solved the model assuming households set nominal wage rates instead of real wage

rates. See Sections 8.3 and 8.4 in Mackowiak and Wiederholt (2010). The main change is that rational inattention
by households now also causes deviations from the households’ intratemporal optimality condition stating that the
real wage rate should equal the marginal rate of substitution between consumption and leisure. We chose to present
the results with households setting real wage rates here, because we think that this version of the model exhibits in

the most transparent way the effects of rational inattention by households on the consumption-saving decision.
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A Quantifying information flows

We follow Sims (2003) and a large literature in information theory by quantifying information as
reduction in uncertainty, where uncertainty is measured by entropy. Entropy is simply a measure

of uncertainty. The entropy of a normally distributed random vector X = (Xi,..., Xx) equals
1 N
H(X)= 5 log, [(2776) det Qx| ,

where det 2x is the determinant of the covariance matrix of X. Conditional entropy is a measure
of conditional uncertainty. If the random vectors X = (X3,..., Xy) and Y = (Y1,...,Yn) have a

multivariate normal distribution, the conditional entropy of X given knowledge of Y equals
1 N
H(X|Y) = 3 logy |(2me)™ det Qx v | ,

where €y|y is the conditional covariance matrix of X given Y. Equipped with measures of un-
certainty and conditional uncertainty, one can quantify the information that the random vector Y
contains about the random vector X as reduction in uncertainty, H (X) — H (X|Y). The operator

Z in the information flow constraints (27) and (47) is defined as
1
I({Xt} 3 {Y;g}) = Tlg%of [H (Xo, . 7XT—1) — H (X(), e ,XT_l‘Yb, ey YT—l)] s (61)

where {X;};°, and {Y;};°, are stochastic processes. The operator 7 quantifies the information
that one process contains about another process by measuring the average per-period amount of
information that the first T elements of one process contain about the first T" elements of the other

process and by letting 7' go to infinity. If {X, Y;};2, is a stationary Gaussian process, then

11 det QX
ZHX A ) = lim = =1 — . 62
(X0} 08 = im 7| 5o er )| (62)
If X; is a scalar, Qx is the covariance matrix of the vector (Xo,..., X7_1). If X; is itself a vector,
Qx is the covariance matrix of the vector obtained by stacking the vectors Xg,...,X7r_1. In

practice, we evaluate (62) for a large but finite 7'. If a variable appearing in the information flow
constraint is non-stationary, we replace the variable by its first difference to ensure that entropy is

always finite.
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B Calibration details

To calibrate the parameters wp and wy we use data from the Survey of Consumer Finances 2007
and proceed as follows. First, since we want to base our calibration of wp and wy, on data for
“typical” U.S. households, we compute median nominal net worth, median nominal annual income,
and median nominal annual wage income for the households in the 40-60 income percentile of
the SCF 2007. These three statistics equal $88400, $47305, and $41135, respectively. We base
our calibration of wg and wy on all households in the middle income quintile rather than on
a single household because we are interested in three variables (net worth, income, and wage
income) and the household that is the median household according to one variable may be an
unusual household according to the other variables. Second, since consumption appears in the
denominator of wp and wy but the SCF has only very limited data on consumption expenditure,
we calculate a proxy for consumption expenditure. The assumption underlying the calculation
is that consumption expenditure equals after-tax nominal income minus nominal savings, where
nominal savings are just large enough to keep real wealth constant at an annual inflation rate of
2.5 percent. Specifically, we apply the 2007 Federal Tax Rate Schedule “Married Filing Jointly” to
nominal annual income given above and we deduct 2.5 percent of nominal net worth given above.
This proxy for annual consumption expenditure equals $38782. Third, we divide annual nominal
wage income by four to obtain quarterly nominal wage income. We divide our proxy for annual
consumption expenditure by four to obtain quarterly consumption expenditure. Fourth, we set
wp equal to the ratio of nominal net worth given above to our proxy for quarterly consumption
expenditure: wp = (88400/9695.5) = 9.12. We set wyy equal to the ratio of quarterly nominal wage
income to our proxy for quarterly consumption expenditure: wy = (10283.75/9695.5) = 1.06.
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Figure 1: Impulse responses to a monetary policy shock
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Sources: Altig et al. (2011), Smets and Wouters (2007), and own calculations.
An impulse response equal to 1 means a 1 percent, or percentage point, deviation from the non-stochastic steady state. Time is measured in quarters.
The Smets-Wouters impulse responses are shown with 80 percent posterior intervals and the ACEL VAR impulse responses - with 95 percent confidence intervals.
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Figure 2: Impulse responses to an aggregate technology shock

—©— Baseline economy

Smets-Wouters

2 4 6 8 10 12 14 16 18 20

Inflation
T T T T T T T T )

—©&— Baseline economy
Smets-Wouters

2 4 6 8 10 12 14 16 18 20

Nominal interest rate

—©&— Baseline economy
Smets-Wouters

2 4 6 8 10 12 14 16 18 20
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Table 1. Second moments conditional on a monetary policy shock

Output growth Inflation
Standard deviation Autocorrelation Standard deviation Autocorrelation
Baseline economy 0.0022 0.51 0.0011 0.87
Smets-Wouters 0.0023 0.55 0.0013 0.93
ACEL DSGE 0.0009 0.51 0.0013 0.98
Calvo-with-habit 0.0023 0.58 0.0009 0.73
ACEL VAR 0.0012 0.52 0.0017 0.45

Sources: Altig et al. (2011), Smets and Wouters (2007) and own calculations.

Table 2: Second moments conditional on an aggregate technology shock

Output growth Inflation
Standard deviation Autocorrelation Standard deviation Autocorrelation
Baseline economy 0.0025 0.80 0.0056 0.75
Smets-Wouters 0.0038 0.42 0.0011 0.85
ACEL DSGE 0.0016 0.75 0.0008 0.96
Calvo-with-habit 0.0011 0.86 0.0012 0.80
ACEL VAR 0.0025 0.07 0.0035 0.18

Sources: Altig et al. (2011), Smets and Wouters (2007) and own calculations.

Table 3: Unconditional second moments

Output growth Inflation
Standard deviation Autocorrelation Standard deviation Autocorrelation
Data 0.0084 0.24 0.0055 0.91
Baseline economy 0.0033 0.68 0.0057 0.75
Perfect information 0.0081 -0.03 0.0173 0.07
Only firms subject to RI 0.0090 -0.07 0.0038 0.81

Sources: Federal Reserve Bank of St. Louis and own calculations.
"Perfect information" is the same as "Baseline economy" except that u=A=0.

"Only firms subject to RI", where RI stands for rational inattention, is the same as "Baseline economy" except that A=0.



Figure 3: Impulse responses of prices

Monetary policy shock, baseline economy
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Source: Own calculations. An impulse response equal to 1 means a 1 percent deviation from the non-stochastic steady state.
Time is measured in quarters.
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Figure 4: Impulse responses of consumption
Monetary policy shock, baseline economy
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Source: Own calculations. An impulse response equal to 1 means a 1 percent deviation from the non-stochastic steady state.



Figure 5: Standard deviation of output gap due to aggregate technology shocks
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Figure 6: Standard deviation of output gap due to monetary policy shocks
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Source for Figures 5-6: Own calculations. Figures 5-6 have on the vertical axes the standard deviation multiplied by 100,
i.e., the number 1 means a standard deviation of 1 percent. See Section 5 for the details.



Figure 7: Fit to the Smets-Wouters model as a function of the parameters p and A
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Source: Own calculations. Figure 7 shows the criterion function used in Section 4.3 to choose the best values of u and A. The criterion function is defined in Footnote 30.
The criterion function is normalized so that at its minimum, for p=0.0022 and A=0.002, the function attains the value of 100.
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